]. OPERATOR THEORY © Copyright by THETA, 2016
76:2(2016), 387448
doi: 10.7900/jot.2015dec12.2088

HOLOMORPHIC AUTOMORPHISMS OF NONCOMMUTATIVE
POLYBALLS

GELU POPESCU

Communicated by Marius Didarlat

ABSTRACT. In this paper, we study free holomorphic functions on regular
polyballs B, and provide analogues of several classical results from com-
plex analysis such as: Abel theorem, Hadamard formula, Cauchy inequality,
Schwarz lemma, and maximum principle. These results are used together
with a class of noncommutative Berezin transforms to obtain a complete de-
scription of the group Aut(By) of all free holomorphic automorphisms of the
polyball B,. We also obtain a concrete description for the group of automor-
phisms of the tensor product 7, ® - - - ® Ty, of Cuntz-Toeplitz algebras which
leave invariant the tensor product A, ®min - - * @min A, of noncommutative
disc algebras, which extends Voiculescu’s result when k = 1.
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INTRODUCTION

Recently (see [22], [24]), we have tried to unify the multivariable operator
model theory for ball-like domains and commutative polydiscs, and extend it to
a more general class of noncommutative polydomains (which includes the reg-
ular polyballs) and use it to develop a theory of free holomorphic functions. In
general, one can view the free holomorphic functions as free noncommutative
functions in the sense of [8]. What is remarkable for these polydomains is that
they have universal models, in a certain sense, which are (weighted) creation op-
erators acting on tensor products of full Fock spaces. The model theory and the
free holomorphic function theory on these polydomains are related, via noncom-
mutative Berezin transforms, to the study of the operator algebras generated by
the universal models, as well as to the theory of functions in several complex vari-
able ([9], [27], [28]). 1t is the interplay between these three fields that lead to a rich
analytic function theory on these noncommutative polydomains. Our work on
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curvature invariant [23] and Euler characteristic [25] on noncommutative regular
polyballs has led us to study the free holomorphic automorphisms of these poly-
balls, which is the goal of the present paper and continues work of Voiculescu
[30], of Davidson and Pitts [6], of Helton, Klep, McCullough and Singled [7], of
Benhida and Timotin [2], [3], and of the author in [19], [21]. In a related context
we mention the work of Muhly and Solel [11], and of Power and Solel [26].

Throughout this paper, B(H) stands for the algebra of all bounded linear
operators on a Hilbert space 7. We denote by B(H)™ X, - - X B(H)", where
n; € N:= {1,2,...}, the set of all tuples X := (Xj,...,Xy) in B(H)"™ x --- X
B(H )" with the property that the entries of X; := (X1, ..., Xs,n,) are commuting
with the entries of X; := (X;1,...,X¢n,) forany s, t € {1,...,k}, s # t. Note that
the operators X; 1, ..., Xs », are not necessarily commuting. Let n := (ny,...,ng)
and define the polyball

Po(H) := [B(H)"]1 Xc -« Xe [B(H)™ ]y,
where
[B(H)"1 :={(X1,...,Xn) € B(H)" : || XaX] + - - + XuX;|| <1}, nmeN,

If A is a positive invertible operator, we write A > 0. The regular polyball on the
Hilbert space H is defined by

Bn(H) :={X € Pa(H) : Ax(I) > 0},
where the defect mapping Ax : B(H) — B(#H) is given by

Ax := (id — &x,) o -0 (id — Px,),
and @y, : B(H) — B(H) is the completely positive linear map defined by

i
Ox,(Y) =) XijYX];, Y €B(H).
j=1

We call the operator Ax(I) the defect of X. Note that if k = 1, then By (H) co-
incides with the noncommutative unit ball [B(?)"];. We remark that the scalar
representation of the (abstract) regular polyball

Bn := {Bn(#) : H is a Hilbert space}

is Bh(C) = Py(C) = (C")g x - x (C);.

Let Hy, be an n;-dimensional complex Hilbert space with orthonormal basis
el,...,e,. We consider the full Fock space of Hy, defined by F*(Hy,,) := C1 &
) Hfjp , where Hn®l.p is the (Hilbert) tensor product of p copies of Hy,. Let F;
p=1
be the unital free semigroup on n; generators gi, cee gfqi and the identity gé. Set
[ | i — ol ..ol + i
e =6 @ P if o = gj 8j, G'Fni and e = 1e (C.’ The l'ength of
a € Fj is defined by |a] := 0if &« = gj and |a] := pifa = g}l . ~g;-p, where
jire-sjp € {1,...,n;}. We define the left creation operator S;; acting on the Fock
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space F2(Hy,) by setting S; jel, := e;ia’ a € F;}, and the operator S; ; acting on the
j
tensor product F2(Hy,) ® - - - ® F2(Hp, ) by setting
Si,j ::I®"'®I®Si,j®l®"'®lr
N—— ——

i —1 times k — i times
where i € {1,...,k} and j € {1,...,n;}. We introduce the noncommutative
Hardy algebra Fy (respectively the polyball algebra Ay) as the weakly closed
(respectively norm closed) non-selfadjoint algebra generated by {S;;} and the
identity.
We proved in [24] (in a more general setting) that X € B(#H)™ X --- x
B(H)"™ is a pure element in the regular polyball B,(H), i.e. qhggo @g(ii(l) =0

in the weak operator topology, if and only if there is a Hilbert space K and a sub-
space M C Fz(Hnl) R ® Fz(an) ® K invariant under each operator S;; @ I
such that X7, = (Szj ® I)| \4o under an appropriate identification of H with
M-t The k-tuple S := (Sy,...,Si), where S; := (S;,.. -, Sin,), is an element
in the regular polyball B,(®%_, F2(H,,))~ and plays the role of universal model
for the abstract polyball B, := {B, ()~ : H is a Hilbert space}. The existence
of the universal model will play an important role in our paper, since it will make
the connection between noncommutative function theory, operator algebras, and
complex function theory in several variables. The latter is due to the fact that
the joint eingenvectors for the universal model are parameterized by the scalar
polyball (C™")q x - - x (C")q via the Berezin transforms (see [22]).

In Section 1, we show that the regular polyball B, is a logarithmically con-
vex complete Reinhardt noncommutative domain, in an appropriate sense. We
provide characterizations for free holomorphic functions on polyballs in terms of
their universal models, obtain an analogue of Abel theorem from complex anal-
ysis, Cauchy type inequalities for the coefficients of free holomorphic functions,
and an analogue of Liouville’s theorem for entire functions. We prove that the
largest regular polyball yBy, v € [0, 0], which is included in the universal do-
main of convergence of a formal power series ¢ in indeterminates {Z; ;} and rep-
resentation ¢ = (E) A(n) ® Z(y) with A(,) € B(K), is given by the relation

o
1/2(prt-+pk)

7

1
—:= limsup H ) AlyAw)
(P1rPk) €28, 0i€F|ai|=pj, i€{1,...k}
where Z,) 1= Zy 4, o Zyg, if (0) = (a1,...,00) € Ff x - x Fland Z;,, =
Zirjl . 'Zi,]'p ifoa; = g;l e g;p € ]F;:
In Section 2, we prove a Schwarz type result ([28]) which states that if F :

Bn(#) — B(H)P is a bounded free holomorphic function with ||F|lc < 1 and
F(0) =0, then

IEX)[ < me,(X) <1 and mg,(X) <[X], X €&Ba(H),
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where mpg is the Minkovski functional associated with the regular polyball By,.
This result is used to prove a maximum principle for bounded free holomorphic
functions on polyballs which states that if F : Bn(#) — B(#) is a bounded free
holomorphic function and there exists Xo € Bn(#) such that

EX)N < [[EXo)ll, - X € Ba(#),

then F must be a constant. The results of Section 2 will play an important role in
the next sections.

In Section 3, we give a complete description of the free holomorphic auto-
morphisms of the polyball B, (see Theorem [3.6), which extends Rudin’s char-
acterization of the holomorphic automorphisms of the polydisc [28], and prove
some of their basic properties (see Theorem 3.9). We also present an analogue of
Poincaré’s result [9]], that the open unit ball of C”" is not biholomorphic equiva-
lent to the polydisk D", for noncommutative regular polyballs. More precisely, if
n = (ny,...,ng) € Nt and m = (my,...,mg) € N1, we show that there is a bi-
holomorphic map between the polyballs By, and By, if and only if k = g and there
is a permutation o of the set {1,...,k} such that m,(;) = n; forany i € {1,...,k}.
Moreover, any free biholomorphic function F : B, — By is up to a permuta-
tion of (my,...,my) an automorphism of the noncommutative regular polyball
By. This resembles the classical result of Ligocka [10] and Tsyganov [29] concern-
ing biholomorphic automorphisms of product spaces with nice boundaries. The
results of this section are used to show that

Aut(By) ~ Aut((C")q x -+ - x (C*)q).
More precisely, we prove that the map A defined by
A(Y)(z) = (B[], ..., B:[¥i]) z€ (CM)) x---x (C')y,

is a group isomorphism, where ¥ := SOT- lin'll ¥ (rS) is the boundary function of
r—

¥ = (¥,...,¥) € Aut(Byn) with respect to the universal model S, and B; is the
noncommutative Berezin transform at z.

In Section 4, we prove that any automorphism I of the Cuntz-Toeplitz C*-
algebra C*(S), generated by the universal model S = {S; ;}, which leaves invari-
ant the noncommutative polyball algebra Ay, i.e. I'(\An) = Ay, has the form

I'(g) =Bglg] =Kglg @ Ip Ky, g€ C(S),

where ¥ € Aut(B,) and By is the noncommutative Berezin transform at the

boundary function ¥. In this case, the noncommutative Berezin kernel Kg is
a unitary operator and I is a unitarily implemented automorphism of C*(S).
Moreover, we have

Aut 4, (C*(S)) ~ Aut(Bp),
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where Auty4, (C*(S)) is the group of automorphisms of C*(S) which leave in-
variant the noncommutative polyball algebra .A,. As a consequence, we ob-
tain a concrete description for the group of automorphisms of the tensor prod-
uct Ty, ® - - ® Ty, of Cuntz-Toeplitz algebras which leave invariant the tensor
product Ay, ®min - - * @min An, of noncommutative disc algebras, which extends
Voiculescu’s result when k = 1. In particular, each holomorphic automorphism of
the regular polyball B, induces an automorphism of the tensor product of Cuntz
algebras O, ® - - - ® Oy, which leaves invariant the non-self-adjoint subalgebra
-Anl Qmin * ** Omin -Ank-

In Section 5, we prove that any unitarily implemented automorphism of the
noncommutative polyball algebra A, (respectively the noncommutative Hardy
algebra F) is the Berezin transform of a boundary function ¥, where ¥ Aut(By).
Moreover, we have

Auty (Ay) ~ Auty(Fy) ~ Aut(By).

When k = 1, we recover some of the results obtained by Davidson and Pitts
[6] and the author [19]. Let H*(By) be the Hardy algebra of all bounded free
holomorphic functions on the regular polyball. If A : H®(B,) — H®(By) is a
unital algebraic homomorphism, it induces a unique homomorphism A : F® —
F® such that AB = BA, where B is the noncommutative Berezin transform. We
prove that A is a unitarily implemented automorphism of FS° if and only if there

is ¢ € Aut(By) such that

Alf)=fog, f&H?(Ba)

A similar result holds for the algebra A(Bn) of all bounded free holomorphic
functions on By (H) with continuous extension to By (#) ™.

In Section 6, we prove that the free holomorphic automorphism group of
the polyball By, is a c-compact, locally compact topological group with respect to
the topology induced by the metric

dp, (@, 9) == [|¢ — ¢llo + |97 (0) =1 (0) ||, ¢, 9 € Aut(By).

We also show that if n = (nq,...,n;) € Nk, then the free holomorphic automor-
phism group Aut(By) has card(X) path connected components, where

2= {0’ S Sk : (ng(l),...,na(k)) = (711,...,7’1k)}

and Sy is the symmetric group on the set {1,...,k}. We mention that a map
7 : Aut(Bn) — U(K), where U(K) is the unitary group on the Hilbert space K,
is called (unitary) projective representation if 7r(id) = I,

A(®)7(¥) = oy T(®@F), ®,F € Aut(By),

where ¢ (g y) is a complex number with [c(®,¥)| = 1, and the map Aut(Bn) >
® — (r1(®)¢,n) € Cis continuous for each ¢, € K. Using the structure of the
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free holomorphic automorphisms of the regular polyball B,, we conclude Sec-
tion 6 by providing a concrete unitary projective representation of the topologi-
cal group Aut(By), with respect to the metric dg,, in terms of noncommutative
Berezin kernels associated with regular polyballs.

We mention that the techniques of the present paper will be used in a future
one to study the structure of the automorphism groups associated with certain
classes of noncommutative varieties in polyballs, including the case of commuta-
tive operatorial polyballs. We also expect some of our results to extend to more
general noncommutative polydomains ([22], [24]).

1. NONCOMMUTATIVE POLYBALLS AND FREE HOLOMORPHIC FUNCTIONS

In this section, we show that the regular polyball B, is a logarithmically
convex complete Reinhardt noncommutative domain. We study free holomor-
phic functions on regular polyballs and provide analogues of several classical re-
sults from complex analysis such as: Abel theorem, Hadamard formula, Cauchy
inequality, and Liouville theorem for entire functions.

First, we introduce a class of noncommutative Berezin transforms asso-
ciated with regular polyballs. Let X = (X3,...,Xx) € Ba(H)™ with X; :=
(Xi1,- -+, Xipn;). We use the notation X;,, 1= X;j - - Xij, ifa; = g}l = ~g;-p € Fy
and X; g = I. The noncommutative Berezin kernel associated with any element X

in the noncommutative polyball B, (#)~ is the operator
Kx : H — F*(Hp,) ® -+ ® F*(Hy,) ® Ax(I)(H)
defined by

L 1 k 1/2
Kxh = Z eﬂl ®®E,Bk ®AX(I) Xf,ﬁl ...X;(k,ﬁkh’
Bi€Fn., i=1,...k

where Ax(I) was defined in the introduction. A very important property of
the Berezin kernel is that Kx X, = (S?‘,]. ®I)Kx forany i € {1,...,k} and j €
{1,...,n;}. The Berezin transform at X € By () is the map

By : B(®f:1 F2(Hnl.)) ~ B(H)

defined by
. k
Bxls] = Kx(s @ )Kx, g € B((®),_, F2(Hy,)).

If ¢ is in the C*-algebra generated by S;;,...,S;,,, we define the Berezin trans-
format X € Bo(H) ™, by

Bx[g] :== }ig}K:x(g@@ Iy)Kx, g€ C*(S),
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where the limit is in the operator norm topology. In this case, the Berezin trans-
form at X is a unital completely positive linear map such that

BX(S(a)SE(ﬁ)) = X(a) zﬁ‘B), (Dé), (ﬁ) S F,Tl - X F:{k,

where S(,) := Sy, - - Sk if (&) 1= (a1,...,a5) € F,}, x -+ x F,} . The Berezin
transform will play an important role in this paper. More properties concerning
noncommutative Berezin transforms and multivariable operator theory on non-
commutative balls and polydomains, can be found in [17], [18], [19], [20], [22],
and [24]. For basic results on completely positive (respectively bounded) maps
we refer the reader to [12] and [13].

In what follows, we present some properties of the regular polyballs. Our
first observation is that, in general, the inclusion By(H) C Pn(#) is strict. In-

deed, consider the particular case n; = --- = ny = 1. Let M be a Hilbert
space, H = MO M, and T; := (12 8),1’ € {1,...,k}, where A; € B(M)
1

and ||A;]] < 1. Itis clear that T;T; = T,T; for i,s € {1,...,k}, and Ar(I) =

(I) A _0. o AkAZ). Consequently, T = (Ty,...,Tx) € By, 1)(H) if
and only if [[A1A] +--- + AgAf|| < 1. This clearly proves our assertion. On
the other hand, note that there is r € (0,1) such that rPy(#) C Bn(*H). More-
over, due to Proposition 1.3 from [24], one can easily see that [B(H)" " %], C
Bn(H).

Ifz = (z1,...,2¢), where z; = (zj1,...,2i,) € C", and X := (Xy,...,X)
is in the cartesian product B(H)™ x --- x B(H)™ with X; = (Xi1,..., Xin,),
we denote zX := (z1Xy,...,zXy), where z;X; := (zi1Xi1,...,2Zi)Xipn,). If 1 :=
(r1,..., 1), 1 >0, wesetrX := (r1Xy,...,7Xy). When r € R, the notation rX is
clear.

LEMMA 1.1. IfA; € D, i € {1,...,k},and S = (Sy,...,Sy) is the universal
model for the regular polyball By, then

k
(id = @p,5,)P 0 -0 (id — Py )P (1) = [T(1 = A P)P1T
1

i=
Ifz=(z1,...,2) where z; = (zj1,...,2in,) € D", then
(14— @4y, 00 (id — Py, )PH(1) > (1d  05,)71 o0 id — b, (1)

for any p; € {0,1}.

Proof. We recall that two operators A, B € B(H ) are called doubly commut-
ing if AB = BA and AB* = B*A. Since the entries of S; are doubly commuting
with the entries of Sy, whenever i, t € {1,...,k}, i # t, we have

k

(id = @yy5,)P 00 (id = Dps, )PH (1) = [ (I — Pas, ()P
i=1
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Taking into account that I — ®,.s,(I) > (1 — |A;|?)1, the first inequality follows.
Similarly, using the inequality I — @, (I) > I — ®g,(I), one can deduce the
second inequality. 1

DEFINITION 1.2. Let G be a subset of B(H)™ x - -- x B(H)".

(i) G is a complete Reinhardt set if zX € G forany X € Gandz € D
(ii) G is a logarithmically convex set if

{<10gHX1”/ log”Xk” Xl/'--/Xk) € G/Xi 7&0}

N1+ +nk

is a convex subset of R,

PROPOSITION 1.3. The following properties hold:
(i) the regular polyball By (H) is relatively open in B(H)™ X - -+ X B(H)", and
its closure in the operator norm topology is equal to

{X € BH)™ xc -+~ xc B(H)™ : AR(1) 2 0 for p = (pr,..., pi), pi € {0,1}},

where A} := (id — @x )10+ -0 (id — §x, )Pk and (id — Px,)? := id;
(i) Bn(H) is a complete Reinhardt domain such that

Ban(H)= |J zBa(H)= |J zBa(H) = |J 2zBa(H), and
€Dn1+ g zeDnlerjLnk Z€Dn1+~~+nk

Ba(H)= |J Ba(H)= (J rBa(H)~;
0<r«1 0<r<1

(iii) Bn ()~ is a complete Reinhardt set and
Bo(H) = |J zBa(H) = |J rBa(H)".

2eD™M T Tk 0<r<1

Proof. If X = (X1,..., X)) € Bn(H), then there is ¢ > 0 such that Ax(I) >
cl. Givend € (0,c), there is ¢ > 0 such that —dI < Ay(I) — Ax(I) < dI for
any Y = (Y1,...,Yx) € B(H)™ X -+ X B(H)™ with r{nax 1Xi — Y| < e

ie{l

Consequently, we have

By (1) = (Ay (1) — Ax(1)) + Bx (1) > (c —d)I > 0,
which proves that B, () is relatively open in B(H)™ X --- X B(H)" with re-
spect to the product topology. To prove the second part of item (i), set
D:={X€EB(H)" Xc -+ xc B(H)™ : AY(I) >0 for p = (p1,...,px), pi€{0,1}}.

We shall prove that By (#H)~ = D. Since By (H) is open, if X € Bn (), then there
is 7 € [0,1) such that 1X € B, (). Applying the Berezin transform at 1X to the
first inequality of Lemma(I.T} when A; = r, we deduce that
k
AR(I) = (id — @, )L o--- o (id — Dy )PH(I) = [[(1—7%)
i=1
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Hence, if Y € B, (), a limiting process implies that AI;(I ) = 0forany p =
(p1,...,px) with p; € {0,1}. Therefore, Bo(H)~ C D. To prove the reverse
inequality, let Y = (Y3,...,Yx) € D. In particular, we have ||7Y;|| < 1 for any
r € [0,1). Due to Lemma and using the Berezin transform at Y, we have
Aw(I) = (1 —r2)¥I, which shows that rY € By (). Since Y — Y, asr — 1, we
conclude that D C By (#H)~, which proves item (i).

Ifz € D" and T € Ba(H), then applying the Berezin transform at
T to the second inequality of Lemma|l.1|we obtain AP~(I) > AR(I) > 0 for any
p = (p1,--., px) with p; € {0,1}. Consequently, we have

ZBn(H) C Ba(H), zeD"

which shows that By (#) is a complete Reinhardt domain. Moreover, we have

Bn(H) = U 2B, (H).
zeﬁnlerJrnk

Let T € Bn(H)™ and z € D" %, Then there is r € (0,1) such that

1z € DMt +m_ Applying the Berezin transform at rT to the first inequality of

Lemmawhen A = -+ = Ay = r, we deduce that T € Bn(H). Therefore,

zT € 12B, () € Bn(H), which shows that
(1.1) ZBo(H)~ C Bn(H), zeDmt +m,

Since By (H) is open, for any X € Bn(#H), thereis r € (0,1) such that X €
rBn(H). Consequently,

(1.2) Ba(H)C |J rBa(H)Cc  |J zBa(H)S |J zBa(H)” and

0<r<1 ZeDM g ZeDM g
(13) Ba(H)C [J Ba(H)C | rBa(H)".
0<r<1 0<r<1

The relations and show that the first sequence of equalities in (ii) holds.
Due to relation (L), for each r € [0,1), we have rBn(#H)~ C Bn(#) which to-
gether with relation and show that the second sequence of equalities in item
(ii) holds. Now, one can easily see that item (iii) follows immediately from (ii).
The proof is complete. 1

We remark that if r := (rq,...,7¢), r; > 0, then we also have B,(H) =
U rBn(H)~. Note also that the regular polyball B,(#) is a logarithmically
0<ri<1
convex complete Reinhardt domain.
Foreachi € {1,...,k}, let Z; :== (Z;1,...,Z;,,) be an n;-tuple of noncom-
muting indeterminates and assume that, for any p,q € {1,...,k}, p # g, the
entries in Z, are commuting with the entries in Z,. We set Z; ,, := Z; ;, - -~ Zi ) if

n; € F,fi and «; = g;-l - -g;-p, and Zi,g{) := 1, where g6 is the identity in ]F;; Given

A(ay,..p) € BIK) with (ay,..., &) € F x - x F}l, we consider formal power
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series
P = 2 A("‘lm-r”‘k) ® Ly Ly A(“lr-n/“k) € B(K),
alelFﬁfl,...,akE]F;rk
in indeterminates Z; ;. In what follows, we set () :== (aq,...,0p) € IF,Tl X oo X

F;b @) = L1y Lk and A(y) = A, o). We will also use the abbrevia-

ny’s
tion ¢ = (Z) Ag) ® Zy)-
22
The next result is an analogue of Abel theorem from complex analysis in
our noncommutative multivariable setting.

THEOREM 14. If ¢ = Y Y Ag) ® Zy) is a formal
(p1,--rpr) EZE. aieFﬁi,\ai\:pi, ie{1,..k}
power series and ¥ = (rq,...,rx), r; > 0, then the following statements hold:
(i) If the set

A= {Hr%pl " )y Al Aw)
w0 €F;] ai|=pi, i€{1,...k}

I(p1,...,pk) EZ’;}

is bounded, then the series

x| )y Aw) © Xw)

(pl,...,pk)eZ’jr DC,'EFI.,I!X,":],’J,', iE{l,...,k}

is convergent in ¥By (), the reqular polyball of polyradius v = (ry,...,ry), and uni-
formly convergent on sBn(H) ™ fors = (s1,...,5¢) with0 <'s; < r;.
(ii) If the set A is unbounded, then the series

x| Y Aw @ X || and )] Y Aw) © Xa)

(Prb €T R Jos|=pi, i€ {1k} (Prrpp) €25, i €FF Joi|=py, i€ {1k}

are divergent for some X € rBn(H )™~ and some Hilbert space H.

Proof. Lets; < r;,i € {1,...,k},and X € rBn(H), and assume that there is
C > 0 such that

2p1 2Pk *
Hrl ...Tk Z A(IX)A(IX)
tXiEFnt,,‘ai‘=p,‘, ie{l,...,k}

<G, (pl,...,pk)GZIi.

Due to the von Neumann type inequality [24], we have

H Y Ay @ X || < y ST sPR A @S
acie]l“,fi,|vci|:pi, ie{l,..k} aiell“;{i,|v<i|:pi, ie{l,..k}

__ P, 172

Pk

| Al A)
w€Fy |aj|=pi, i€{1,...k}

i’

S1\P1 S\ Pk
< () ()
r Tk
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for any X € sBn(#)~. On the other hand, due to Proposition we have
Bh(H) = U sBa(?H) . Now, one can easily complete the proof of part (i).

0<S,‘<1’l‘

To prove (ii), assume that the set A is unbounded. Then, using the fact that
the isometries S(,), with (a) = (a1,..., &) € Fi x - xF}, |a;| = p;, have
orthogonal ranges, one can easily deduce that the series

L H X Ay ®m'-1*Sy| and
(propi) €28 0 €Fy Jai|=pj, i€{1,...k}
)3 D Aw @' 1S ()

(p1opk) €ZE. 0i€Fy |ai|=py, i€{1,... k}
are divergent, and 1S := (11S1,...,7,S¢) € 1Bn(®'_, F2(Hy,))~. W
DEFINITION 1.5. A power series ¢ = ) A(,) ® Z(, is called free holomorphic
(@)

function (with coefficients in B(K)) on the abstract polyball pBy = {pBn(H) :
H is a Hilbert space}, p = (p1,.-.,pk), pi > 0, if the series

pX) =), )y Af) @ X()

(}71 ..... pk)eZﬁ tXiGF,jL;,|(Xl‘|:pi, ie{l,A..,k}

is convergent in the operator norm topology for any X = {X;;} € pBn(H)
withi € {1,...,k} and j € {1,...,n;}, and any Hilbert space H. We denote
by Hol(pBn) the set of all free holomorphic functions on pBy, with scalar coeffi-
cients.

Using Theorem|[I.4] one can easily deduce the following characterization for
free holomorphic functions on regular polyballs.

COROLLARY 1.6. Let S be the universal model associated with the abstract reqular
polyball Bn. A formal power series ¢ = Y Ay @ Z ) is a free holomorphic function
(@)

(with coefficients in B(K)) on the abstract polyball pBy, where p = (p1,-..,px), pi > 0,
if and only if the series

Pr .. Pk
Y )y Aw @1 1S
(Plx-"rPk)GZ}i “iEF:lrirl’X”:pirie{lr'“rk}

converges for any r; € [0,p;),i € {1,...,k}.

Throughout the paper, we say that the abstract polyball B, or a free holo-
morphic function F on By, has a certain property, if the property holds for any
Hilbert space representation of B, and F, respectively. We remark that the coef-
ficients of a free holomorphic function on a polyball are uniquely determined by
its representation on an infinite dimensional Hilbert space. Indeed, assume that
F= (Z) Aw) ® Z(a), A(a) € B(K), is a free holomorphic function with F(rS) = 0

o
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forany r € [0,1). Then, for any x,y € K, we have
(F(rS)(x @ 1), (y ® S (1) = rlualtFlad(a xy) =0

for any (a) = (a1,...,a;) € F;f, x -~ x F;} . Hence A(,) = 0, which proves our
assertion.

COROLLARY 1.7. If ¢ = }_ a(y) ® Z(y), a(y) € C is a free holomorphic function
(@)

on the abstract polyball an, p = (p1,--.,0k), then its representation on C, i.e.
Q@ /\1,..., ZH ®A(1x /\i:</\i,1r'-'r/\i,ni)r

is a holomorphic function on the scalar polyball pP(C) = (C" ), x - -+ x (C"),,

In what follows, we obtain Cauchy type inequalities for the coefficients of
free holomorphic functions on regular polyballs.

THEOREM 1.8. Let F : pBn(H) — B(K) @min B(H) be a free holomorphic
function with representation

FX)= ) D Al ® X(w)-
(p1,-p0) €ZE @i €F | =py, i€{1,...k}

Let r = (rq,...,1¢) be such that 0 < r; < p; and set M(r) :== sup [[F(X)].
XerBn(H)~
Then, for each (p1, ..., px) € Z’_i, we have
i 1/2 1
H X 4@ ST M(r).
aiEF;{.,Ml‘l:p,‘, iE{l,...,k} 1 k

Moreover, M(x) = ||F(xS)||, where S is the universal model of the regular polyball By,.
Proof Usmg the fact that the isometries S,), with (a) = (a1,...,a;) €

Fy, % - x Fj}, |a;| = p;, have orthogonal ranges, we deduce that
y Al © 87, JFaS)(h@1), k1))
IXZ‘EF;;,hXil:pi, iE{l,...,k}
2
<| Y ALy osi Ml
aier}/‘“i‘:pir iE{l,...,k}
= Y Ay Awl e

(XiEF;rli,‘ﬂl,“:pi, iE{l,...,k}

for any h € K. On the other hand, we have

( D Ay © 87y )FuS) (ho 1), he1)
a0 €Fy || =p;, i€{1,...k}
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=t (( )y hw @ 1)1, hO1)
K EF T gl s i€ (1K)

(T gaw)

IXI'G]FI.,MI":]J{, 16{1 ..... k}

Hence, using the previous inequality, we deduce that

* 1/2 2
(uc,-eIF,fi,|,xi|Zp;, el k}A(”‘)A(a)) hH

P1 Pk
rl PR rk

1/2
<| > Al Aw | M@ 1P

IX,'QF,T’.,‘D(I":;’J,', i€{1,...,k}

for any h € K, and the inequality in the theorem follows. The fact that M(r) =
|IF(xS)|| is due to von Neumann inequality [17]. The proof is complete. &

We remark that due to the fact that there is » € (0,1) such that rPy(H) C
Bn(#), we have

B(H)™ X -+ xc B(H)™ = | pBa(H).
>0

We say that F is an entire function in B(H)" X - -- x B(H)" if F is free holomor-
phic on every regular polyball pB,(H), p > 0.

Here is an analogue of Liouville’s theorem for entire functions on B(H)™ X
Cee X B(H)”k.

COROLLARY 1.9. IfF : B(H)™ X+ Xc B(H)" — B(K) ®min B(H) is an
entire function with the property that there is a constant C > 0 and (q1,...,qx) € Zk

such that
1/2

IFl <c| )y XX

a;€F;] ;| =q;, i€{1,...k}

for any X € B(H)™ X --- xc B(H)"™, then F is a polynomial of degree at most q; +
-+ + gg. In particular, a bounded free holomorphic function must be constant.

Proof. Let F have the representation

FX) = )% D Aw) ® X(a).

(pl,...,pk)eZ’jr DéiEF,jl;,|le‘|:}7i, iE{l,...,k}

Due to the hypothesis, we have

|Ees) | < Crft o )y SwSi
(X,‘EF,‘Z,‘IXI":(]I‘, ie{l,...,k}
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for any r; > 0. Hence, and using Theorem [1.8) we deduce that

. 1/2 1 1
H ) @A S B ,rPkM(r) S T
aiem,m,\:pi, ie{l,...k} k 1 k

"

[E(eS)|

1
<C Pi—m Pk—4k
rl ... rk

forany r; > 0and i € {1,...,k}. Consequently, if there is s € {1,...,k} such that
ps > gs, then taking rs — oo we obtain

Z Eﬁzx)A(“) =0,
“iGF;{i/‘“i‘:Pi/ iG{l,.‘.,k}
which implies A ,) = 0 for any (a) = (a1, ..., a;) with a; € F; and |a; = p; and
any p; € Z*,i # s. Hence, we have
F(X) = X X Aw) ® X(w)-
(p1,- pk)eZ+ Pisqi & an Jail=pi, ie{l,...k}

The proof is complete. 1

Let A be equal to the set

{r:(rl,...,rk)E]R’j_:{H - M% rzp;:,’;} PkA* )A( ) }(pl,u.,pk)GZ’i is bounded}.

Given a formal power series ¢ = ) A(y) ® Z(,), we define the set

(@)

= |J 1Ba(H)

re/A
We say that D, is logarithmically convex if A is log-convex, i.e. the set

{(logry,..., logry) : (r1,...,1¢) € A,r; >0}
is convex.

PROPOSITION 1.10. Let ¢ = }. A(y) ® Z(y) be a formal power series. The fol-
(@)

lowing statements hold:
(i) @ is free holomorphic on D, and

(P(X) = Z Z A(a) ® X(a()/ X e qul
(pl,...,pk)GZ}i “iant-/‘“i‘:Pi/ iE{l,...,k}

where the series is convergent in the operator norm.
(ii) Dy is a logarithmically convex complete Reinhardt domain.

Proof. According to Theorem[1.4)and due to the uniqueness of the represen-
tation for free holomorphic functions on polyballs, ¢ is a free holomorphic func-

tionon Dy(H) := gA rB, () and has the representation of item (i). To prove (ii),
r
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note first that, due to Proposition D, is a complete Reinhardt domain. Now,
let (r1,...,7¢) and (s1,...,s¢) be in A. Then there is a constant C > 0 such that

2 2 2 2
Iy P Qp < C and 5”5 Qpll < €
forany p = (p1,.-.,px) € Z’fH where Qp := Y AE‘IX)A(,X). Con-

D(iG]F;i,‘D(,":pi, iE{l,...,k}
sequently, due to the spectral theorem for positive operators, we have

— 2 2 2 2 —
1(ris1 )P0 (s PPRQpll = 1™ - 7P Qp) (57 - - 57 Qp) |
2 2 2 _
<N r Q)3 sy Q)
2 2 2 _
||1’ P1 . PkQPH HS pP1 . 'Skkale t

Consequently, (rs % k. ..,r;{k%*t) € A, which proves that Dy, is logarithmically

convex. The proof is complete. 1

We remark that, due to Theorem ifp=1(p1,...,pr) &€ A then the series
)y )y A(y) ® X(y) is divergent for some X € pBn(H)~
(prpi) €ZK. i €Fy |ai|=pj, i€{1,.. .k}
and some Hilbert space H. Indeed, take X = pS and use Theorem We call
the set D, the universal domain of convergence of the power series ¢.
Our next task is to find the largest polyball B (#), ¥ > 0, which is included
in the universal domain of convergence of ¢.

THEOREM 1.11. Let ¢ = Y A(y) @ Zy) be a formal power series and define
(a)
v € [0, o] by setting

1/2(py+--+pk)

1 .
— = limsup H Z (a)A(lx)
(1P ELY T 0i€FY |ai|=p;, i€{1,...k}

Then the following statements hold:
(i) The series

Y )y Aw) @ Xw)|
(prpr)€ZE i€y |a;|=pi, i€{1,...k}

X € vBn(H),

is convergent. Moreover, the convergence is uniform on rBn(H )™ if 0 < r < 7.
(ii) For any s > vy, there is a Hilbert space H and Y € sBy (1)~ such that the series

)y )y Aw) ® Yia)
(plr"'rpk)ezﬁ “iGFZJW:Pir iG{l,‘..,k}

is divergent in the operator norm topology.
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Proof. Assume that v > 0 and let X € rBn(H)~, where 0 < r < «. Fix
o € (r,7) and note that

H Z zka)A(“)

aiEFﬁi,\ai\:p,‘, ie{1,...k}

1/2(p1+-+pr)

1
<7
P

for all but finitely many (py,...,px) € Z%. Consequently, due to the von Neu-
mann type inequality [17], we have

| ) Ay & X || < D Ay @S |
DCiEF;:—i,|DC,'|:pi, ie{l,...,k} “iEIFn+i,|“i|:Pi, ie{l,...,k}

)y Al A
a;€Fy |a;|=pi, i€ {1,...k}

< (;)Pﬁ"'ﬂ’k

for all but finitely many (py, ..., px) € Z%. Hence, item (i) holds and also implies

that the series Y )3 Ala) @ X(a)
9=0 " oy [+ +[ax | =g, a;€F3y,

:7P1+"'+Pk 1/2

is uniformly convergent on

rBn(H) ™. The case when y = oo can be treated in a similar manner. Now, assume
that ¥ < p < sand letY := sS, where S is the universal model of B, . It is clear
that Y € sBn(H) ™ and

1/2

H X Ay @ Yy || =7 X Al Aw
IXZ'E]FI.,MAZPZ', iE{l,...,k} aiEIFnJri,‘ﬂ(i‘:pi, ie{l,...,k}

Since % < %, there are infinitely many tuples (p1, ..., px) € Zk such that

1/2(p1+--+pr)

| D @A)

1
> —_
0 €F, g |=pi, i€{1,...k} p

and, consequently,

L A) ® V()

D(iE]Fnt.,‘lXi ‘:pi, iE{l,...,k}
that item (ii) holds and, moreover, that the series

x| )3 Af) ® V)

(1) €25 €T gl =y, i€{1,... k)

> (%)pﬁ“'ﬂ”k. This shows

is divergent. &

The number v satisfying properties (i) and (ii) in the theorem above is called
the polyball radius of convergence for the power series ¢.

COROLLARY 1.12. Under the conditions of Theorem the following state-
ments hold:
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(i) The series

Z | )3 Al ® X

‘DQH’ +‘1Xk| an]F

is uniformly convergent on rBn (H) ™ if 0 < r < 7.
(ii) For any s > vy, there is Y € sBn(H )~ such that the series

). ). Aw) @Yy

q=0 g [+ +]ag =g, aiE]F,/,Jri
is divergent in the operator norm topology.

Proof. A closer look at the proof of Theorem reveals that item (i) was
already proved and the only thing that we need in order to complete the proof of
item (ii) is that, under the condition ¥y < p <'s,

). Y. Aw) @578y

=0 |ay |+ -+ ax | =4, a; €T3,

is divergent in the operator norm topology. Assume the contrary and apply
the convergent series above to the vector x ® 1, where x € K. We deduce that

0 k
A(y) ® s%e(,) is in the Hilbert space K ©® ® F2(H,,). Since
=0 Jay [+ +|ax | =4, a;€F}; i=1

the sequence {e a)} R - xF, is an orthonormal basis for ® F%(H,,), we con-

clude that the series Y Af,) A(y) is WOT-convergent. Let r € [O 1) and note that
()

x 3 | B Agesiinsy)|
P=0 (pr,.pk)€ZX, pr+-+pe=p  Bi€F, |Bil=pi, i€{1,...k}
© i} 1/2
<Y y H y $2(IB1l+ +‘/3k|)A(ﬁ)A(‘B)H
P=0" (p1,.pk)€ZE, prt-+pe=p  Bi€FS |Bil=pi i€{L,...k}
= p+k— . 1/2
<Y ( )H 201+ +|ﬁk|>A(ﬁ)A(ﬁ)H
p=0 ,BlanJr/ 16{1/ o }
Since the latter series is convergent for any r € [0, 1), we deduce that
L > H L Ap) ® <T5)p1+"'+pk5<ﬂ>H < %

p=0 (Pll»--,Pk)GZﬁ, p1+-+pe=p ﬁiGF%Jﬁd:Pir ie{l,...k}

which implies that

[e)

)3 )3 [ )3 A ©Xg)|| < o0

P=0 (prrep) €T, prttpi=p  BicE Bil=pis i€ {1k}
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for any X € pBn ()™, where p € (7,s), which contradicts Theorem|[L.11|(see the
end of its proof). Therefore, item (ii) holds. 1

A closer look at the proofs of Theorem and Corollary reveals the
following result.

COROLLARY 1.13. The radius of convergence of a power series ¢ = Y. A(y) ®
(@)
Zy) satisfies the relation

vy = sup {r >20: Z Z Ay @178 ) is convergent in norm}
9=0 Jay | +--+a | =4, a; €T,

= sup{r >0: ), Y A @ rP1TTPES () is convergent in norm}.
(p1/~“/pk)€Zk+ aiEFﬁi,\zxi\:pi, iE{l,...,k}

Moreover, we have the following characterization for free holomorphic func-
tions on polyballs.

COROLLARY 1.14. Let S be the universal model associated with the abstract regu-
lar polyball By. A formal power series ¢ = Y A(y) ® Z (4 is a free holomorphic function
(@)

(with coefficients in B(K)) on the abstract polyball pBy, where p = (p1, ..., px), pi > 0,
if and only if the series

)y )y A @ripf™ -8
9=0 (&) €F5f, -+ Xyl |y |+++|ag| =g

is convergent in the operator norm topology for any r € [0,1). Moreover, the set
Hol(pBn) of all free holomorphic functions with scalar coefficients on pBy is an alge-
bra.

2. MAXIMUM PRINCIPLE AND SCHWARZ TYPE RESULTS

In this section, we present some results concerning the composition of free
holomorphic functions and study bounded free holomorphic functions with scalar
coefficients on polyball. We prove a Schwarz lemma and a maximum principle
in this setting. The results play an important role in the next sections.

Let H®(By,) denote the set of all elements ¢ in Hol(By ) such that

[¢lleo := sup [[p(X)]| < oo,
where the supremum is taken over all X € B, (#) and any Hilbert space H. One
can show that H®(By) is a Banach algebra under pointwise multiplication and
the norm || - [|co. For each p € N, we define the norms || - ||, : Myxp(H*(Bn)) —
[0, ) by setting
H@stlpxpllp == sup [l[gst(X)]pxpll,



HOLOMORPHIC AUTOMORPHISMS OF NONCOMMUTATIVE POLYBALLS 405

where the supremum is taken over all X € B, (#) and any Hilbert space . It is
easy to see that the norms || - ||, p € N, determine an operator space structure on
H*(Bp), in the sense of Ruan ([12], [13]).

Given ¢ € Fy and a Hilbert space H, the noncommutative Berezin trans-
form associated with the abstract noncommutative polyball B, generates a func-
tion whose representation on H is

Blg] : Ba(H) — B(H)
defined by
Blp](X) := Bx[¢], X € Ba(H),
where By : B(®Y_, F2(Hy,)) — B(H) is the Berezin transform at X defined by

N k
Bxls) = Ki(g @) Kx, g€ BI@,_, F(Hn)).
where F2(H,,) is the full Fock space on n; generators and
Ky : H — F2(Hy) © - ® F2(Hy,) © Ax(1)(H)

is the noncommutative Berezin kernel associated with X.

We call B[¢] the Berezin transform of ¢. In [24], we identified the noncom-
mutative algebra Fy with the Hardy subalgebra H*(By) of bounded free holo-
morphic functions with scalar coefficients on B,. More precisely, we proved that
the map @ : H®(By,) — F; defined by

(L awZw) = L 0w Sw
@ @

is a completely isometric isomorphism of operator algebras. Moreover, if g :=
Y a(y)Zy) is a free holomorphic function with scalar coefficients on the abstract
(@)

polyball By, then the following statements are equivalent:
(i) g € H®(Bn);
(ii) sup ||g(rS)|| < co, where g(rS) := ¥ Y r1a(4)S («);

0<r<1 =0 (@) €F3f, % xFy, |ag [++-+|ag|=q

(iii) there exists ¢ € Fy with ¢ = B[¢], where B is the noncommutative Berezin
transform associated with the abstract polyball By,.

In this case,
d(g) = SOT- lin}g(rS); @‘1((;)) =Bl¢], ¢cFy, and
r—
[@(g)]l = sup [|g(rS)|| = lim [|g(rS)]].
0<r<1 r—1

We use the notation g := ®(g) and call g the (model) boundary function of g with
respect to the universal model S. We denote by A(By,) the set of all elements g in
Hol(By) such that the mapping

Bn(H) 2 X — g(X) € B(H)
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has a continuous extension to [Bn(# )]~ for any Hilbert space H. One can show
that A(By) is a Banach algebra under pointwise multiplication and the norm
|| - lleo, and it has an operator space structure under the norms || - ||,, p € N.
Moreover, we can identify the polyball algebra A, with the subalgebra A(By).
We proved in [24] that the map @ : A(Bn) — Ay defined by

CD((Z)F(MZW) = (Z)l%os(a)

is a completely isometric isomorphism of operator algebras. Moreover, if g :=
Y. a(4)Z(y) s a free holomorphic function on the abstract polyball By, then the
(@)

following statements are equivalent:
(i) g € A(Bn);
(i) g(rS) = % Y r1a(4)S(y) is convergent in the
9=0 () €Fyy, x - xFy, |ag [++-+|ag]|=q
norm topology as r — 1;

(iii) there exists ¢ € A, with ¢ = B[g]|, where B is the noncommutative
Berezin transform associated with the abstract polyball By.

In this case,

®(g) =limg(rS) and @~'(¢) = Blp], ¢ € An,

where the limit is in the operator norm topology.

In what follows, we consider free holomorphic functions F : By(H) —
B(H)™* " with F := (F,...,F) and F; = (Fj1,...,F;,;,), where each F;,
is a free holomorphic function with scalar coefficients on B, (7). Note that F(0)
is always a scalar operator.

LEMMA 2.1. Let F : Ba(H)~™ — B(H)™ x --- x B(H)™ be a free holomor-
phic function on By () and continuous on Bn(H)™. If X € Bn(H)™ and F €
B (®%_, F2(H,,)) ™~ are pure elements, then so is F(X) € Bm ().

Proof. Let f : By(H)™ — [B(H)]; be a free holomorphic function on By (H)
and continuous on B, (#)~. If X € B,(H)~ is pure, we can apply the noncom-
mutative Berezin transform and obtain

FO)F(X)" = lim B,x[ff*] = lim Bx[fe f;].

Since lirr} f, = finnorm and By is continuous in norm, we deduce that f(X) f(X)*
r—

= Bx[ff*]. In a similar manner, if F = (Fy,. ..,Fy)andi € {1,...,q}, we obtain

Z Fi,tx (X)Fi,a(x)* = BX |: Z l/:\i,acl?ifot} :

x€F lal=p a€F, a|=p
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<1 and ) 1?,“1?1*& — 0 strongly as p — oo,
€y, |a|=p w€Fy, |aj=p

we deduce that F;(X) is pure and, therefore, so is F(X). The proof is complete. 1

PROPOSITION 2.2. Let G : Ba(H) — B(H)™ x --- x B(H)™ be a free holo-
morphic function, wheren = (ny,...,n;) € NNand m = (my,...,my) € NI. Then
range G C By (H) if and only if

k
G(rS) € Bm<®i:l FZ(Hn,,)), relo,1),
where S is the universal model of the reqular polyball By.

Proof. Since rS € By (@Y, F2(Hy,)) forany r € [0,1), the direct implication
is obvious. To prove the converse, assume that G = (Gy,..., Gq) has the prop-
erty that G(rS) € Bm(®5-‘:1 Fz(Hn,.)). Consequently, if i,s € {1,...,q9}, 1 # s,
then each entry of G;(rS) = (G;1(rS),...,Gj,(rS)) commutes with each en-
try of Gs(rS) = (Gs1(rS),..., Gsm,(rS)). Moreover, G(rS) is a pure element
with entries {G; ;(rS)} in the noncommutative polyball algebra Ay and, for each
re0,1),

(id — g, (ss)) © - - - 0 (id — DG, 45)) (1) > drl,
for some d, > 0. If X = (X3,..., X)) € Bu(H), then there is t € (0,1) such that
X € tBn(H). Since G is a free holomorphic function, it is continuous and G(tS)
has the entries in A,. Applying the noncommutative Berezin transform at %X to
the relations mentioned above, when r = t, we deduce that the entries of G;(X)
commute with the entries of G5(X), if i,s € {1,...,q},i # s, and

On the other hand, since G;(tS) is pure, Lemma [2.1| implies that G;(X) is pure.
Hence, and using relation (2.1I), we conclude that G(X) € Bn(#) for any X €
Bn(#). The proof is complete. 1

Using Proposition and the properties of the noncommutative Berezin
transform, one can easily deduce the following result.

COROLLARY 2.3. Let G = (Gy, ..., Gy), with G; : Bn(H) — B(H)™, be a free
holomorphic function such that, for each r € [0,1),
@) |G(rS)|| <1, te{1,...,9}
(i) the entries of G¢(rS) are commuting with the entries of Gs(rS) for any s,t €
{1,...,q} with s # t.
Then range G C By (H) if either one of the following conditions holds:
(@) Ag(rs)(I) > 0 forany r € [0,1);
(b) the entries of G¢(rS) are doubly commuting with the entries of Gs(rS) for any
s,te{l,...,q} withs # t.
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THEOREM 24. Let n = (ny,...,nx) € NN and m = (my,...,my) € N If
G : Bn(H) = Bm(H) and F : By(H) — B(H)@minB(E,G) are free holomorphic
functions on regqular polyballs, then F o G is a free holomorphic function on By (H).

Proof. If F has the Fourier representation

o)

Y) = Z 2 A(’Y) X Y(W)’ Y e Bm(H),
P=0 |1 |+ +|vq|=p, 1i€FR;

then we have

[e)

(FoG)(X)=)_ Y. A) ® Gy (X), X € Ba(H),
P=0 1|+ +lvql=p, vi€F,

where the convergence is in the operator norm topology. Due to Proposition
G(rS) = {Gs4(rS)} € Bm(F*(Hyy) ®--- ® F*(Hy,)), r€[0,1),

where s € {1,...,q},t € {1,...,ms} and S is the universal model of the reg-
ular polyball By. Since F : By(H) — B(H)®minB(E,G) is a free holomorphic
function, for each r € [0, 1),

o

(2.2) Ay = Z Z A(,y) ® G('Y) (T’S), Xe Bn(H),
P=0 1|4+ |vq|=p, i€Fm,

is convergent in the operator norm topology. Taking into account that Gg(S)
is in the noncommutative polyball algebra A;,, we have A, € B(€,G) ® Ay C
B(&,G)®FY Thls implies that, for each r € [0,1), the operator A, has the Fourier

representation Z ) Clo(r) ® ® rlalt +|”‘k‘S( ) and
9=0 Jay |+ +|ax|=q, a;€F};

(2.3) Ay = SOT—%lin Z Z Cla) (r® (rg)‘“1|+"'+‘“k‘s(“),
=0 |ay |+ +|ax|=q, a; EIE'

where the series converges in the operator topology. The next step in our proof is
to show that C(,)(r) does not depend on r € [0,1). Using relations (2.2) and 2.3),
we have

(Clay ()%, )

\ 1
=(Ue Siu) e A @ 1), (y @ 1)

d
. 1 .
=fmY L 0w e S (81)
p |"/1|+"'+|7£]|*Pl71€ﬂ:mi
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for any (a) € F;j, x --- x F}} and forany x € £,y € G. On the other hand, the
product G, is a free holomorphic function on B (#) and has a representation

_ (1)
Gy(X) =), Y dyX(p), X EBn(H).
P=0|B1|+-+|Bq|=p, Bi€Fs,

Consequently,

! * _ 4
<ms<a>%> (rS)1,1) =4}, refon),

forany (a) € F;, x -+ x F}f and () € Fyj; x - x Fy, . Therefore, C,(r) does

my
notdepend onr € [0,1). Weset C(,)(r) = C(,), and note that relation implies
that

QX)) := Z Z C(,X) ® X(“), X € Ba(H),
9=0 |ay [+ -+ ax | =4, a; €T,
is a free holomorphic function on By (#). Moreover, since Q is continuous in the
operator norm we deduce that

[0.0) ()

A=) Y. Ay ®G(rS) =), Y Cloy @rilttluds
P=0 |1 |+ +lvql=p, 1i€Fm, 9=0 |y [+ -+ |y |=q, a; €F,

for any r € [0,1). Now, if X € Bn(H), then there is r € (0,1) such that X €
rBn (). Applying the noncommutative Berezin transform at %X to the relation
above, we deduce that

[e9)

(FoG)(X) = Z Z A(,y) & G(,y) (X) = Q(X)

P=0 1|+ +|7q|=p, 1i€F
for any X € Bn(#H). The proof is complete. 1

PROPOSITION 2.5. Let F : By(H) — B(K)®minB(H) be a bounded free holo-
morphic function with coefficients in B(KC) and representation

[e9)

Y ). Afw) ® X(g)-

9=0 Jay [+--+a | =4, a; €T,
If |||l < 1, then

)y Al Aw) S T—AfgA)
|1 |-+ | =g, a;€F;

for any q € N, where Ay := F(0).

Proof. Let M be the subspace of F?(H,,) ® - -+ ® F?(Hy, ) spanned by the
vectors 1,63 ® - ® e’,;k, where v; € Fy; and |aq] +--- + |ax| = g € N. Note
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that the operator C := Pxg(F(S)|cea 1S a contraction and, with respect to the
decomposition

k
KeaM=Ka -~ e, ® Qe K,
laq |+ +|ag|=q, a; €Fy,

has the operator matrix representation

A 140 0 0 g]
o
A@ 0 0 -~ 0 0

': ‘ " : o
oy | + + || = g, “lEFni 0 0O --- 0 A(O)

where A g) is on the main diagonal. Indeed, we have
(C(x®1),y®1) = (F(S)(x®1),y®1) = (Apx,y) and
(Cx@1),y@e), ®- @k ) = (Anx,y)
for any (&) = (ay,...,a¢) € By x - x FL with [aq] + - 4 |ag| = g. Tf [aq | +
<o+ |ag| = |B1] + - - - + | Bk| = g, then we have
(Clx@ey, @ ®ek),y®ey @ @ef) =up,  dupA)

for any x,y € K. This proves our assertion. Consequently, the column operator
matrix

g + -+ |ag| = g, a; € T}
is a contraction, which completes the proof. i

We recall that B, (H) is a complete Reinhardt domain and

B(H)™ X+ xc B(H)™ = | pBn(H).
>0
We define the Minkovski functional associated with the regular polyball B, (H)
to be the function mp_ : B(H)™ X --- X B(H)"™ — [0, c0) given by

mp, (X) :=inf{r > 0: X € rBa(H)}.

PROPOSITION 2.6. The Minkovski functional associated with the regular polyball
Bn(#) has the following properties:
(i) mp, (AX) = |A|mp(X) for A € C;
(ii) mp,, is upper semicontinuous;
(iii) Bn(H) = {X € B(H)™ X+ xcB(H)™ :mp,(X) <1};
(iv) Ba(H)”™ ={X € B(H)™ X¢--- Xc B(H)™ :mp, (X) < 1};
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(v) there is a polyball rPn(H) C Bn(H) for some r € (0,1), where mp, is continu-
ous.

Proof. To prove (i), we may assume that X # 0 and A # 0. It is clear that
mp, (AX) = t > 0if and only if AX € cBn(H) for any ¢ > t, and AX ¢ dBn(H)
if 0 < d < t. Taking into account that B, (H) = eieBn(’H) for any 0 € R, we
deduce that the latter conditions are equivalent to X € 1 M Bn(#H) forany ¢ > t

and X ¢ 4 i Bn(#)if0 < d < t. Hence, we obtain that mg_(X) = |—)t\|,which shows
item (i). We skip the proof of item (ii), since it is due to (i) and a straightforward

argument.

According to Proposition|1.3) we have By (%) = U rBa(H). Using this
0<r<1
result, one can easily deduce item (iii). As we saw in the proof of the same propo-

sition, forany r € (0,1), we have By (H)™ C %BH(H). Consequently, mg,_ (X) < 1
forany X € B, () ™. Now, assume that X € B(H)" X, - - - xc B(H)" is such that
mp, (X) = 1. Then there is a sequence {t,,} with t,, > 1 and t,, — 1 such that
X € tyBn(H) for any m € N. Taking t,, — 1, we deduce that X € Bn(H) .
Hence, and using item (iii), one can see that item (iv) holds. To prove (v), note
the fact that Py (H) C Bn(#H) for some r € (0,1) is quite clear, while the conti-
nuity of mp, on rPy () is due to the convexity of the latter polyball. The proof is
complete. 1

Let C(Z; ;) be the algebra of all polynomials in indeterminates Z; ;, where

i,jr
ie{l,...,k} and j € {1,...,n;}. We define the free partial derivation azaf] on

C(Z;,j) as the unique linear operator on this algebra, satisfying the conditions

oI E)Zi,j aZi,j ) o
0Z;; 0, 9z L Zsy 0 if (i,j) # (s,q) and
o(fg) _ of

aZi’j o aZi,j +faZ

ij

for any f,¢ € C(Z; ;). The same definition extends to formal power series in the
noncommuting indeterminates Z; ;. If F := ) Ag) ® Z(y) is a power
(@) €F;f, X x5l

series with operator-valued coefficients, then the free partial derivative of F with

respect to Z; j is the power series az o= Z+ A Z(“) . One can prove that if
acl,

F is a free holomorphic function on B, (#) then so is 57— 9 We leave the proof to
the reader.
The next result is an analogue of Schwarz lemma from complex analysis.

THEOREM 2.7. Let F : By (H) — B(H )" be a bounded free holomorphic function
with ||Fllee < 1. IfF(0) = 0, then

[FX)|| < m,(X) <1 and mp,(X) <[X|, X&Ba(H),
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where mp,, is the Minkovski functional associated with the reqular polyball By (H). In
particular, if p = 1, the free holomorphic function

k" OF
pX) =3 ) 57 (0)Xij, X =(Xi)) € Ba(H),

i=1j=1 9%
has the property that ||p(X)|| < mp,(X) < 1.

Proof. Fix X € Bp(#H) and let t € (0,1) be such that mp, (X) < t < 1. Since
1X € Ba(H), Propositionimplies AX € Bp(H) forany A € D := {z € C :
|z| < 1}. For each x,y € HP) with ||x|| 1 and |ly|] < 1, define the function
¢xy : D — C by setting

Pry(A) = <F(%X> x,]/>, A eD.

Taking into account that F is free holomorphic on Bn(#) and |[Flje < 1, we
deduce that ¢, is a holomorphic function on the unit disc and @y, (A)] < 1.
Since @y, (0) = 0, an application of the classical Schwarz lemma to ¢y, implies
|¢xy(A)| < |A| for any A € D. Taking A = mgp, (X), we obtain

Pry(A) i= <F(m3“f(x) )x y> mg, (X), A eD.

for any t € (0,1) with mp_(X) < t < 1. Since F is continuous on B, (#) and
taking t — mp,_(X), we obtain |(F(X)x,y)| < mg, (X) for any x,y € HP) with
[Ix]| < 1and ||y|| < 1. Consequently,

IFX)N < mp, (X) <1, X € Ba(H).

According to Proposition 1.9 from [24], if || X|| := &x, (I) +--- + (ka( ) < I then
X = (Xy,...,Xk) € Ba(H) ™. Consequently, if X € Bn(H) then HXH € Ba(H)™,
which implies mp_(X) < t||X| for any t > 1. taking t — 1, we deduce that
mp, (X) < X

Now, we consider the particular case when p = 1. Due to the classical
Schwarz lemma, we also have |¢},(0)| < 1. Since ¢} ,(0) = (1p(X)x, ), we
deduce that ||(X)|| < t < 1. Taking t — mp_ (X), we obtain ||¢(X)|| < mp, (X) <
1. The proof is complete. 1

We have all the ingredients to prove the following maximum principle.

THEOREM 2.8. Let F : By(H) — B(H) be a bounded free holomorphic function.
If there exists Xo € Bn () such that

EX) < [[EXo)ll, X € Ba(#),

then F must be a constant.
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Proof. Assume that ||F||cc = 1 and that there exists Xy € Bn(#) such that
[IF(Xo)|| = 1. Let F have the representation
[ee]

). ). @(2) X (@)

9=0 |y [++-+|a | =g, a; €F}y;
According to Proposition[2.5, we have

2@ < 1—[F(0)?
|y [+ +|ax | =q, a; €Fy;
for any q € N. Hence, if [F(0)| = 1, then a(,) = 0 for any (a) = (ay,..., ) €
Fr, x -+ x I with |ag| + - - + |ag| > 1, which implies F = F(0).

Now, we assume that |[F(0)| < 1 and set A := F(0). Note that if ¥, is the
corresponding automorphism of the open unit ball [B(H)]; (see the remarks pre-
ceding Theorem[B.6), then, due to Theorem[2.4}, G := ¥ o F is a free holomorphic
function on By () with the property that G(0) = 0 and ||G||c < 1. Using The-
orem 2.7, we have ||G(X)| < 1 for any X € Bn(H). Hence, ||¥1(F(Xo))| < 1.
Since ¥) is an involutive automorphism of the open unit ball [B(#)];, we deduce
that

IEXO = A (Fa(F(X))Il <1
for any X € By (H), which contradicts our assumption that ||[F(Xp)| = 1. The
proof is complete.

COROLLARY 2.9. Let F : By(H) — B(H) be a nonconstant bounded free holo-
morphic function. Then the following statements hold:
@) |EGO[ < [[Fleo for any X € Bn(H);
(ii) the map
0,51 |Elleo, r=(r1,...,7%)
is strictly increasing with respect to each r;, where
Fr(X1, ceey Xk) = F(1’1X1, - ,Fka), (X1, ey Xk) S Bn(H).

Proof. Without loss of generality, we may assume that ||F||« = 1. Part (i)
is a consequence of Theorem To prove part (i), let 0 < rq < t; < 1 and
set r = % € [0,1). Since F is a free holomorphic function on B, (), the op-
erator F(rSy,72Sy,...,7¢S) is in the polyball algebra An and [[F,,, ,)lle =
|F(rS1,7282,...,7Sk)||. Applying part (i) to the bounded free holomorphic func-
tion F(,, . ») onBn(H) and X = (rS1,728y, ..., 7Sk), we obtain

"
1Fursnemylloe = WFiry ) (8) oo = [|Feturyny (58182, ) |

< HF(tl,rz,...,rk) (Sl/ SZ, G Sk) || = HF(tl,Vz,...,Vk) ||°°
The proof is complete. 1

The next version of the maximum principle is needed in the next sections.
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THEOREM 2.10. Let F : Bn(#H) — B(H )P be a bounded free holomorphic func-
tion with |F(0)|| < ||F||eo- Then there is no Xo € By (H) such that |F(Xo)|| = ||F||co-

Proof. Without loss of generality we may assume that |F|l = 1. If F(0) =
0, Theorem [2.7] implies |[F(X)|| < 1 for any X € Bn(#), which completes the
proof.

Now we consider the case when 0 # ||[F(0)|| < 1. Suppose that there is
Xo € Bn(H) such that [|[F(Xp)|| = 1. Since ||[F(0)|| < [|F|l = 1, we have A :=
F(0) € (CP);. Let ¥) be the automorphism of the open unit ball [B(#)?]; (see the
remarks preceding Theorem[3.6). We recall that ¥) is a free holomorphic function
on [B(H)"],, where 7y := HA%, and ¥ (¥) (X)) = X for any X € [B(H)?],, where
v i= m Using Theorem we deduce that G := ¥y o F : By(H) — B(H)? is
a free holomorphic function on B, () such that G(0) = 0 and ||G||e < 1. Due to
the Schwarz type result of Theorem[2.7} we have ||G(X)|| < 1 for any X € By (H).
In particular, we have ||'¥) (F(Xp))|| < 1. Since ¥, is an involutive automorphism
of the open unit ball [B(H)?]1, we deduce that

IFXo)ll = [[F2(FA(F(Xo))Il <1,

which is a contradiction. The proof is complete. 1

3. FREE HOLOMORPHIC AUTOMORPHISMS OF NONCOMMUTATIVE POLYBALLS

In this section, we use noncommutative Berezin transforms to obtain a com-
plete description of the group Aut(By,) of all free holomorphic automorphisms of
the polyball By, which is an analogue of Rudin’s characterization of the holomor-
phic automorphisms of the polydisc, and prove some of their basic properties.
We show that Aut(Bn) ~ Aut((C"); x --- x (C™);) and obtain an analogue
of Poincaré’s classical result that the open unit ball of C" is not biholomorphic
equivalent to the polydisk D", for noncommutative regular polyballs.

PROPOSITION 3.1. Ifn = (ny,...,ny) € N¥, then the following statements hold:

() IfC; € B(C"™),i € {1,...,k}, are contractions, then g : Bn(H)™ — Bn(H) ™,

defined by
g(X) = (chlr .. .,Xka), X:= (Xl, .. '/Xk> € Bn(,H)i,

is a free holomorphic function on By (#H). In particular, if each C; is a unitary operatot,
then g|g, () € Aut(Bn) and g is a homeomorphism of Bn(H) ™.

(ii) If o is a permutation of the set {1,...,k} such that ny; = n;, then py :
Bn(H)™ — Bn(H) ™, defined by

Pg(X) = (X(T(l)/' "/Xa'(k))/ X:= (Xl,. “er> S Bn(,H)i,

is a homeomorphism of Bn(H)™ and pe|g, (3 a free holomorphic automorphism of
Bn(H).
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(iii) If @; : [B(H)" )1 — [B(H)"]{, i € {1,...,k}, is a free holomorphic function,
then G : Bn(H) — B(H)™ x - -+ x B(H)" defined by

G(X) = (p1(X1),-- -, ox(Xx)), X=(X1,...,Xx) € Ba(H),

is a free holomorphic function on the reqular polyball and range G C By (H). In par-
ticular, if each ¢; is a free holomorphic automorphism of the unit ball [B(H)"];, then
G € Aut(By).

The results are immediate consequences of Theorem [2.4and Corollary 2.3]

Let F : Ba(H) — B(H)™* " be a free holomorphic function with F :=
(Fi,...,F)and F; = (Fiy, ..., Fin, ), where each F; j is a free holomorphic function
on By (H) with scalar coefficients. Note that we always have F(0) € C"t "k,
We define F'(0) as the linear operator on C"1 "+ having the matrix

_%(0) "'aaz?’,:l(o) %(0) .__aazlzik(o)_
i o 32 (0 - %?;f}@ ---;’Z;’;; (0)
51 o) ) M) ---aazi’i:k<o>
‘ZF ) SF © - Z?;ffkm ~~~§§iﬁ;’; )]

Now, we can prove the following noncommutative version of Cartan’s
uniqueness theorem [4], for free holomorphic functions on regular polyballs.

THEOREM 3.2. Let F : Bn(H) — Bn(#H) be a free holomorphic function such
that F(0) = 0 and F'(0) = I. Then
E(X)=X, Xe€Ba(H).
Proof. Let X = (X1,1, -+, Xt,ms+ -+  Xg1,- -+ Xk, ) € Bn(H) and let
F(X) = (FLa(X), ..., Finy (X), ..., Fe1(X), - .., B (X)),

where F;; are free holomorphic functions on the regular polyball B, (), for any
ie{l,...,k}andj € {1,...,n;}. We will also use the row matrix notation X =
[Xij; 1,j], where the indices i, j are as above. Since F(0) = 0 and F'(0) = I, we
must have

[ee]
_ (if) (if)
Fji(X)=X;j+ ) ) A o Xia  Xewer A €C,
=2 |ay |+ +|oe|=q, as€F,

forany i € {1,...,k} and j € {1,...,n;}. Assume that at least one of the coef-
ficients a,(xlf,)___,ak is different from zero. Let m > 2 be the smallest natural number
such that there exist iy € {1,...,k}, jo € {1,...,n;}, and 2l € IE‘,TS such that
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a0+ -+ [ad] =mand a, OJO) ;é 0. Then we have F; ;(X) = X;; + p;m Gr()ij) (X),
where

(3.1) G (x) = Y ISLITD CHUREED O
[y |4+ + ok |=p, as€F

forany p > m,i € {1,...,k},and j € {1,...,n;}. Due to Theorem G;(,ij) oF,
p = m, is a free holomorphic function and

(G o F)(X) = Yo e (X) - B (X)) =G () +KY) (X),

\a1\+---+|ak|:m, IJKSE]F,,S

where K/ (i) 11 is a free holomorphic function containing only monomials of degree

greater than or equal to m + 1. Using now Theorem we deduce that FI2 :=
F o F is a free holomorphic function on the regular polyball B, (#). Note that

F(X) = [X;j: i,j] + [ f G (x) :i, ]} and
p=m

FRIX) = (R0 <4+ [G (FOO) + Y. G (FX)) £, ]
p=m+1

[x,]+c” )+ Z G (x } + G ) + W %)+,
p=m+1

= [Xij 1 i)+ 2657 (%) 14, ]+ [FP, (%) <,

where Qi(nJ)rl and 'Y Jr)l are free holomorphic functions containing only monomi-

als of degree greater than or equal to m + 1. Continuing this process, we obtain
32 EMX) =X i)+ G (X) i, ]+ AU (X) 0] meN,

m+1
where A( i) 11 are free holomorphic functions containing only monomials of degree
greater than or equal to m + 1.
Recall that a0 € F;\ and [ad] + -+ + |1x2| = m. Consequently, if B; € ).
! 1 k
and only if p = m and §; = a? for any i € {1,...,k}. In this case, we have
Sia? Q- ® SZ,«Q (eifl) Q- ® eig) = 1. Hence, and using relation (3.2) when

X = S, we obtain
Frl(rs) (el @+ ® eko)
1

= 1[Stj(ely ® - @dy) i ] Gy (8) (g @ - © ) 1],

“ k
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where G,(é] ) are homogeneous polynomials of degree m (see relation (3.1)). Taking
into account the latter relation and the fact that

ij 1 k . ioj
G (8)" (ehg @+ ® k) i)l > lag™ ol > 0,
k SR

&7
we deduce that

nrm|a£:(l§)/]_‘i)’“2| < | Fl (rS)*(ei(l, ® - ® eﬁg)n + ||r[s;j(ei9 ® - ® e’;}e) il
for any n € N. Since FI"/(rS) € Bn(F?(Hy,) ® - - - ® F>(Hy,)), taking n — o in
the inequality above, we obtain a contradiction. Therefore, we must have F(X) =
X. The proof is complete. 1

If L := [a;j]nxn is a bounded linear operator on C", it generates a function
@) : B(H)" — B(H)" by setting

n n
qu(Xlr- . .,Xn) = [Xlr- . .,Xn]]_. = [Zailxi,. ey Zainxz}
i=1 i=1
where L := [a;jI3]nxn. By abuse of notation, we also write @1 (X) = XL.

A map F : By(H) — Bn(H) is called free biholomorphic if F is free ho-
molorphic, one-to-one and onto, and has free holomorphic inverse. The auto-
morphism group of B, (), denoted by Aut(Bn (7)), consists of all free biholo-
morphic functions of By (). It is clear that Aut(B, (7)) is a group with respect
to the composition of free holomorphic functions.

In what follows, we characterize the free biholomorphic functions with the
property that F(0) = 0.

THEOREM 3.3. Let F : Bn(H) — Bn(H) be a free biholomorphic function with
F(0) = 0. Then there is an invertible bounded linear operator L on C™+ " gych that

F(X) = ®.(X), X € Ba(H).

Proof. Consider the set An := {(i,j) : i € {1,...,k},j € {1,...,n;}} with
the lexicographic order. Since F(0) = 0, we have F(X) = [Fs¢(X) : (s,t) € Ap]
with
(3.3) FaX) = Y al) X+ ¥0(X),

(i,j)€An
where Y¥;; is a free holomorphic function which contains only monomials of de-
gree > 2. Therefore, we have

[e9)

(34) Yo (X) =) ) Cgcsl',t.?.,akxl,al < Xy

M=2 |y |4+ | |=m, txsEFyTs

(s,t) (i.7)

for some coefficients c,;,’ 4, € C. Let L :=[a (s,t)] ((i)(s,£)) €An x Ay @nd NOte that

F(X) = [Xi; : (i,]) € An]L+ [¥54(X) : (5,8) € An].
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Since F is free biholomorphic function with F(0) = 0, its inverse G : Bn(H) —
Bn () is also a free holomorphic function with G(0) = 0. As above, one can see
that G must have a representation of the form

G(X) = [Xss: (s,8) € Aa]M+ [I},(X) = (i, ) € An],

where M := [béls]t)) J((s,6),(i,j))€Anx Aq 18 @ Square matrix with complex coefficients
and I ; is a free holomorphic function which contains only monomials of degree
> 2. Now, one can easily see that

(GoF)(X)=[FEs¢(X) : (s,t) € An]M + [ ;(F(X)) : (i,]) € An]
=[Xi;:(i,j) € An]LM+[¥5,1(X) : (5, t) € An]M+[I; ;(F(X)): (i, /) € An]
=[Xi;: (i,]) € Aa]LM + [Q;j(X) : (i,]) € An],

where each Q; ; is a free holomorphic function which contains only monomials of
degree > 2. Since (G o F)(X) = X and due to the uniqueness of the representa-
tion of free holomorphic functions, we deduce that Q;; = 0 for any (i,j) € An
and LM = Iy, 1.4y Ina similar manner, one can prove that ML = J AR
Therefore, L is an invertible operator.

Since Bn(H) is a noncommutative Reinhardt domain (see Proposition [1.3),
for each 8 € R, the map X + e F(el?X) is a free holomorphic function on the
regular polyball B, (#). Consequently, Theorem [2.4]implies that

H(X) := G(e F(elX)), X & Ba(H)
is a free holomorphic function with H(0) = 0 and
H(X) = [X;;: (i,j) € An]LM + [P;j(X) : (i,]) € An],
where each P, ; is a free holomorphic function which contains only monomials of
degree > 2. Since LM = Iy +...+n,, we can apply Theorem [3.2]and deduce that
H(X) = X. Due to the definition of H and using the fact that Fo G = id, we
obtain e F(X) = F(el?X) for any X € By(H), and 8 € R. Using relations (3.3),

(3.4) and due to the uniqueness of the coefficients in the representation of free
holomorphic functions, we deduce that

C(Srt) etf (Jan 4+ +lak])

_ oif (sh)
Koo, K =€ Cl:tl,...,lxk/ 6 € R/

for any a; € Fy; with |ag| 4 -+ [ag| > 2, and (s,t) € An. Hence, c,gflt),xk =0
and, therefore, ¥;; = 0. Now, relation implies F(X) = XL, and the proof is
complete. 1

THEOREM 3.4. Letn = (ny,...,n;) € NFandlet F : By(H) — Bn(H) bea free
biholomorphic function with F(0) = 0. Then there are unitary operators U; € B(C"),
i € {1,...,k}, and a permutation o € Sy with the property that n 1 = n; for
ie{1,...,k} such that

(pgfl OF)(X) = [X1U1,...,Xkuk], X = (Xlz---/Xk) S Bn(H).
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Moreover, the converse is also true.

Proof. According to Theorem there is an invertible bounded linear op-
erator L on C" "k such that

F(X) = [X1,...,X]L, X € Bn(H).
Since F € Aut(By), its scalar representation f(Aq,...,Ax) := [Aq,...,A¢]L is an
automorphism of the scalar polyball (C"); x --- x (C");. Due to the classical

result (see [10], [27], [29]), there is a permutation o € Sk such that Np-1(;) = i for
ie{1,...,k}, such that

(Po10 )M, Ak) = (81(A1), -+, 8k(Ak))
for (Ay,...,Ax) € (CM)y x -+ x (C")q,, where g; € Aut((C");) with g;(0) =0
foranyi € {1,...,k}. According to [28], each g; € Aut((C")1) with ¢;(0) = 0 has
the form g;(A;) = A;U;, where U; € B(C™) is a unitary operator. Consequently,
we obtain

(pg—l Of)(/\1,. . .,/\k) = [)\1,. . .,/\k]U, ()\1,. . .,/\k) S (C”l)l Xoeee X ((an)l,
where the unitary operator U € B(C"+ %) is the direct sum U = U; @ - - - ®

Uy. Hence, we deduce that (p, 1 0 F)(Aq,...,Ax) = [A1,...,Ak]U, which, due to
the linearity of each component of F, implies

(Pg—l o F)(Xl,.. .,Xk) = [Xl,. . .,Xk]U
forany (Xj,...,Xx) € Ba(H).

To prove the converse, let U; € B(C"), i € {1,...,k}, be unitary opera-
tors. Note that the map g; defined by g¢;(X;) := X;U;, X; € [B(#H)"];, is a free
holomorphic automorphism of the noncommutative ball [B(#)"];. Hence, and
using Proposition we deduce that g := (g1,...,gx) and p, are holomorphic
automorphisms of the regular polyball B,. Consequently, F := p, 0 g € Aut(By)
with F(0) = 0. The proof is complete. 1

Under the conditions of Theorem 3.3 we consider the unitary operator U €
B(C™™* ) defined as the direct sum U = U; & - - - @ Uy and let @y : By (H) —
Bn () be the free biholomorphic function defined by @y (X) := XU. Then we
have F = py o Dy.

THEOREM 3.5. Let F : Bn(H) — Bn(H) be a free holomorphic function such
that F'(0) is a unitary operator on C"'* "t Then F is a free holomorphic automor-
phism of By and

F(X) = X[F'(0)]", X € Ba(H),
where T denotes the transpose.

Proof. Assume that F has the representation

FX)i= Ao + ) L Aw) ® X(w), X €Ba(H),
=1 oy |4+ |ax|=q, a;€F5,
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where A(,) € Pn(C) is written as a row operator with entries in C. Note that
F'(0) = [Aly o]+ + | =1, w € Forl-

Taking into account that F’(0) is a co-isometry, we have r Al A
laq [+ + |ag =1, a; €Fy,

= I. Since F is a free holomorphic function with ||F||« = 1, we can apply Propo-

sition[2.5] Consequently, we have

AlyAw) <I—F(0)"F(0),
‘leH“'NF‘DCk‘:l, Dc,'E]Fz—i

Aw)
which implies F(0) = 0. Therefore, since [F'(0)]" = : , we
el 4 e = 1
have
(3.5) F(X) =X[F'(0)]"+ }_ ) Alg) © X(a)-

T=2 Jay |+ +|ax|=q, 0;€F};

On the other hand, since F/(0) is an isometry, we have F'(0)*[F'(0)"]* = I. Mul-
tiplying relation to the right by ([F/(0)]7)*, we obtain

H(X) == F(X)([F'(0)]")" = X+ [G;;(X) : (i,]) € Anl,

where Ay = {(i,j) :i € {1,...,k},j € {1,...,n;}} and each G;; is a free holo-
morphic function containing only monomials of degree > 2. Since H is a free
holomorphic function on B, (#) with H(0) = 0 and H'(0) = Iy, +...4n,, Theo-
rem 3.2/ implies H(X) = X. Consequently, we have F(X)([F'(0)]")* = X. Mul-
tiplying this relation to the right by [F’(0)]" and taking into account that F’(0)
is a co-isometry, we deduce that F(X) = X[F'(0)]" for any X € Bn(H). This
completes the proof. 1

In [19], the theory of noncommutative characteristic functions for row con-
tractions (see [14]) was used to find all the involutive free holomorphic automor-
phisms of [B(H)"];. They turned out to be of the form

no_o -1
VoY1, Yn) = =0 (Y1, .., Yy) = A — AA(IK; - Zx\iYi) Y1 YalArs,
i=1

forsome A = (Aq,...,A,) € By, where ©, is the characteristic function of the row
contraction A, and A, A+ are the defect operators defined by A, = (1—||A[3)1/2
and Ay: = (Icn — A*A)1/2. Moreover, we determined the group Aut([B(H)"];)
of all the free holomorphic automorphisms of the noncommutative ball [B(H)" |
and showed that if ¥ € Aut([B(#)"];) and A := ¥~1(0), then there is a unitary
operator U on C" such that

T:YIUOIP)\/
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where ¥;(Y) := YU forany Y € [B(H)"];. Let A := (Ay,...,Ay) € B, \{0} and

lety := m Then ¥), := —0, is a free holomorphic function on [B(H)"], which

has the following properties:
(i) ¥2(0) = Aand ¥ (1) = 0;
(if) the identity
Iy — A (X)F(X)* = Ap (I — XA*) 1T = XX*)(I - AX*) 1A,

holds for all X € [B(H)"],;

(iii) ¥) is an involution, i.e., ¥) (¥) (X)) = X for any X € [B(H)"],;

(iv) ¥, is a free holomorphic automorphism of the noncommutative unit ball
[B(H)"|;

(v) ¥ is a homeomorphism of [B(H)"]; onto [B(H)"]; .

Now, we can prove a structure theorem for holomorphic automorphisms of

regular polyballs.

THEOREM 3.6. Letn = (ny,...,n;) € NFand let ¥ € Aut(Bn(H)). IfA
(A, ..., Ax) = ¥1(0), then there are unique unitary operators U; € B(C™), i
{1,...,k}, and a unique permutation o € Sy with ny(;y = n; such that

S

Y=pro@uo¥,,
whereU:=U; ©--- @ Upand ¥ := (¥, ..., ¥p,)-

Proof. Let ¥ € Aut(Bny(H)) and let A = (Ay,...,Ar) = ¥ 1(0). For each
i€ {l,...,k}, Aj € (C")y, and ¥), is a free holomorphic automorphism of the
noncommutative unit ball [B(H)"];. Moreover, ¥ (¥, (X)) = X for any X €
[B(H)"]1, ¥3,(0) = A;. Consequently, using Proposition 3.1and Theorem 2.4} we
deduce that ¥ := (¥,,...,¥),) is a holomorphic automorphism of the regular
polyball B, with the property that

FA(Fa(X)) =X, X e Ba(H),
and ¥,(0) = A. Hence, ¥ o ¥) € Aut(Bn(#)) and (¥ 0 ¥,)(0) = 0. Apply-
ing Theorem 3.3} there are unitary operators U; € B(C"),i € {1,...,k},and a
permutation o € Sy with the property that n,1(; = n; fori € {1,...,k} such
that

(pg_l o (‘I’O ‘I’/\))(X) = [Xllll, .. .,Xkuk] X = (Xl, . ,Xk) S Bn(H).
Hence, taking into account that ¥ (¥ (X)) = X, we obtain ¥ = p, o @yo¥,,
which completes the proof. 1

We remark that, unlike the classical case, the free holomorphic automor-
phism group is not transitive because 0 must be mapped to another scalar point.

COROLLARY 3.7. Let F : Bn(H) — Bm(H) be a bounded free holomorphic
function and a € By (C). Then

¥ r(a) (FX))I| < m, (¥a(X)) < [[Fa(X)]|
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for any X € By (H), where my, is the Minkovski functional.

Proof. Consider the automorphisms ¥, € Aut(Bn) and ¥p(,) € Aut(Bm).
Due to Theorem 2.4{and using the fact that ¥,(0) = a and ¥p(,)(F(a)) = 0, we
deduce that G := ¥p(,) o F o ¥, is a free holomorphic function from Bn(#) to
Bm(#H), and G(0) = 0. Applying Theorem[2.7]to G, we obtain

I¥r@) o Fo¥a(Y)[| < ms, (Y) <[IY[l, Y€ Bm(H).
Setting Y = ¥,(Y) and using the fact that ¥, o ¥, = id, we complete the proof. 1

In what follows, we present an analogue of Poincaré result that the open
unit ball of C" is not biholomorphic equivalent to the polydisk D", for noncom-
mutative regular polyballs.

We denote by Bih(Bn(H), Bm (7)) the set of all biholomorphic functions
from Bn(H) to Bm(H).

THEOREM 3.8. Letn = (ny,...,ng) € NFand m = (my, ..., my) € Ni. Then
Bih(Bn(H), Bm(H)) # @
if and only if k = q and there is a permutation o € Sy such that m,; = n; for any
i € {1,...,k}. Moreover, any free biholomorphic function F : By(H) — Bm(H)) is
up to a permutation of (my, ..., my) an automorphism of the noncommutative reqular

polyball By

Proof. Let F : Bn(H) — Bm(H)) be a free biholomorphic function. Then its
scalar representation

f:(CM)px---x (C%)y = (C™M)g x -+ x (CM)y,

defined by f(z) := F(z),z = {z;;} € Bn(C) = (C"); x - -+ x (C"™)y, is a scalar
biholomorphic function. Using Browder’s invariance of domain theorem, we de-
duce thatnq + - - - +n = mq + - - - + my. On the other hand, according to the clas-
sical result of Ligocka and Tsyganov (which is a generalization of Rudin’s charac-
terization of the holomorphic automorphisms of the polydisc [27]), we must have
k = qand there is a permutation o € Sy such that m,(;) = n; foranyi € {1,...,k}.
Using Proposition[3.1]and Theorem 2.4, we deduce that p, o F € Aut(By), which
completes the proof. 1

Let A := (Aq,...,Ay) € By, A # 0, and let @, be the boundary function of
the characteristic function with respect to the right creation operators Ry, ..., Ry
on the Fock space F?2(H,), ie., ©, := SOT- lirr} O, (R4, ...,rRy). We recall from

r—
[19], the following properties:

(i) the map O, is a free holomorphic function on the open ball [B(H)"],,
where 7y := m ;

o 1
/\iRi) [Ri,...,Ru]A)+;

M=

(ii) @/\ = @A(Rll" -/Rn) = _A+A/\(IF2(HH) .

i=1
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(iti) @, is a pure row isometry with entries in the noncommutative disc algebra
generated by Ry, ..., R, and the identity;
(iv) rank (I — © ,\(:);‘\) =1and O, is unitarily equivalent to [Ry, ..., Ry].
We define the right creation operators R; ; acting on the Fock space F?(Hy,)
and the ampliations R; ; acting on the tensor product F2(Hy,) ® - - - @ F2(Hp, ).

THEOREM 3.9. Let ¥ = (¥y,...,¥) € Aut(Bn(H)), wheren = (ny,...,ng)
is in NK, and let ¥ = (¥, ..., %) be the boundary function with respect to the universal
model S = {S; ;}. The following statements hold:

(i) Y is a free holomorphic function on the regular polyball By for some y > 1.

(ii) The boundary functzon ¥ with respect to S is a pure ¢ element in the polyball
Bn(®F , F2 (Hy,))” and ¥ := 11m‘1’(rS) ¥(S). Each ¥ = (¥1,..., % ) is
an isometry with entries in the noncommutatlve disk algebra generated by S;1,...,S;
and the identity.

(iii) ¥ is a homeomorphism of By (H) ™ onto By (H) ™.

(iv) If¥ € Aut(Bn(H)) and A = (Ay,..., Ax) = ¥ 1(0), then the identity

Ayix)(I) = By [f[ (1~ iXi,in,j) 71} Ax(T) [f[ (- Z AX l,])fl}

i=1 ]':1 i=1

holds for any X = {X; ;} € Bn(H)~, where Ay = (1 — | A:]13).
i=1
(V) The defect of the boundary function of ¥ with respect to the universal model R =
{R;;} satisfies the relation
AT(R) (I) = K‘Y—l (0) K;;l—l (0),
where Ky 1 gy is the noncommutative Berezin kernel at ¥~1(0) € B, (C).
(vi) rank Ag (I) = 1 and ¥ is unitarily equivalent to the universal model S.

Proof. Due to Theorem B.6] if ¥ € Aut(Bn(H)) and A = (Ay,...,A) =
¥-1(0), then there are unique unitary operators U; € B(C™),i € {1,...,k}, and
a unique permutation ¢ € Sy with n,(;) = n; such that

Y=p,o@Puo¥,,
where U:=U; @ --- @ Ugand ¥y := (¥),,. ..,‘If)\k). Since ¥, := —0,_ is a free
holomorphic function on the open ball [B(#)"i],,, where ; := m if \; # 0and
7i = 0o, otherwise, Proposition 3.1| part (iii) implies that ¥ is a free holomorphic
function on the regular polyball yBy, for ¢ := min{vy; : i € {1,...,k}}. Using
Theorem 2.4)and Proposition 3.1} one can complete the proof of item (i).

The first part of item (ii) follows from (i) and the continuity of the ¥ on
YBa. On the other hand, due to the remarks preceding the theorem, we know
that ‘?’,\i = lirr11 Yy, (rS;) = ¥),(S;) is a pure row isometry with entries in the

r—

noncommutative disc algebra generated by S;4,...,S; ,, and the identity, on the
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full Fock space F2(Hy,). If U; € B(C™) are unitary operators, it is clear that the
components of the boundary function

¢U o II/A = (IP)\l (S)Ul, ey IF/\k(S)Uk)

are isometries. On the other hand, set (&;1,..., C,»,ni) := S;U; and note that each
g;;is a linear combination of S;4, ..., S; ,,. Note that Y Gkl (eiﬁ) =0 for

aGF:{i,|a|:p
any B € Fi and p > [B|. Since Y. Gial}, < I, we deduce that
ae]Fn*i,\a\:p
: 2
phl;ro}o Z Ci,aéi*,ax - O/ X 6 F (Hl’li)/
aeF,‘fi,|a|:p

which proves that Dyo¥, is a pure element in Bn(®%_, F2(H,,))~. For any
permutation o € Sy withn,(;) = n;, the boundary function ps = (Sy(1), - -, Sy (x))
has the entries pure row isometries. Now, using Lemma we deduce that the
boundary function of the composition ¥ = p, o @y o ¥, satisfies the required
properties of item (ii).

According to the remarks preceding Theorem each ¥, is a homeomor-
phism of [B(#H)"i]; and ¥),(¥),(X;)) = X; for any X; € [B(#)"]; . This implies
that

Fr(¥a(X)) =X XeBa(H),
which proves that ¥, is a homeomorphism of B, (H)~. According to Proposi-
tion @, and p, are also homeomorphisms of B,(#)~. Since, due to Theo-
rem each ¥ € Aut(Bn(#)) has the representation ¥ = p, o @y o ¥,, we
conclude that ¥ is a homeomorphism of B, (7)~, which proves item (iii).

Foreachi € {1,...,k},letS; = (S;1,...,S;,) be the n;-tuple of left creation
operators on the full Fock space F?(Hy,). According to the remarks preceding
Theorem [3.6] we have

n -1 i -1
(id = @, (5))(1) = (1= [A3) (1= L AijSij)  (id—@s)(D) (1= 1 AijSE;)
= j=1

Taking the tensor product of these relations when i € {1,...,k}, and using the
definition of the universal model S, we obtain

(id — ¢¢A1(Si)) o---0(id — (plPAk(sk))(I@{f:lFZ(Hni))
k

k nj -1
=TT~ WD T (tes e, — L 20s811)
=

i=1 i=1
k 1 -1

x(id—dg,)o-- 0 (id_®5k)(1®§7lp2(Hn.))H (I®’L]F2(Hn.) - Z)‘i,jsi*,j) '

= i i—1 i= i j:1

1

Note that both sides of the relation above, as well as the factors involved, are in
the noncommutative polyball algebra .A,,. Applying the Berezin transform at any
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element X = (X,..., Xg) € Bn(#H) ™, we obtain

(3:6) By, (x) [ﬁ( ixi,jxi,f)il}Ax(U{ﬁ(lH ZAJ 11)71}'

i=1 j=1 i=1

where A4y = [](1— ||A;]|3). Since each ¥ € Aut(Bn(H)) has the representation
1_
¥ = poo @y o ¥), one can easily see that Ay (x)(I) = Ay, (x)(I), which shows
that item (iv) holds.
Now, we prove item (v). If A = (Ay,...,Ax) = ¥ 1(0), the Berezin kernel

k
K, : C — ® F2(Hp,) is defined by
i=1

Kil)= Y 4@
(a)€Es, ><~~><IFn+k

It is easy to see that Kj‘\(e(lx)) - A}/Z/\(a) and

KiKy = Ki(8)%2) =82y Y A @egp:
(B)ER, X xFy

On the other hand, relation (3.6) written for the universal model R = {R;;} im-
plies

1

,'Ri,j)_l}PC{ﬁ(I Z)‘u )1}(%))

j=1 i=1 =

Xi,jRi,j) 71} (M)

>

_Al/2 EY
=80 Aw) )X Ap@ep)

Therefore, item (v) follows. The fact that rank Ag(I) = 1 is a simple conse-
quence of item (iv) or (v). Since the boundary function ¥ = (?1, . YA’k) with
respect to the universal model S = {S;;}, is a pure element in the polyball
Bn(®Y_, F2(H,,))” and each ¥ = (¥;1,..., ¥ ;) is an isometry with entries in
the noncommutative disk algebra generated by Sill, ..+, Sin; and the identity, we
deduce that ¥ = (‘?,«/1, R {Fi,n,-) is a pure doubly commuting tuple of isometries
with rank Ag (I) = 1. Now, using the Wold type decomposition for nondegener-
ate x-representations of the C*-algebra C*(S) from [24] (see Corollary 7.3 and its
consequences), we conclude that ¥ is unitarily equivalent to the universal model
S. The proof is complete. 1
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THEOREM 3.10. The map A : Aut(Bn) — Aut((C"); x --- x (C")q) de-
fined by

A(Y)(z) := (BZ[‘/I\’ﬂ,...,BZ[‘T’k]) z € (CM)y x - x (C")q,

is a group isomorphism, where ¥ is the boundary function of ¥ = (¥y,..., %) €
Aut(Bn) with respect to the universal model S and B is the noncommutative Berezin
transform at z.

Proof. Fix¥ = (¥1,..., %) € Aut(Bp)and A = {A;;} = ¥ 1(0) € By(C) =
(C")q x - - x (C™);. Then, due to Theorem .6} there are unique unitary opera-
tors U; € B(C"),i € {1,...,k}, and a unique permutation ¢ € S with n,(; = n;
such that

(3.7) Y =prodyo¥,,

where U := U @ - - - @ Uj. According to Theorem Each¥; = (l?i,l/- e, {Fi/”i) is
a pure row isometry with entries in the noncommutative disk algebra generated
by S;1,...,8;,, and the identity. Note that if z = {z;;} € Ba(C) = (C™"); x
<=+ x (C")q, then the Berezin kernel K, : C — F?(H,,) ® - - - ® F2(H,,) is an
isometry and z;; = K;*S; ;K fori € {1,...,k}andj € {1,...,n;}. Hence, using
the continuity of the noncommutative Berezin transform in the operator norm
topology and relation (3.7), we deduce that

[AP)](2) : = (B4 [¥1],-.., B2 [¥k]) = (po o Py o ¥2)(2)

for any z € Bn(C). Due to [10], [27], [29], each automorphism of the scalar
polyball (C"); x --- x (C"); has the form z — (ps o @y o ¥,)(z). Therefore,
A(Y) € Aut(Bn(C)), which proves the surjectivity of A. Moreover, we have
[A(Y)](z) = ¥(z), z € Bn(C), which clearly implies that A is a homomorphism.
To prove injectivity of A, assume that A(¥) = id, where ¥ = p, o @y o ¥,. Using
the calculations above, we have p, o @y o ¥, (z) = z for any z € B, (C). Hence,
one can easily deduce that A = 0, U = —I, and ¢ = id, which implies ¥ = id.
Therefore, A is a group isomorphism. This completes the proof. 1

4. AUTOMORPHISMS OF CUNTZ-TOEPLITZ ALGEBRAS

In this section, we determine the group of automorphisms of the Cuntz—
Toeplitz C*-algebra C*(S) which leave invariant the noncommutative polyball
algebra \A;, and the group of unitarily implemented automorphisms of the non-
commutative polyball algebra A, (respectively Hardy algebra Fg). As a con-
sequence, we obtain a concrete description for the group of automorphisms of
the tensor product 7, ® - - - ® Ty, of Cuntz-Toeplitz algebras which leave invari-
ant the tensor product Ay, ®min - * - @min A, of noncommutative disc algebras,
which extends Voiculescu’s result when k = 1.
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PROPOSITION 4.1. A free holomorphic function F : By(H) — Bn(H)™ has a
continuous extension (also denoted by F) to the closed polyball By (H )~ if and only if
the boundary function F has the entries in the noncommutative polyball algebra Ay and
F € Bn(Q®'_, F?(Hy,))~. Moreover, the noncommutative Berezin transform has the
property that

BF(X) [g] = Bx[B5lg]]
forany X € Bn(H)~ and g € C*(S). If, in addition, F is a pure element of the polyball
Bn(®F , F%(Hy,)) ™, then the same relation holds for any pure element X € Bn(H)~
and g € Fy.

Proof. The first part of the proposition follows from [24] (Corollary 4.3). To
prove the second part, let F = (Fy,...,F), with F; = (F;1,...,F;, ). Note that
the boundary function F = (Fj, ..., F), with F; = (ﬁz’,l/ ey ﬁi,n,v)/ is an element of
the polyball B,(®%_, F2(H,,))~ and the entries E] = lin} F;j(rS) are in the non-

r—
commutative polyball algebra A,. Let X € By(H)™ and set A := (Ay,..., Ay),
with A; = (A;1,..., Aiy,), where

Ajj = Fj(X) = Bx[F;] := lim 18, [F,j]-

We recall that the noncommutative Berezin transform By : C*(S) — B(H),
which is defined by Bx(f) := lirrll B,x[gl, is a completely contractive linear map
r—

such that

Bx|(fg*] = Bx[f]Bx[g]", f.8 € An,
and the restriction Bx|4, is a unital contractive homomorphism from .4, to
B(H). Now, note that A,y = F(,)(X) = Bx [l/—"\(,x)] and

BX[BE[S(w)S(p)] = Bx[F) E(p)] = Bx[F) | Bx[F(3)]
= Foy (X)Fig) (X)" = A (o) Alg) = Br(x)[S(0)S(p)]

forany (a), (B) € F,f, x --- x F,} . Since the linear span of the monomials S(N)S?m
is dense in the C*-algebra C*(S) and the Berezin transform is continuous in the
operator norm topology, we deduce that B;[g] is in C*(S) for any ¢ € C*(S), and
Brx)lg] = Bx[Bz[g]] forany X € Bn(H) ™ and g € C*(S).
Now, we assume, in addition, that F is a pure element of the regular poly-
ball Bn(®%_, F2(Hy,,))~. Let f € FZ have the Fourier representation (Z) A(a)S ()
o

and set

fs) =Y. Y P Sy 1€ 01),

9=0 () €Fy, - xFj , o |4+ |ag|=q

where the convergence is in the operator norm topology. Since F(X) is pure for
any pure element X € B, (#)~, we can use the Fy-functional calculus for pure
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elements in the regular polyball to deduce that
Brx)[f] = SOT-1lim B, x) [f]
r—1

= SOT-1lim Z 2 rqa(a)F(a)(X).

—1
"7 020 () €F o xFif, [ 4ol |=

On the other hand, since the boundary function = (1?1, ceey, l?n) is a pure element
in the polyball, we have

Bg[f] = SOT-lim Bg[f,] = SOT-lim }_ D 180 Fo)-

9=0 (@) €Fy, oo xByf, [y |+l =

Now, since X is pure, the Berezin transform By : Fy — B(H) is SOT-continuous
on bounded sets, and it coincides with the F’-functional calculus. Hence, using
the calculations above and the fact that By [1?(‘,‘)} = F)(X) for any (a) € Fj x
S F,fk, we deduce that

Bx[Bf[f” = SOT- lin} BX [ Z Z rqa(a)l?(“)}
r% 7=0 (a) R}, ><~~~><IFy,+k, lovq [+ 4|k | =q
= SOT-lim ) ) a4 Fla) = B [f]

r—1
q=0 (a)eIFj,’l ><-~><]F,Tk, g |+ 4] ag | =g

for any f € Fy. This completes the proof. 1

A consequence of Proposition [4.]is the following.

COROLLARY 4.2. If ¥, ® € Aut(Bn), then B3] = (BgBg)|g] for any g
in the Cuntz—Toeplitz algebra C*(S), or any g € Fy.

Proof. Note that Fod = (¥ o @)(S) = ¥(P). Taking X = & in Proposi-
tion[4.1} the result follows. 1

THEOREM 4.3. Let T = {T;;} € Bn(H)™ andlet S = {S;;} be the universal
model of the regular polyball. Then T is unitarily equivalent to S ® Iy, where K is
a Hilbert space, if and only if dim Dy = dim KC, where Dt = At (I)(H), and the
noncommutative Berezin kernel Kt is a unitary operator. Moreover, in this case,

T;; = K1(S;; ® Ip, ) Kt = K (I@ W)(S;; @ Ic) (I ® W*)Kr
foranyie {1,...,k}andj e {1,...,n;}, where W : K — Dr is a unitary operator.

Proof. First, we assume that T is unitarily equivalent to S ® I := {S;; ®
Ix}, i-e., there is a unitary operator U : (®F_, F2(Hy,)) ® K — H such that

Ti,j = U(Sl,]® I]C)U*, i€ {1,...,k},j S {1,...,1’11'}.
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We show that the noncommutative Berezin kernel Kt satisfies the relation

Kr = (IeW)Uu*,
where W : K — Dr is a unitary operator. Indeed, note that we have Ar(I) =
UAgg (DU* = U(Peex)U* and Ar(1)1/2 = UAggy, (I)Y/2U*. Consequently,

we have dim Ap(I)(#H) = dim K and U(1® K) = At (I)(H). Using the definition
of the noncommutative Berezin kernel, we deduce that

- 1 k 1/2%
KTh.— 2 eﬂ1®®eﬁk®AT(1) Tl,‘B].”TI:,ﬁkh
Bi€Fy i=1,...k
= Y e @ ®ef ®Ubse () PUU(S] g, -~ Sk p, @ L) U h
Bi€Fy i=1,...k
= Y e @ -®ey @U(Pcax)(Sig - Sig ® I)Uh
B1 Bk Cak/\91,8, kpr < K :
Bi€Fy i=1,...k

Consider the unitary operator W : K — Dy defined by Wy := U(1®y), y € K.

For any vector g = +Z e}h ® - ® e’;k ®y(p) in (@, F2(H,)) ® K, the
Bi€Fy, i=1,...k
computations above imply
Krlg = )3 61131 R ® ell;k @ U(Peor)(Sip, + Skp, @ I)g
i€l i=1,..k
— Z eﬁl®"’®eﬁk®wy(ﬁ)*(I®W)g.
ﬁieﬂf;i,i:ka

Hence, Kt = (I ® W)U" is a unitary operator. On the other hand, we have
Sij®Ip, = (I® W)(Si,]- ® I)(I @ W)

foranyi € {1,...,k} and j € {1,...,n;}. Due to the properties of the noncom-
mutative Berezin kernel, we have Kt Ti*]- = (S} i ® Ip, )Kr. Since Ky is a unitary
operator, we deduce that

Ti,j = K?f(l X W)(Sl,] X I[C)(I & W*)KT

Conversely, if the noncommutative Berezin kernel Kr is a unitary operator,
then, due to the fact that T is a pure element in Bn(#)~ and T;; = K3(S;; ®
Ip,)Kr foranyi e {1,...,k} and j € {1,...,n;}, we complete the proof. 1

COROLLARY 4.4. Let T = {T;;} € Bn(H)™ and let S = {S; ;} be the universal
model of the regular polyball. Then T is unitarily equivalent to S if and only if dim Dt =
1 and the noncommutative Berezin kernel Kt is a unitary operator. Moreover, in this
case, the defect space Dy = Cuy for some vector vy € H with ||vy|| = 1, and

Ti,j = K:}(Si,]‘ X IDT)KT = K?VNVSI»JW*KT, i€ {1,.. .,k},j S {1,. . .,ni},
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~ k
where W : @ F2(Hy,) — (®_, F>(Hy,)) ® Cuy is the unitary operator defined by
i=1

k
Wg:=g®vy, g€ QF(Hy,).
i=1

We denote by Aut4 (C*(S)) the group of automorphisms of the Cuntz-
Toeplitz algebra C*(S) such that I'(Ay) = Aj.

THEOREM 4.5. Any automorphism I of the Cuntz—Toeplitz C*-algebra C*(S)
which leaves invariant the noncommutative polyball algebra Ay, ie. I' (An) = An, has
the form

I(g) =Bglg] =Kglg®@Ip Ky, g€ C(S),
where ¥ € Aut(By) and By is the noncommutative Berezin transform at the boundary

function ¥. In this case, the noncommutative Berezin kernel Kg is a unitary operator
and I is a unitary implemented automorphism of C*(S). Moreover, we have

Auty, (C*(S)) ~ Aut(By).

Proof. Let I' € Auty, (C*(S)), ie., ¥ is an automorphism of the Cuntz-
Toeplitz algebra C*(S) such that I'(\A,) = Ap. Foreachi € {1,...,k} and ] €
{1L,...,n}, set ¢ == I'(S;). If ¢; := (@i1,---, Pin,;), then, using the fact that I’
is a morphism of C*-algebras, we have

(id — @, ( Zsu 1])

and, similarly,
(id — @g, )Pt o -+ o (id — @g, )Pk = I'[(id — Pg,)P o - o (id — Pg, )Pk (I)] = 0
for any p; € {0,1}. On the other hand, if s, t € {1,...,k}, s # ¢, then

@s,jat,p = F(Ss,jst,p) - F(St,pss,j) = @t/lﬂas,j

forany j € {1,...,ns} and p € {1,...,m}. Consequently, the k-tuple ¢ :=
(¢1,--.,¢x) isin the closed regular polyball Bn(®%_, F2(Hy,))~. Now, using the
noncommutative Berezin transform, we define ¢; ;(X) := Bx[¢; ;] for X € Bn(H),
and remark that, due to Proposition 4.1 the mapping ¢ : Bn(#) — Bn(H) ™~ de-
fined by ¢(X) := (¢1(X),..., ¢x(X)) and ¢;(X) := (¢;1(X), ..., @in, (X)) is a free
holomorphic function on By (#H) which has a continuous extension to the closed
polyball B, (H) . This extension is also denoted by ¢.

Now, note that ' ' (Ay) = Ay. Foreachi € {1,...,k}andj € {1,...,n},
let & j = r-(s ij). As in the first part of the proof, one can show that the k-
tuple ¢ := (&y,..., ), with & := ((fi,l, cer, (f,»/nl.), is in the closed regular polyball
Bn(® —1 FZ(Hn ))~. Using the noncommutative Berezin transform, we define
Gij(X) = Bx [(’,‘l,]] for X € Bn(H), and using again Proposition 4.1| we deduce
that the map ¢ : Bn(H) — Bn(#H)~ defined by &(X) := (&1(X),..., (X)) and
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Gi(X) :== (&i1(X),...,8in,(X)) is a free holomorphic function on B, (#) which
has a continuous extension to By (), which is also denoted by ¢.
According to the results preceding Lemma each §;; € Ap has a unique

formal Fourier type representation ) aEi’J)’)S(K) such that

(@)
T = (i)
Gij = lim ) )y a5y St
9=0 (a)€F;y, x-xFy, |ag [+--+|ag|=q
where the limit is in the operator norm topology. Using the continuity of I" in the
norm topology, we deduce that

Sij = (i) = lim X M) T (S(w)
7=0 (a)€F}, xoo x5 Jag || =q
im Y (i) 5
SRS R CL .

q=0 (zx)e]F;ﬁ'l X“‘XF;,{/ g [+ 4] ag | =g

Due to the continuity in norm of the Berezin transform By, where X € By (H),
we have

X;j=Bx[Si] = lim } | ) ﬂ“&? Bx[P1; - Pra]
9=0 () €Fyfy - xFyy, ||+ +|ag|=q
=lim ) ) M0 1., (X) - 9 (X)
970 () €y x - X Ty, o |++-+ g =g
=lim B, [ 1 Y Mal)S )] =By 8] = &ij(9(X))

9=0 (@) €5y, x - x Ty, |y |4+ |ag | =q

forany X € Bn(#H), i € {1,...,k},and j € {1,...,n;}. Consequently, using
the continuity in norm of ¢ and ¢ on the closed polyball B, (#) ™, we deduce that
(§o¢@)(X) = Xforany X € By (). Similarly, one can prove that (¢ o &)(X) = X
for any X € Bn(#H)~. Therefore, ¢ : Bn(H)~ — Bn(H)~ is a homeomorphism
such that ¢ and ¢~! = ¢ are free holomorphic functions on By (H).

The next step is to prove that ¢(X) € Bn(#) for any X € By (H). Indeed,
due to Corollary 1.7} the scalar representations of ¢ and ¢ are holomorphic func-
tions on By (C) with values in the closed polyball B,(C)~. Applying the open
mapping theorem from complex analysis to the scalar representations of ¢ and
¢, we deduce that ¢(Bn(C)) = Bn(C) and ¢(Bn(C)) = Ba(C). In particular, for
eachi € {1,...,k}, ¢; : Bn(H) — B(H)" is a free holomorphic function with
the properties: ||@i|lcc = 1 and ||¢;(0)|| < 1. Applying the maximum principle
of Theorem [2.10}, we conclude that ||¢;(X)|| < 1 for any X € Bn(H). Hence, and
using Proposition 1.3 from [24], we deduce that ¢(X) € By (), which proves our
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assertion. Similarly, one proves that {(X) € Bn(H) for any X € Bn(#). There-
fore, ¢ € Aut(Bp).

Now, we apply Theoremand deduce that rank Az = 1 and ¢ is unitarily
equivalent to the universal model S. Combining this with Theorem[4.3|and Corol-
lary we deduce that the noncommutative Berezin transform Kg is a unitary
operator and

[(Si)) = ¢ij = K5(Si; @ Ip,) Ky = K}Wsi,jW*Ka,

-~k
where W: ® F2(Hy,) — (®%_, F>(Hy,)) ® Coy is the unitary operator defined by

i=1

k
Wg:=g®vy, g€ XF(Hy),
i=1

k

where D5 = Co, for some vector vp € ® F%(H,,) with [Jvo|| = 1. Hence, we also
i=1

have

r(g) =K5(g®Ip,)Kg geC'(S).
Conversely, assume that I' : C*(S) — C*(S) is defined by
(4.1) r(g):=Bglg] = Kg[g® Ip¢]Kf?, g €C*(S),

where ¥ € Aut(By) and By is the Berezin transform at the boundary function 12
As above, due to Theorem 8.9} Theorem 4.3} and Corollary 4.4} the noncommuta-
tive Berezin transform Ky is a unitary operator and I is a unitarily implemented
automorphism of C*(S).

Now, note that each I' € Auty, (C*(S)) corresponds to a unique ¥ €
Aut(Bp) such that relation holds. Indeed, if ¥1,¥> € Aut(Bn) and By =
Bg,, then By, [Si;] = Bg, [S; ], which shows that (‘{Aﬁ)i,j = (?’2)1-,]-. Applying the
Berezin transform at X € Bn(# ), we obtain (¥1);;(X) = (1?2)1',]' (X), which implies
Y, — ¥,

Define A : Auty, (C*(S)) — Aut(By) by setting A(I') = ¥. As we have
seen above, A is a bijection. Let I1,I; € Auty, (C*(S)) and ¥;,¥> € Aut(By)
be such that A(I}) = ¥j, j = 1,2. Using Proposition [4.1]and Corollary we
deduce that

N[ (8))] =By, [12(8)] =By, By, 811 =By, 9 8] = B (8] =A7 (F20 1) (3)
for any ¢ € C*(S). Hence, we obtain A(I1I7) = Yo 0¥y = A(I3) o A(I7). The
proof is complete. 1

We remark that, in the particular case when k = 1, the result of Theorem
is contained in Theorem 3.4 from [19], which extends one of Voiculescu’s results
from [30]. In [24], we proved that the C*-algebra C*(S) is irreducible and contains
the compact operators in B(@®_; F2(H,y,)). Standard results in representation
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theory of C*-algebras (see e.g. [1]), imply that any automorphism of C*(S) is a
unitarily implemented automorphism. Having this result at hand, we remark
that an alternative proof of the fact that ¢ € Aut(By) in Theorem can be
obtained using some ideas from the proof of Theorem[5.5]and avoiding the use of
the open mapping theorem from complex analysis.

The Cuntz-Toeplitz algebra 7}, is the unique unital C*-algebra generated by
n € Nisometries sy, ...,s, satisfying relations sjsj = 51-]-1 and s18] + -+ - + 88, <
1. The noncommutative disc algebra A, (see [15]], [16]) is the unique non-self-
adjoint closed algebra generated by sq, . ..,s; and the identity. We also recall [5]
that the Cuntz algebra O, is uniquely defined as the C*-algebra generated by
n = 2 isometries satisfying relations 07'c; = d;;1 and 0107 + - - - + 00y, = 1. In [5],
Cuntz showed that if IC C 7, denotes the algebra of compact operators, then

0O—-K—->T,—0,—0

is a short exact sequence of C*-algebras. Since the Cuntz algebra O, and the
algebra of compact operators K are nuclear, so is the Cuntz—Toeplitz algebra
Tn. This implies that the tensor products of C*-algebras 7, ® --- ® Ty, and
Op, @ --- ® Oy, have a unique C*-norm. The C*-algebra C*(S) generated by
the universal model S = {S; } is *-isomorphic to 7, ® - - - @ Ty, (see [17]). Ac-
cording to the definition of the min norm on tensor products of operator algebras
([12]) and since \A;;, can be seen as a subalgebra of 7, (see [16]]), we also have that
Ap ~ Anl Qmin - * Omin Ank-

Using the short exact sequence obtained by Cuntz [5], one can deduce that
there is a a surjective *-representation x : C*(S) = Oy, ® - -- ® Oy, such that
x(Si;) = 0;j, where

oij=1® - 2l0;ele- ol
S— —
i — 1 times k — i times
fori € {1,...,k} and j € {1,...,n;}, where {(Ti’]'};il is a set of generators of
the Cuntz algebra O,,. We also remark (see [16]) that the closed non-seladjoint
algebra Alg(1, ;) generated by {Ui,j};il and the identity is completely isometric
isomorphic to the noncommutative disc algebra A,,. Consequently, one can see
An >~ Ay @min * - Omin An, as a subalgebra of Oy, ® - - @ Op,.

COROLLARY 4.6. Let n = (ny,...n;) € NX. Each holomorphic automorphism
of the regular polyball By, induces an automorphism of the C*-algebra Oy, @ - - - @ Op,
which leaves invariant the non-self-adjoint subalgebra Ay, Qmin - - - @min An, -

5. AUTOMORPHISMS OF THE POLYBALL ALGEBRA A(By)
AND THE HARDY ALGEBRA H*®(By,)

In this section, we determine the group of unitarily implemented automor-
phisms of the noncommutative polyball algebra A, and Hardy algebra Fy and
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show that they are isomorphic to the group Aut(By). We also present the corre-
sponding results for the Hardy algebra of all bounded free holomorphic functions
on the regular polyball H*(By) and the polyball algebra A(By,).

PROPOSITION 5.1. Let f : B (H) — B(H) and g : Bn(H) — Bm(H) be free
holomorphic functions. Then the following statements hold:
(@) If f and g have continuous extensions to the closed polyballs Bm(H)~ and
Bn(H) ™, respectively, then f o g € A(By).
(ii) I f € H®(Bm) then f o g € H*(Bn) and || f o glleo < || f|co-
(i) If f € H*(Bm) and § = (81,-..,8m) is a pure element of the polyball
B (®_, F2(H,,)) with entries 3 € An, then (f o g)(X) = BX[BgAm]for XeBn(H).
Proof. Using Theorem part (i) and (ii) are obvious. Since rangeg C
Bm(H), Propositionimplies g(rS) € Bm(®%_; F2(Hy,)), r € [0,1), where S
is the universal model of By. Since f o g € H®(By) its boundary function f/o\g
exists and

—

(5.1) fog=S0T- lin}f(g(rS)).

r—
According to the second part of Proposition 4.1} we have
(5.2) £(8(r8)) = Bys)[f) = Brs[Bglf1].

Due to Theorem 3.5 and Lemma 3.3 from [24], if ¥ € FY, then we have ¢ =
SOT- lirr} B,s[]. Applying this result to Bg[f] € Fy and using relations
r—

-~ —

and (5.2), we deduce that f/o\g = Bg[f]. Since (f o g)(X) = Bx|[f og] for any
X € Bn(H), we complete the proof. 1

COROLLARY 5.2. Let f € Hol(Byn) and ¥ € Aut(Byn). Then the following
statements hold:
(i) fo¥ € A(By) forany f € A(Bn).
(i) fo¥ € H®(By) forany f € H®(By).
(i) If £ € H®(Bn), ther |[f 0 ¥loo = || oo and

(fo¥)(X) = Bx[Bglfll, X €Ba(H).

We remark that there are operator-valued coefficient versions of the previ-
ous two results and the proofs are similar.

THEOREM 5.3. Any unitarily implemented automorphism of the noncommutative
polyball algebra Ay, is the Berezin transform Bg| , of a boundary function ¥, where
¥ € Aut(By). Moreover, we have

Auty(An) ~ Aut(By).

Proof. First, assume that ¥ € Aut(By). Due to Theorem [4.5, the noncom-
mutative Berezin transform By is a unitarily implemented automorphism of the
Cuntz-Toeplitz algebra C*(S) such that By (.An) = An. Consequently, Bg| .4,
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is a unitarily implemented automorphism of the noncommutative polyball alge-
bra A,.

Now, we assume that I is a unitarily implemented automorphism of Ay,
i.e., there exists a unitary operator U € B(®%_, F2(H,,)) such that I'(Y) = U*YU
for any Y € Ajy. As in the proof of Theorem we deduce that there is ¥ ¢
Aut(Bp) such that I' = Bg| 4, and Aut(B,) ~ Auty(An). The proof is com-
plete. &

We remark that Theorem [£.5/and Theorem [5.3|reveal that each unitarily im-
plemented automorphism of A, has a unique extension to an automorphism of
the C*-algebra C*(S). Moreover, the mappings Bg| 4, + Bg — ¥ are group
isomorphisms, showing that

Auty(Ay) ~ Aut 4 (C*(S)) ~ Aut(By).

If A: A(Bn) — A(Bn) is an algebraic homomorphism, it induces a unique
homomorphism A : A, — A, such that AB = BA. The homomorphisms A and
A uniquely determine each other by the formulas:

(ANX)=Bx[A(f)], fEA(Bn), XEBa(H), and A()=A(f), feAn

We say that a unital completely contractive homomorphism A : A, — Ay
has a completely contractive hereditary linear extension to C*(S) if the linear
maps defined by

S(wS{p — AS@)A(S()", (), (B) €Fy, x - xFy, and

S(W)S?ﬁ) — X_l(S(a))A_l(S(ﬁ))*, (a), (‘B) S F;l_l X e X ]F;i_k’
are completely contractive.
THEOREM 5.4. Let A : A(Bn) — A(Bn) be a unital algebraic automorphism.
Then the following statements are equivalent:

(i) A is a unitarily implemented automorphism of Ax.
(ii) There is ¢ € Aut(By) such that

Alf)=fo@, feABn)

(iti) A is a completely contractive automorphism of An with completely contractive
hereditary linear extension to C*(S).

(iv) A is continuous and {K(Si,]-)} and {A~1 (Si;)} are in the regular polyball
Bn(®F_ | F2(H,,))~, where S = {Si,} is the universal model of the regular polyball Bp.
Proof. Assume that (i) holds. According to Theorem/5.3| there is ¢ € Aut(By)

such that A = B| 4, Consequently, using Proposition 4.1/ we obtain

~ o~ -~

A(f)(X) = Bx[A(f)] = Bx[B3[H)]] = By [f] = f(9(X) = (f o 9)(X)
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for any f € A(Bn), therefore item (ii) holds. Now, we prove that (ii) = (iii).
Note that we have

A(f) = Af) = fo g =Bglf]

for any f € A(By). Hence A = Bg|.a,, which is a completely contractive au-
tomorphism and Bg is a completely contractive hereditary linear extension to
C*(S) (see Theorem 4.5). Let us prove that (iii) = (iv). Assume that (iii) holds.
Foreachi € {1,...,k}andj € {1,...,n;}, set ¢;; := K(Si,]') € A,. We need to
show that ¢ := (¢1,..., k), with @;1,..., §; ,,), is in the noncommutative poly-
ball B, (®_; F2(H,,)~. Since &g, (I) < Iand A is completely contractive, we
deduce that @5, (I) < Ifori € {1,...,k}. Let1 < p < kandi; < --- < i, with
i,...,ip € {1,...,k}. We have

0< (id—(psil)o-~~O(id—@sip)(1)

=] 2 (_1)q1+---+qk+l¢s’_ Be»)

S, s
1 p
7;€{01}, g1+ +qp>0

which is equivalent to

H Z (_1)ﬂh+‘“+¢lk+1q§5il dg || <1

qje{O,l},q1+»--+qp>0

ip
Since A has completely contractive hereditary linear extension, we deduce that

gt
H 2 (—1)n Tk q;@l "'(Dfﬁi,, H < 1.
K]jE{O,l},q1+"'+q;7>0
Taking into account that the operator under the norm is self-adjoint, we deduce
that
—1)tetatle P
( 1) ' ‘ q)%l qj(Pip s
7;€{0,1}, q1+--+gp>0
which is equivalent to
(id — @, ) oo (id — @, )(I) > 0.
This shows that ¢ := (@1,..., ) is in the noncommutative regular polyball
Bn(®X_, F2(Hy,)~. Similarly, we can show that { A~ (Si;)} is in the regular poly-
ball By (®Y_; F2(Hy,)) . Therefore, item (iv) holds.
It remains to prove that (iv) = (i). Assume that A(S) := {A(S;;)} €

Bn(®F, F2(H,,))". Due to the noncommutative von Neumann type inequality
[24], we have

AP (8Nl = 1[pi,; (AN sl < N [Pij(S)]mscon]

for any operator matrix [p; ;(S)]mxm € An ® Muxm(C). Since A is continuous
and Ay, is the norm closed self-adjoint algebra generated by {S;;} and the iden-

tity, we deduce that A : A, — Ajp is a completely contractive homomorphism.
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Similarly, using the fact that {A~1(S; j)} is in the polyball Bn(®_ , F2(H,)),
one can prove that Al A, — A, isalsoa completely contractive homomor-

phism. Now, as in the proof of Theorem one can show that A is a unitarily
implemented automorphism of A,. This completes the proof. i

We remark that if A : A(Bn) — A(Bq) is a unital algebraic homomorphism
and at least one of ny,...,n; is greater than or equal 2, then Ais automatically
continuous. Indeed, assume that there is iy € {1,...,k} such that n;, > 2 and
A is not continuous in the operator norm. Then there is a sequence { gp} >, of
elements in the polyball algebra A, such that A( gp) = pand [|gpll < 15 —1_ for
any p € N, for some constant M > 1 with M > ||A~1(S ij)|l foranyie {1,... k}

andj € {1,...,n;}. Note that g := ) /X’l(Sio,l)pK’l(Siolz)gp is convergent in
p=1

norm and, consequently, it is in the polyball algebra \A,. For each g € N, we

have A(g) = Z Sl0 1SinA(gy) + Squl A(G4) for some ¢; € Ajy. Since S;; and

Sj,2 are 1sometr1es with orthogonal ranges, we have S; ,(S; DIA(g) = Agq)
and, consequently, ||A(g)| > ||K(gq)|\ >qforg €N, wh1ch is a contradiction.
Therefore, A is continuous.

THEOREM 5.5. Any unitarily implemented automorphism of the noncommutative
Hardy algebra FT’ is the Berezin transform Bg of a boundary function ¥, where ¥ €
Aut(By ). Moreover, we have

Auty (Fy) ~ Aut(Bp).

Proof. Let ¥ = (¥,..., %) € Aut(By). According to Theorem .9 each
¥ = (‘/I},-,l, ey ‘IA’i,ni) is a pure row isometry with entries in the noncommutative
disk algebra generated by S;,...,S;,, and the identity. Consider the Berezin
transform By : FY — B(F?(Hy,) ® - - @ F2(Hy,)) defined by

Bylf] :=Kglf @ Ip,|KG, f € Fy.

Due to Theorem [3.9| and Corollary the noncommutative Berezin kernel Kg
is a unitary operator. We recall that if f € Fy, then f, € A, ||f;|| < ||f|| and
SOT—limfr = f. Since Bg[S(y)] = ¢(0¢) is in Ay for any (a) € Ff x---x

F;; and Fg is the WOT-closed non-selfadjoint algebra generate by the operators

s
{Sk 1} () ey, WE deduce that B[F7] € FY. On the other hand, B~
has 51m11ar properties and, due to Proposition we have (BgB_=)[f] = f
for any f € Fy. Therefore By (Fy) = Fy and By is a unitarily implemented
automorphism of Fy .

Now, we assume that I is a unitarily implemented automorphism of Fg’,
i.e., there exists a unitary operator U € B(®'_, F>(Hy,)) such that I'(Y) = U*YU
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forany Y € Fy. Foreachi € {1,...,k} andj € {1,...,n;}, set ¢;; := I'(S;;) €
F3. Since

(id — g, )71 0+ -0 (id — g, )P = UF[(id — Ps )71 0+ o (id — Pg,)P* (1)U > 0
for any p; € {0,1}, and
@s,jPtp = U (S5 jStp)U = U(StpSs ;) )U = ¢1,pPs

fors,t € {1,...,k},s #t,andanyj € {1,...,ns},p € {1,...,n:}, we deduce that
the k-tuple ¢ := (@1, ..., §%) is in the closed regular polyball By (®%_; F>(Hy,)) "

On the other hand, each n;-tuple ¢; := (@;1,...,@;y,) is a row isometry with
entries in the Hardy algebra Fy’, and
(= Y G =U( L SwSi)U
aGFf{i,\zx\:p IXG]F,J{Z.,ltX‘:p

for any p € N. Consequently, @% (I) — 0 strongly as p — 0. Setting

¢ij(X) := Bx[gi], X € Bn(H),

we deduce that the map ¢ defined by ¢(X) := (¢1(X),..., 9x(X)) is a free holo-
morphic function on By (H) with values in By (#) ™. If X € By(H), we can use
the Berezin transform at X and obtain

Y 00 =K ¥ Fiadia® ) K.

aE]F,T’.,M:p txeFf{i,M\:p

Since Y ¢in9;, < Iforany p € Nand Y $i.9;, — 0 strongly
aeF;{iJa\:p ’ aGIF,Ti,M:p ’
as p — oo, we deduce that Y ¢ia(X)9in(X)* — 0 strongly as p — oo.
meFf{i,M:p
Therefore, each ¢;(X) is a pure row contraction for any X € By (#H ). In particular,
9i(0) = A = (i1, ..., Ajy,) € (C"); . Hence, we deduce that

n; p
(L1P) = L 0090 =0, asp—co.
j=1

a€F5L lal=p

This implies [|A;]2 < 1 and ¢(0) = (¢1(0),...,9x(0)) € Bn(C). Therefore, for
eachi € {1,...,k}, ¢; : Ba(H) — B(H)" is a free holomorphic function with the
properties: [|¢;||c = 1and [|¢;(0)|| < 1. Applying Theorem [2.10, we conclude
that ||¢;(X)|| < 1forany X € Bn(#). Hence, and using Proposition 1.3 from [24],
we deduce that ¢(X) € Bn(H).

Now, note that I'"1(Y) = UYU* for any Y € F. For eachi € {1,...,k}
and j € {1,...,n;}, let a] := I'"1(S;;) € Fy. As in the first part of the proof,
one can show that the k-tuple & := (&, ..., &), with & := (&1, ..., (fi/ni), is in the
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closed regular polyball B, (®_; F2(H,,))~. Using the noncommutative Berezin
transform, we define

Gij(X) := Bx[Gijl, X € Bu(H),

and using again Proposition |4.1| we deduce that the map ¢ defined by ¢(X) :=
(€1(X), ..., ¢k(X)) and &;(X) := (;1(X), ..., Gin (X)) is a free holomorphic func-
tion on By (#). As above, one can prove that {(X) € By () for any X € By (H).
As in the proof of Theorem 4.5, we have (& o ¢)(X) = (¢ 0 &)(X) = X forany X €
Bn(H), which shows ¢ € Aut(Bn). Moreover, one can show that I'| 4, = Bj|4,-
Since Ay is w*-dense in Fy’ and I" and B are unitarily implemented (therefore
w*-continuous), we deduce that I' = Bg. The fact that Aut(Byn) ~ Aut, (FY) can
be proved as in Theorem 4.5 The proof is complete. 1

If A: H°(Bn) — H%(Bp) is an algebraic homomorphism, it induces a
unique homomorphism A F? — F® such that AB = BA. The homomorphisms
A and A uniquely determine each other by the formulas:

(Af)(X)=Bx[A(f)], fEH™(Ba), XEBa(H), and A(f)=A(f), feFy.

THEOREM 5.6. Let A : H®(By) — H®(Bn) be a unital algebraic automorphism.
Then the following statements are equivalent:
(i) A is a unitarily implemented automorphism of FS.
(ii) There is ¢ € Aut(By) such that

Alf)=fog, f&H(Ba)

(iii) A is a WOT-continuous, completely contractive automorphism of ¥ with com-
pletely contractive hereditary linear extension.

(iv) A is norm-continuous and WOT-continuous with the property that {/K(Si,]-)} and
{K*l(si,]-)} are in the polyball Bn(®*_, F2(Hy,))~, where S = {8} is the universal
model of the regular polyball By,.

Proof. The implications (i) = (ii) = (iii) follow from Theorem and
Proposition[4.1} Now, assume that item (iii) holds. As in the proof of Theorem5.4]
(implication (iii) = (iv)), one can prove that { A(S; )} and {A1(S; )} arein the
polyball B, (®X_, F2(H,,)) ™, hence, item (iv) holds. If we assume that (iv) holds,
then, due to the continuity in norm of A, we deduce, according to Theorem .
that ¢ € Aut(Bp) and A An = Bjla,- Recall that ¢ is pure (see Theorem and
B is a unitarily implemented automorphism of Fy. Since A, is WOT-dense in
F® and A and B; are WOT-continuous on Fy, we deduce that A= Bj. There-
fore, item (i) holds. The proof is complete. 1
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6. THE AUTOMORPHISM GROUP Aut(B,) AND UNITARY PROJECTIVE REPRESENTATIONS

In this section, we prove that, under a natural topology, the free holomor-
phic automorphism group Aut(By)) is a metrizable, c-compact, locally compact
group, and provide a concrete unitary projective representation of it in terms of
noncommutative Berezin kernels associated with regular polyballs.

According to Section 3, any @ € Aut(By), it is uniformly continuous on
Bn(#) . Using standard arguments, one can easily prove the following result.

LEMMA 6.1. Let @y, @, I}, and T be in the automorphism group Aut(By, ), where
m,p € N. If &y — @ and I}, — I uniformly on By(H)~, then oIy — PoT
uniformly on By (H)~, as m, p — co.

Let ¢, 1 € Aut(Byn) and define
dp, (¢, 9) = ¢ = Plleo + [l (0) =~ (O)].

It is clear that dg_ is a metric on Aut(By,).

LEMMA 6.2. Let ¥ = pm) © Pyom) © ¥y, m € N, and ¥ = py o @yo ¥y
be free holomorphic automorphisms of the noncommutative polyball By (H) in standard
form, where om o e Sy, withn, (i) = Mo(i) = Mi iforied{l,... k},

mm:mm@m@qm,mzuzm@m@w with U™, U; € U(C™),

AD = AW, A and A= (A, 0 with AN A e (),

Then the following statements are equivalent:
(i) Foreachi € {1,...,k}, Ui(m) — U; in B(C") and )tl(m) — A; in the Euclidean
norm of C", and there is N € N such that o™ = ¢ for any m > N.
(i) pyom) = Po, Py — Pu, and ¥ — ¥ uniformly on Bn(H) ™.
(i) ¥y, — ¥in the metric dg,,.

Proof. First, we prove that (i) is equivalent to (ii). Assume that Ui(m) =

[MS(T)]n,-xn,-, m € N, and U; = [Ust]n;xn; are unitary matrices with scalar entries,
and @ — Py uniformly on By (#)~, as m — oo. Foreachj =1,...,n;, denote
E;j = [0, . -+, Eij, . .., 0], where E;j is on the i-position, and E;; = o,...,1,...,0],
where the identity is on the j-position. Note that

| @y (Eij) — Pu(E; H—(Zlu )= u?)

Consequently, if @) — Py, then, for eachi € {1,...,k}, we have ul(jm) — Ujj

as m — oo. Hence, UZ.(m) — U; in B(C"). Conversely, assume that the latter
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condition holds. Since

(m)
1@y (X) = @uX)[| < K[[X]| max 1™ — Ui
for any X € By (#H) ™, we deduce that @ ;) — @y uniformly on B, (H) ™.
(m)

Now we prove that A;”’ — A; in the Euclidean norm of C"~ if and only
if ¥\ — ¥, uniformly on By(H)". Since ¥, (0) = A and ¥,(0) =
A, one implication is clear. To prove the converse, assume that, for each i €
{1,...,k}, Afm) — A; in the Euclidean norm of C". Since the left creation oper-
ators S;1,...,S;,, are isometries with orthogonal ranges on the full Fock space
F%(Hy,), we have

i,j91,]

i 5 1/2
’:(Zl/\l’ﬂ) < 1.
j=1
n; __ n __

—1 -1
Consequently, ( Z )\ ) converges to ( Y /\i,]-Si,j) ,as m — oo, in the
j=1

operator norm. Takmg into account that
. LI -1
P =Ai— Ay (1 -y Al-,jsi,]-) (St Sim]An:
j=1

and a similar relation holds for ?A(’”)’ we deduce that ?A(”’) — ‘?Ai in the operator
norm. Due to the noncommutative von Neumann inequ]ality [17], we have

¥ (X)) —Y% k max Y o — P
I 00 (X) = Fa () <k _max, [0 =

for any X € Bn(#H)~. Hence, ¥

our assertion
If o) = ¢, then there is iy € {1,...,k} such that (" (iy) # o'(ip). Hence

ym — ¥ uniformly on B, (7)™, which proves

1Pon) = Polleo 2 sup 1Xom) (i) = Xer(i)
X=(X1,..X;)€Bn (H)

> sup [ Xg(p) | = 1.
Xo(ig) E[B(H) "0]1

Therefore, p () — po as m — oo if and only if there is N € N such that oM = ¢
for any m > N. In conclusion, (i) is equivalent to (ii).

Now, we prove that (iii) = (i). Assume that dg (¥, ¥) — 0ask — oo.
Hence, ¥,; — ¥ uniformly on By(#)~ and A" = ¥,1(0) = A = &~1(0) in
Py (C). Consequently, as proved above, we have that ¥, ) — ¥, uniformly on
Bn(#)~. Using Lemma and the fact that ¥y = pm © @Pyom © ¥ m, m €N,
and ¥ = py o @y o ¥, we deduce that

(6.1) Pyim © Py = Poo Py, as m — oo,
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uniformly on B, (#) ™. Note that we have @, (X) = (X; U{m), cee, XkU]Em)) and
Py(X) = (X1Uy, ..., XeUy) forany X = (Xy,...,X;) € Ba(H). If 0™ #£ ¢, then
thereis ip € {1,...,k} such that o™ (iy) # o (ip). Consequently, we have

[Pom © ¥y — Po o Fulleo 2 sup [1X 500 (1) Ut (1) = Xertio) Uortio) I
X=(X1 ..., X¢)EBn (H)
> sup 1 X (ig) Uo(ig) I| = 1
Xo(ip) EIB(H) 0]y

Hence, we deduce that relation holds if and only if there is N € N such that
ol = ¢ forany m > N, and @,y — Py uniformly on Bn(#)~. Due to the
(m)

equivalence of (i) with (ii), the latter convergence is equivalent to U;"’ — U; in
B(C") foreachi € {1,...,k}.

The implication (i) = (iii) is straightforward if one uses the equivalence of
(i) with (ii) and Lemma The proof is complete. 1

After these preliminaries, we can prove the following.

THEOREM 6.3. The free holomorphic automorphism group Aut(Bn) is a
o-compact, locally compact topological group with respect to the topology induced by
the metric dg_.

Proof. First, we prove that the map
Aut(Bp) X Aut(Bn) 3 (¥,I') = ¥ oI € Aut(By)

is continuous when Aut(By) has the topology induced by the metric dg,. For
m,p €N, let

‘I,m = pg’(”’) © ®U(’”) © II,A(W')! lF == pl7 o q)U o ‘I,/\/
Tp=powoPymo¥,m I=poodPwoty,

be free holomorphic automorphisms of By, in standard decomposition. Then
U(m):ul('”)@...@ulgm), U=U @ - ®U,
W(m:Wl(p)@"'@W;gp)/ W=W,® - OW,

where Ui(m) , Wi(p), U;, W; are unitary operators on C" and A(m),,u(l"),/\,y are in
P, (C) satisfying relations

AW =¥ 10), p?=r,0), A=¥"10), and p=I"1(0).

Assume that dg, (¥, ¥) — 0asm — oo and dg,(I',,I') — 0 as p — co. Using
Lemma 6.2 we deduce that ¥, o I', — ¥ o I uniformly on Bx(#). Note that

(Fmo Fp)il(o) = (Y;(}g) o ®‘7v1(p) ° P;(lp) o ‘1’;1)(0)

= (¥, © Pwrys © Pty 1) (A™),
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Similarly, we have
(FoI)™(0) = (3 0 @yl 0 pg' 0 ¥71)(0) = (¥, 0 Pw- 0 p,, 1)(A).

According to Lemma AU 5 A in PR (C), Wi(p) — W; in B(C"), p;gp) — D1
and ¥ — ¥y uniformly on By (). Consequently, (¥, 0 I',)"1(0) — (¥ o
I)~1(0) as m,p — oo. Therefore, ¥, 0o I'y, — ¥ oI in the topology induced by
the metric dg, .

In what follows, we show that the map ¥ — ¥ ! is continuous on Aut(By)
with the topology induced by dg,,. Assume thatdg, (¥, ¥) — 0ask — co. Using
the same notations as above, we have

-1 -1
Yo =¥y 0 Pryimys ©Pgimy1 and  ¥y" =¥ o) © Piyimys © Pglm)y-1-

Using Lemma [6.1/and Lemma 6.2} one can easily see that dg_(¥;,, ¥ ') — 0 as
m — oo. Therefore, Aut(By) is a topological group with respect to the topology
induced by the metric dg, .

On the other hand, each free holomorphic automorphism ¥ € Aut(By)
has a unique representation ¥ = p, o &y o ¥, where A := & 1(0) and U =
U @ --- & U with U; € U(C"), the unitary group on C". This generates a
bijection

X tAut(Bn) = X xU(C™) x -« x U(C") x Po(C),
by setting x(¥) := (o, Uy, - - - , Uk, A), where X is the discrete subgroup
XY= {(7 €S (7’10(1),. . .,Tlg(k)) = (Tll,. . .,I’Ik)}.

According to Lemma the map ) is a homeomorphism of topological spaces,
where Aut(B,) has the topology induced by the metric dg, and U (C") and
P, (C) have the natural topology. Since X x U(C™") x --- x U(C") x Py(C) is
a o-compact, locally compact topological space, so is the automorphism group
Aut(Byp). The proof is complete. 1

COROLLARY 6.4. Letn = (ny,...,n;) € NFand
2= {0’ S Sk : (71(7(1),. . .,ng(k)) = (1’[1,. ..,Vlk)}.

The free holomorphic automorphism group Aut(Byn) has card(X) path connected com-
ponents.

Proof. We saw in the proof of Theorem [6.3|that the map
X:Aut(Bn) = ZxU(C") x - x U(C™) x (CM)q x -+ x (C")q

is a homeomorphism. Since U (C") and (C"); are path connected and X has
card(X) path connected components, the result follows. 1

Let Aut(By) be the free holomorphic automorphism group of the noncom-
mutative polyball By and let U/ (K) be the unitary group on the Hilbert space K.
According to Theorem Aut(By) is a topological group with respect to the
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metric dg,. A map 7 : Aut(B,) — U(K) is called a (unitary) projective represen-
tation if the following conditions are satisfied:
(i) 7r(id) = I, where id is the identity on B (H);
(i) (@) (¥) = c(o,¥)7T(® oY), for any @, ¥ € Aut(Bn), where c(g ) is a
complex number with |c(g y)| = 1;
(iii) the map Aut(Byn) > ® — (r1(®)¢E, 1) € C is continuous for each &, 7 € K.

THEOREM 6.5. IfY = (¥1,..., %) € Aut(Byn) with¥; = (¥;1,..., ¥ip,), then
there is a unitary operator Uy € B(F?(Hy,) ® - - ® F2(Hy, )) satisfying the relations

llvi,j(s) = u‘?si,ju‘l’/ ie{l,...,k},je{1,...,n;}, and
UyUo = cy,0)Usoe, @, ¥ € Aut(Bn),

for some complex number ¢ g y) € T. Moreover, the map ¥ — Uy is continuous from
the uniform topology to the strong operator topology, and the map

7 : Aut(Bn) — B(F*(Hp,) ® -+~ ® F2(Hy,)) defined by (¥) := Uy
is a projective representation of the automorphism group Aut(By).

Proof. Let ¥ = (¥1,...,%¥s) € Aut(Bn) and let ¥ = (?1,...,‘?,1) be its
boundary function with respect to the universal model S. According to The-
orem ¥ is a pure element in the regular polyball B,(®*_, F2(H,,))~ and
Y/}i =(%1,..., YA’i,ni) is an isometry with entries in the noncommutative disk alge-
bra generated by S; 1, ...,S;,, and the identity. Moreover, rank Ag = 1 and ¥ is
unitarily equivalent to the universal model S. Combining these results with The-

orem [4.3|and Corollary we deduce that the noncommutative Berezin kernel
Kg is a unitary operator. Moreover, in this case, we have

(62) Fj=Kj(S;; @ Ip, )Kg=K;WS; jW*'Kg, i€{l,... .k}, je{l,...,n;},

~ k
where Wy : ® F?(H,,) — (®F, F%2(Hy,)) ® Coy is the unitary operator de-
i=1
fined by

k
Wyg:=g®vy, g€ QF(Hy,),
i=1

k
and the defect space Dg = Cuy for some vector vg € ® F2(H,,) with [[vg]| = 1.
i=1
According to Theorem B.6] if ¥ € Aut(Bn(#)) and A = (Ay,...,A) =
¥1(0), then there are unique unitary operators U; € B(C"),i € {1,...,k}, and
a unique permutation ¢ € S with n,(;) = n; such that

Y =pro®yo¥,,
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where U:=U; @@ Ugand ¥) := (¥),..., ¥y, ). Moreover, we have

Ag(l) = Ag (1) = 8y [ﬁ (IH - i)‘i,jsi,j)_l]PC [ﬁ (IH - iAi,jS?,j> ‘1},
j= =

i=1 i=1

k
where Ay = [T (1 — ||A;]|3). Hence we deduce that

i=1

lag(D)/2(1)|2 = |aY2Pc ]

1

(- Es) ol =

k
Let vy := A;l/qu,(I)l/z(l) € @ F*(Hy,) and note that [|og|| = 1. Now, relation

i=1
becomes
IFi,j = lPl,](S) = U";Si,]-l,l\y, i€ {1,. . .,k},j € {1, c. ,}’li},
where Uy := VNV*K‘T,. Note that if ® € Aut(Bn) with ® = (Pq,...,P;) and
& = (Dj1,..., iy, ), then the relation above written for ¥ o ® shows that

—

(6.3) (Ti,j o q))(S) = (‘Y o <I))i,]' = U‘I’o':bsi,]'u‘fo':p-
On the other hand, due to Corollary 4.2}
By5l8] = (BsBg)[g]
for any ¢ in the Cuntz-Toeplitz algebra C*(S). In particular, when ¢ = S; ;, we
obtain
Kfﬁ(si/]‘ ® ID@)K‘I@ = Kg{[K%(Sl,J ® ID‘?)K@] & ID&)}K@.
Hence, and using relation (6.3), we deduce that

-

(Ti,j o (I)>(S> = (‘Y o q)>i,j = U:i,ujirsi,jU\qu), i€ {1,. . .,k},j € {1, ce ,l’ll'}.
Combining this relation with (6.3), we deduce that
U‘I’OQSi,jU‘I’OQ = UZ;U:;/SL]UTU(D
which is equivalent to
UyUepUy,Si; = SijUyUe Uy
Since C*(8S) is irreducible and UyUg Uy, 4 is a unitary operator, we deduce that

UyUoe Uy, = c(y,0)] for some complex number with |c(y g)| = 1. Hence, we
deduce that UyUe = c(y,¢)Uyoe for any ®,F € Aut(By).

Let ¥(") = (‘Fl(m),...,‘f’k(m)), m € N, with ‘Fi(m) = (‘Ifl(T),,‘Fl(Zj)) and
Y= (Y,..., %), meN,with¥; = (¥j1,..., ¥;,) be free holomorphic automor-
phisms of the noncommutative polyball By (). Assume that ¥(") — ¥ in the
uniform norm. Then, foreachi € {1,...,k} andj € {1,...,n;}, l?z(]m) — ‘f’l] in
the operator norm topology.
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Now consider the standard representations yim) — Poim) © Py © ¥ )
and ¥ = p, o @y o ¥,. Since ¥ (0) = A and ¥(0) = A, we deduce that
[AUD], — |[All2 as m — oo. Givene > 0 and x = v A(y)€(a) €

() €Fy, x--xFp

k
® F?(Hy,), let g € N be such that

i=1

(64) |x- )y %))

(@) €Fy, X x5 g [+ [ <g

€
i

~ ~ k
Since Uy 1= Wy, Kgon and Wy : ®1 F2(Hp,) — (®Y_4 F?(Hy,)) ® Dy is
1=

the unitary operator defined by

k
w8 =8O A WA (1)V2(1), g€ @ F(Hy),
i=1

we can use the properties of the noncommutative Berezin kernel to deduce that

Zﬂ Uy €(a) = Z%)K* W) €(a)

(‘X)EFII "k’ |"‘l|Jr +‘“k‘<q ( )eanl "k’ ey [+ +|’Xk‘<q
— Za 0K (€(0)®4] M2 A (1)2(1))
() €F5; - x oy, g [+ +|vck\<q
= Y aw [Y(m)](ac)A V2 Ao (D)(1).
(@) €Fyf, X x5 g [+ | <g
A similar relation holds if we replace ¥ (") with ¥. Since, for each i € {1,...,k}
and j € {1,...,n;}, ¥, j in the operator norm topology, and [A(m) H2 —
IA]|2 as m — oo, there 1s N e N such that
©5) | Yo O Ugen )~ Y aUse <
(“)EF;ZX---XF;T,|M|+”'+|“k\<q (@) EFypy X+ xFop, o[+ o] <q

forallg > N. Using relations (6.4), (6.5) and the fact that Uy, and Uy are unitary
operators, one can easily deduce that

Uy x — Ugpx|| < e

for any ¢ > N. Therefore the map ¥ — Uy is continuous from the uniform
topology to the strong operator topology.

To prove the last part of this theorem, note that if ¥™) — ¥ in the metric
dp,, then (") _ ¥ in the uniform norm and, using the first part of the theorem,
we can complete the proof. 1
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