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ABSTRACT. Truncated Toeplitz operators and their asymmetric versions are
studied in the context of the Hardy space H), of the half-plane for 1 < p < co.
The question of uniqueness of the symbol is solved via the characterization of
the zero operator. It is shown that asymmetric truncated Toeplitz operators
are equivalent after extension to 2 x 2 matricial Toeplitz operators, which al-
lows one to deduce criteria for Fredholmness and invertibility. Shifted model
spaces are presented in the context of invariant subspaces, allowing one to
derive new Beurling-Lax theorems.
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INTRODUCTION

Certain classes of truncated Toeplitz operators (ITO), also known as skew
Toeplitz operators, have been studied for many years [7], [8], [22], [30]. However,
it is the paper of Sarason [27] that stimulated the most recent research in this area:
see, for example [4], [10] and the recent survey [16]. Here we treat a more general
class of operators, known as asymmetric truncated Toeplitz operators (ATTO),
a natural generalisation of rectangular Toeplitz matrices. They appear in various
contexts, such as in the study of finite-time convolution equations, signal process-
ing, control theory, probability, approximation theory, and diffraction problems
(see for instance [, [21, [3], [4], [17], [18]], [28]).

Motivated by these applications, where the natural variables are often time
and frequency, we work mostly with the Hardy spaces H ;,t of the upper and lower
half-planes, for 1 < p < oo, recalling the decomposition L,(R) = H} @ H,
(full definitions and notation will be given later). Many of our results may be
rewritten for the disc, as we shall see later, although they may sometimes appear
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more complicated in this context. Most of the results we prove are new even for
“standard” TTO in the Hardy spaces H,,.
For an inner function 6 € HZ, the model space Kg may be defined as

— gt —
(0.1) Ko = H;f N0H, .

We will omit the superscript p unless it is necessary for the sake of clarity. We
then have

0.2) Ly(R) = H, ® Ky ® 6H,,,

and we write Py to denote the associated projection Py : LP(R) — Kpy.
Then for § € Lo (R) the standard TTO Ag, is defined as follows:

(0.3) Ag Ko = Ko, Ag = Py(gD)j, = Po(gD),, -
If « and 0 are inner functions, we define the operator Ag’e as
(04) AY” = Pu(8D))y = Pa(8D),

If  is an inner function that divides 6 in H; (we write this & < 6), let P, o
denote Py — Py, a projection with range equal to the shifted model space K, g :=
«Kzp. Then we can define

(0.5) By := Pup(8D)|, = Pus(81)},,, -

The operators Afg"e and Bg'e are particular cases of general WH operators (see
[28]) in Ly, of the form

(0.6) VI

where Py and P, are projections and A is an operator in L,. We say that Ag’e and

Bg’e are asymmetric truncated Toeplitz operators (ATTO) in Ky (that is, general WH
operators where P; and P, are projections in Ky and A is a Toeplitz operator).

In Section[I|we recall the definitions and basic properties of model spaces in
an Hj, context, while also introducing the notion of partial conjugation. Section 2]
analyses an isometric isomorphism between L, spaces on the disc and half-plane,
which restricts to Hp+ and indeed GHp+ . For p = 2 it has further properties which
aid in the study of ATTO. In Section [3| ATTO are treated in some detail, and we
solve the question of uniqueness of symbol, via the characterization of the zero
operator. In Section 4 we discuss the question which ATTO have finite rank.
Next, in Section [5|it is shown that ATTO are equivalent by extension to Toeplitz
operators with triangular 2 x 2 matrix symbol. This immediately enables one
to obtain new results about ATTO (and even TTO) from known results about
standard Toeplitz operators. In particular, we establish necessary and sufficient
conditions for an ATTO to be Fredholm or invertible, and illustrate these results
by describing the spectra of TTO in a particular class. Finally, Section 6| discusses
kernels of ATTO and the link with invariant subspaces.
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1. MODEL SPACES, PROJECTIONS AND TOEPLITZ OPERATORS

Recall that we write L, for L,(R), H; and H,, for the Hardy spaces of the
upper and lower half-planes C™ and C~ (here 1 < p < o) and we denote by P*
the Riesz projections P* : L, — Hy and P~ : L, — H, for1 < p < co.

For 0 an inner function (in Hy), let Ky = Kg denote the model space defined
in (0.I), where we omit the superscript p unless it is necessary for clarity. If a
and 0 are inner functions, we say that aKjy is a shifted model space. It is clear that
Ky C Kgp-

For any inner function 6, we have the decomposition (0.2)), and
(1.1) H,; =Ky ® 6H,,
where the sum is orthogonal in the case p = 2. Let Py : L, — Ky be the projection
from L, onto Ky defined by ; we have
(1.2) Py =60P 6P" = PTOP 6I.

Let moreover Qy be the operator defined in L,,, 1 < p < oo, by
(1.3) Qo :=P" — P,
and let us use the same notation Py, Qy for Pg‘H 5 QG‘H 5 respectively. For any

¢ € H, we define

(1.4) ¢’ = Pyg.
Now take g € Loo. The Toeplitz operator with symbol g is the operator
Ty:Hy — Hy, To=P'gly,
where I denotes the identity operator in H,‘f . This definition can be generalised
to the vectorial case straightforwardly, for a matricial symbol g € LI".
If o, 0 € HS; are inner functions, we say that a < 6 if and only if there exists

an inner function 6 such that § = rxg, and « < 6 if and only if 6 is not constant. Of
course &« < 0 = af < 0. We also have

(1.5) x <0< Ky C Ky & ker Py C ker P,.

As a consequence of this we can also define, for « < 0, a projection in L, (or
Hj) by
(16) Pog = Py — Py,

and again we use the same notation for the operator defined by (1.6) in L, and its
restriction to H;{ . We easily see that P, g = Qu Py = PyQu = aPypal, and it follows
that the image of P, g is the shifted model space

(1.7) Kyp:=KogN DéH; = aKgp.
Of course K, g = Kj if a is constant, and K, g = Ky © Ky if p = 2.
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We introduce now a class of conjugate-linear operators in H,| by general-
ising the notion of a conjugation in a complex Hilbert space H (i.e., an isometric
conjugate-linear involution in ).

DEFINITION 1.1. Let X, Y be closed subspaces of H,j such that x_Ly for all
x € XNH,,y € YNH,,and let A = X@® Y. We say that a conjugate-linear
operator in Hr‘f , C, is a partial conjugation in A if and only if C|, is an isometric
involution on X and €, = 0. If Y = {0} then C is a conjugation in A.

Let now Cy be the conjugate-linear operator defined in H;f

function 6, by
(1.8) Co(@+) = 0Psg+, ¢+ € Hy.

It is easy to see that (Cy)? = Py, Cy maps Ky onto Ky isometrically, and Cy(0H l‘f ) =
{0}. Thus Cy is a partial conjugation in H; and, analogously C, is a partial con-
jugation in Ky if « < 6. Of course C, is a conjugation in K,.

We will also use the following simple relations. Let r denote the function
defined by

, for each inner

_G—i
for ¢ € Cand let ¢+ € H;,t Then
(1.10) Prrle, =1 lo, —2i "é*_(li), P ro_ =ro_+ 219”6111).

Moreover, if § is an inner function, taking into account that ¢ = ¢% + 6. with
¢+ € Hy, we have

(1.11) Poly ¢ = Py 9,
whenever k4 is such that hi ¢4 € Ly and h1 Qpg4 € HHP+ (in particular, if hy €
HY), and

(1.12) Qoh-¢% =0, Pph_¢% = PTh_¢"

whenever /i_ is such that h_¢Y € L, and h_0¢f, € H, (in particular, if h— €
HZ). As a consequence of (1.11) and (1.12), we also have

(1.13) a < 0= Pph_@% =Ph_¢%, Puhi¢® =Phigt.

2. EQUIVALENCE BETWEEN OPERATORS ON THE DISC AND HALF-PLANE

We now recall the details of the isometric isomorphism between the Hardy
spaces Hy on the upper half-plane C* and Hy,(D) on the unit disc D. It will be
seen that this leads to an isometric bijective equivalence (i.e., an unitary equiva-
lence in the case p = 2) between model spaces on the disc and half-plane; in the
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case p = 2 this leads to a unitary equivalence between (A)TTO on the disc and
half-plane, enabling us to give an immediate translation of our results to the disc
context. Our convention in this section is that lower case letters such as f denote
functions on the disc, whereas capital letters denote functions on the half-plane.
Let m : D — C* be the conformal bijection given by
_i(l=z R
me) =i(13z) o= it+¢

(other choices are possible) and V : H,(ID) — H,(C™") the isometric isomorphism
given by

1 1 _
(2.1) (VA(E) = mwﬂm Y@), (f € Hy(D)),
(see, for example, [20], [23], [24]). The inverse mapping is given by
(V7F)(z) = ﬂl/p(%>2/pl—“(m(z)), (F € Hy(CT)).

Now for n € Z the function z" is mapped by V to the function e, given by
(P)(g): 1 (i-2)"
Tl /P (i &)nt2/p
The same formula extends V to an isometric mapping from L,(T) onto
L,(R), and for p = 2 it also maps H} (D) into H,.
Let 6 be an inner function in H*(C™); then the function © := 6 om™
inner function in H* (D). Now for f = 0g with ¢ € HP (D) we have

(V) =0(5)(Ve) (),
so V takes HP (D) onto ©HP(C™). Letting g be the conjugate index to p, we also
have that (V*)~! maps Hy(D) onto H,(C") and takes its subspace K to Kg.
The situation is better for p = 2, since V is unitary, and it maps Ky =
H,(D) N6H32(D) onto Kg = H,” N ©®H, ; hence, the decomposition

L*(T) = HZ(D) ® K & 0H?*(D)
is mapped by V term-wise into
L*(R) = H, @& Kg @ OH,'.
This situation does not hold for p # 2.
Suppose now that p = 2 and ¢ € L®(D). We write G := gom™! and

A = aom~1. Then, we have the following commutative diagram, where Ag’e
denotes an ATTO on the disc, as defined analogously to (0.3):

lisan

Alx,9

Ky - K,

(2.2) Vi v
AA,@
G

K@ — K_A
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We see that this diagram commutes, since for k € Ky we have

Vsh(E) = 7 iy sin @)k () = GOV

i+¢

now, since P4V = VP, we get
VPy(gk) = PAV(gk) = P4G(Vk),

so we have the required unitary equivalence between ATTO on the disc and half-
plane.

3. ASYMMETRIC TRUNCATED TOEPLTZ OPERATORS

Let ¢ € L and let o, 0 € HY be inner functions. As in Section 1, we define
the asymmetric truncated Toeplitz operators (abbreviated to ATTO) Ag‘,’g and, for o <
9, Bg'g as follows:

(3.1) AY® = agPy,
(32) By’ = Py gPs,

where Ag’e and Bg’e can be seen as operators in H;;F , or operators in Ky if & < 0,
or as operators from Ky into K, and K, g, respectively. We will assume the latter
unless stated otherwise. If x = 6 then A“’e is the truncated Toeplitz operator Ag.

Itis easy to see that AS = A% 2 4 By 9 and that an ATTO of the form (3.2) can
be expressed in terms of ATTO of type (3.1), since we have

(3.3) By = P T

8‘1(9 = WPEQDCT

g‘K{) = UCPRQT

aglk,
We will therefore focus here on ATTO of type (3.1). Moreover, considering that

a,0\* _ 40
(A% = Al

w0
= ocAEg .

we will assume in what follows that a < 9.
We will use the following generalisation of the notion of a complex sym-
metric operator in a Hilbert space.

DEFINITION 3.1. Let A be a closed subspace of H,j An operator T : A —
Hj 1 is a complex partially symmetric operator (respectively, a complex symmetric
operator) if and only if there exists a partial conjugation (respectively, a conjuga-
tion) in A, C, such that CTC = T, where T coincides with T* in Hj +n H, S 1/p+
1/g = 1. In this case we say that T is PC-symmetric (respectively, C —symmetric).

PROPOSITION 3.2. If g € Lo, then

CoaAgCo = AL
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Proof. Let ¢+ € K. Then, forall ¢, € Hy,

C,XAg’eCagu = lXAg’GC,XqDJr = aPygPyaPyg+ = aPygaPugp
= a(@PTaP gaPyp+) = PTaP ®(PT + P7)gPyg
= aP aP Py = PiZPugy. 1
COROLLARY 3.3. For § € Leo, Ag, is Co-symmetric in Ky and we have
(3.4) CoAYy = A%Co.
Let us consider now the case of analytic symbols g € Hf.
PROPOSITION 3.4. (i) If g1 € Hg, and «, 6 are inner functions with « < 6, then
6, —
AYlps = AL v, A9 =AY g4,
forall 9+ € Hy.
(i) Ifw < Band p < 6, then AyF A
Proof. (i) follows from (1.13).
.. ’ 0 0
(ii) Angz =Pug i Ppfi Po=Pag(P* — Qp)f+ Po=Pug s frPo=A3 ;. 1
As an immediate consequence we have, for g € Hf;,n € N,
(3.5) (A%.) ::A;r
From Propositions[3.2land 3.4 we also have the following.

BO _ a8
f+ = A8+f+'

n

PROPOSITION 3.5. If g+ € Hg, then Afg‘f and A%J’:‘ are PCy-symmetric and

a0 _ A _ AbBu
C,MAg+ = A§+Ca = A§+C,,¢.
Proof. By Proposition(3.2lwe have C, A% = A% ¢, and by Propositioni)
8+ g+ o 7 ’
ba _ sa
Ang = Ag+. 1

Let us now consider the functions k%, and %2, defined, for each w € C*, by

1—6(w)o

36) () = ),

7 6(¢) —6(w)

0 .
(3.7) ki (E) := —w
which will play an important role in this section. We have k8, k8 € Ko, with
1 = 6

(3.8) kf,,:ng_w, kﬁ,:ng_w = Cokl..

If & < 6, the functions k%, k% are related to k%, k% , respectively, by
(3.9) Pkl =K%, Pok, = (0) (w)kY,
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PROPOSITION 3.6. kf is a cyclic vector for A% and %f is a cyclic vector for AY
’
Proof. By (3.5) and (1.11),

(AN = A% K = Pyr"Py——

1 1
= Py(r" ,
&ri ° ( &+ i)
so {(A?)"kY : n €N} is dense in Ky. On the other hand, since Ty T Ty = Ty, we have
(AP )"k =AY, Cok! = CoALK!

and, since Cy is an isometry in Kjy, it follows that kie is a cyclic vector for Af,1 R |

PROPOSITION 3.7. The operators Pa—Aﬁ"eAf’f‘l and Pa—Af’f‘l A% on H, are rank
-one operators, with range equal to span{k® }and span{k%}, respectively, and we have
(3.10) (P = AFP AT ), = 210" (VKT
(3.11) (P — AV AM) gy = —2ig" (—i)K,
where ¢ =gt = Cy¢%.

Proof. We have

w6 50,4 _ -1 o __ +,—1 a _ & _~: o (s L

AYTA @ =ParPor @ =PurPTr g = ¢ —2igf (1) P i
where we used (1.10), and (3.10) follows from this equality. On the other hand,
by Proposition 3.4} Proposition .5 (3.8) and (3.10),

AV A gy =AY (Ca)* AL gy = CuATA Cagpy

= Co AV A Cugpy = —2i(Cagpy ) i = —2ig" (—D)KE. W

= ¢4 —2i¢% (K,

In particular, for « = 6, we have the defect operators ([27]) Ik, — A,@Af,1
and I, — Af,lAf in Ky, where Ik, denotes the identity operator in Ky, with
(3.12) (I, — A7ATL) gl = 2igf (i)k]

(3.13) (Ix, — AY 1A%l = —2ig? (—i)KY.

Next we address the question when an ATTO is zero, which is equivalent to
obtaining conditions for two ATTO to be equal. For this purpose, it will be useful
to note that a symbol ¢ € L admits the following decompositions:

(3.14) ¢§=Gy +G_, with Gy = (g+i)p17€ii,
(3.15) §=g++g , with g+ = (C—i)Pir‘i 3
(3.16) S=7++7-+C, with 7. = (iP5 CceC.

TLi’
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The third decomposition can easily be related to any of the other two; for
instance,

Gy =74,G_=v_+C, withC=—2iP" (gg_ i)(fi).

It is clear that an ATTO does not have a unique symbol, since we can have

Ag'g = 0 with ¢ # 0. In fact, using the previous results and defining 'H;E =
At H;,t where A4 (&) = ¢ +1i, we have the following.

THEOREM 3.8. Ay’ = Oifand only if g = 03 + aZ; with 3+ € H.

Proof. First we prove that A%’ = 0if ¢ = 6¢_ + ag,. Forz, € CT, let
p 8 8 8 8
K= (1-0(2,)0) /(¢ —2.) = Po(1/ (& — %,)); then

A, = g 2 = @ g R
- e ) -

sinceg_ (0 —0(z+))/(E—24+) € H, and ag;(1—6(z4+)0)/(¢ —Z+) € aH, . The

converse will be proved in several steps. Assuming that Ag,’e = 0, we show that:
(i) A AR AN K = AFO AT AL K
(ii) 7+ = af+ + Cq for some f+ € M and some C; € C;

(iii) y— = 0f_ + C, for some f_ € ’H; and some C; € C;
(vi) C1 + Cy 4+ C = 0, where C is the constant in (3.16);

sothat g = afy +0f_ with fy € Hi
(i) Let G+ be defined as in (3.14). We have, from (3.10),

AE AP AP K = (1 — 21K (1)) PG K-
Now, if Ag’g = 0 then Aéi+c_ =0and
0 0
(3.17) AL 9+ = —AZ ¢+

. ¥
for all ¢, such that G+¢f € Hy (where we define A¢ ¢4 = P,G1¢%). Also
note that

(3.18) PG k¢ = PTGk

Using B17), B3.18), (T.12), (1.13), and taking into account that

1 1 +,.—1ra 1 -ktix(i)
PQT’ ki = Pyr ki =P"r ki =r ki 721@,
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we have
AR AT ALK = — AV AR AR = — AV (P G k)
_ K _
= —AY [PaG_(r kg —216191)} = —APAY e
= Aﬁ‘A"é’irilk‘i" = PyrPyGy Pyr k% = PyrG, Pyr k%
1
= PyrGy Pyr 'k = PyG kY — Zik;"(i)PaGmXﬁ
= (1 — 2ik%(1)) Py G k&
Thus, A%’ AP A ke = AP A% A"gf ke
(ii) From (i) we get
0 0 0 20, _ ,0 0 20, ,0
(A — AL APP AT K = (AL — AP AV AL K
and thus
AL (P — AP AT KE = (Pu— AYP AT ) AR
which, by Proposition|3.7} is equivalent to
y Prop q
AE 21kt (K = 20(AEKE) (DAL
Therefore,
A‘é’ik‘i" = C1k§ where C; € C\ {0}, and
Gy —C G.—-C
w0 _ o N + 1 _ + 1 +

Since G4+ = 4, we have y4 = af; + Cy with f1 € ’H;; and C; € C.
(iii) Since § = (8)+ + (), where

o iane 8
(8)+ = (C+1)Piﬁ,

so that (3)+ = 7_, to study the condition on y_ we use the equivalence Ag’e =
0< A%‘X = 0 & PygPy = 0, where the equality on the right-hand side means that

(3.19) PygPy =0 and P, ogPy = 0.

From the first equality in (3.19) and from (ii) we conclude that, for some
constant C, € C,

&)+ —Co

On the other hand we have, from the second equality in (3.19),

(321) Poo(3)+ki = —Pop(8) -k = —aPgi(I — P7)(3)-ki = 0.
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Since we also have P, gCokff = 0, taking this and (3.21)) into account we get

0 = Pup((R)+ — Co)k = Pug ((g)g;‘:z(l )

which, by (3.20), implies that

0= Py(f+ (1—a(Da)) with f, — (g)gﬂc?

Now,

Py[f+(1—a(i)a)] =0= Pofy =0,

because~Pg[~ (1 —a(i)a)] = 0 implies that f (} —a(i)a) = 0f,, with fy € Hy
and, if f}, f{ are the inner and outer factors of f., respectively, that is equivalent
to having f1 f0 (1 — a(i)a) = 0f,. Since 1 — a(i)a is an outer function in HZ;, we
conclude that 0 divides f. and thus Pyf; = 0. Thus f € 0H, and we conclude
thaty_ = (3), = 0f + Cywith f_ € H,,.

(iv) It follows from (ii), (iii) and thatg = afy +6f_ + B where Bisa
constant. Since Ag’e = 0, it follows from the first part of the proof that we must
then have A%? = 0, which implies that B = 0. 1

For p = 2 we may use the unitary equivalence derived earlier to obtain
a generalisation of Sarason’s result for TTO in [27], which, it seems, cannot be
proved directly using his techniques. It seems natural to conjecture that an anal-
ogous result holds in the disc for all 1 < p < oo, although no direct translation of
the half-plane result seems to be possible for p # 2.

COROLLARY 3.9. In the case of p = 2 and for Hardy spaces on D, the asymmetric
truncated Toeplitz operator Ag’e is zero if and only if ¢ € aH?(D) + 6H2(D).
Proof. Note that ¢ € aH?(D) if and only if gom™! € (xom~')A; H; and

¢ € OH2(D) if and only if gom™! € (fom 1)A_H;. Now the result follows
directly from Theorem [3.8 using the equivalence given in (2.2).

4. FINITE RANK ASYMMETRIC TRUNCATED TOEPLITZ OPERATORS

In this section we assume again that «, 6 are inner functions with « < 6.
It is clear from any of the decompositions (3.14)-(3.16) of ¢ € L that we can
represent g in the form

(41) g= ll+9+1170(



466 M. CRISTINA CAMARA AND JONATHAN R. PARTINGTON

with a4 € ’;’-[pjE If a4+ € C, then by Theoremwe have Ag,’g = 0. It now seems
natural to consider symbols of the form

0
and = T z € CJF
N 8 iz, (z+ )
as being the simplest corresponding to a non-zero ATTO Ag’e.
Some other symbols seem equally simple. Let § have a non-tangential limit
6(&o) at §p € R and suppose, in addition, that the functions

a(&) —(Co) 0(¢) — 0(Co)
(4.3) ————F>= and —L—7F7=
¢—2%o ¢—¢o
in which case the functions in l) lie in Ky and Kj respectively, and hence in H,;".
We can then consider bounded symbols of the form with

14
4.2 =
(4.2) §=7C

lie in Leo,

_ 6-6(%0) _a(Go) —a
T ie o T e
ie.,
_ (0)8 —6(Go)x
(4.4) g= =& .

Analogously, if 6 admits a non-tangential limit 6(c0) at oo, i.e., the inner
function 6(i(1 +z) /(1 — z)) in the unit disc has a non-tangential limit 6(c0) at 1,
and in addition the functions

(45) Ela(&) — a(co)] and E[6(Z) - 6(c0)] liein Lo,

then we can consider bounded symbols of the form

(4.6) g = &la(c0)f — 0(c0)a].
We remark that, if holds, then
K :=a—a(w) €K, and k% :=6—0(c0) € Ky.

THEOREM 4.1. The asymmetric truncated Toeplitz operators Ag"e with g of the
form {@.2), and , are rank-one operators.

Proof. Suppose that g = a/(& —z4) with zy € CT. Then for any w € C*
and kY, given by (3.6), we have

AYKE, = aP~wP*

0 _ —= D‘k?u — 06(Z+)k?u(2+)
=z ky, = aP a( 2. )
a—u(z =~
) ) ke,
where k2 . is defined in . Analogously, if g = 0/(¢ —z4) withz; € C*, then
Ag’ekfu = —(0k%)) (24 k8 . forallw € C". Suppose now that g takes the form .
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Then, taking into account the fact that, for allw € C*

ké, — K5 (o) _ <C1+C29—9(Co)> 1yt
g

&— 2o &— %o —w 7
where
_ 14+ 8(w)0(Go) _ Z0(w)
C = W and C, = _§o—w/ and
Ok, — (0k) (Go) [~ , ~ 0—0(Z0)\ 1 -
i CRC S e LT
where
~ _ 0(w) —0(o) ~ G0~ W
C = o w and Cz_é‘o—w
we have
woro o X(G0)0—0(Co)a g
Ak, =P = e S
_ gkgu_(gk?u)((:O) iy kg{; — k?u(é@) _ (1P 06—06(60)
=P [a(go) = =g ™ (Ok3) (@) =5 |
€H, eH;r €Ky
= —(OK%,) (Z0)KE

where k& = (« — #(80))/ (€ — &)-
Let now g take the form . Then, for all w € CT, we have

YK, = P, [ela(c0)d — Do) L 2]
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Since the span of {kf : w € C*} is dense in Kp, we have proved the result. 1

One can show analogously that if
A)g=a/(—z4)"org=0/(¢ —z4+)", withn € N, or
(i)o,e,..., 0("=1) have non-tangential limits at §y € R, while the functions a
and a_ are given by

a(¢) —'fz:aU)(@o)(c—@o)f/ﬂ
=
(& —Co)"

liein Lo, and ¢ = a4.0 + a_a, or
(iii) 0,6, ..., 0("=1) have non-tangential limits at co, while the functions 2, and
a_ satisfying

n—-1 . X
9(6)—2090)(co)(g—cowf!
=

(6= =R

and a_(¢)=

n—=1 . n-1 .
a4 (&)=¢"[a(@) =L al ()¢ /jt| and a=(§)=¢"[0(8)— Y01 (e0)g /!

=0 =0

liein Lo, and g = 1,0+ a_a, then Ag’e is a finite-rank operator.

Finite-rank truncated Toeplitz operators (¢ = 6) were completely charac-
terized by Sarason [27] and Bessonov [9] in the setting of the disk, for p = 2.
Whether, in our case, every rank-one ATTO with symbol in L is of the form con-
sidered in Theorem or every finite-rank ATTO with symbol in L, is a linear
combination of those given above is an open question, whose study necessarily
involves a characterization of ATTO with L, symbols, which is beyond the scope
of the present paper.

5. EQUIVALENCE AFTER EXTENSION OF ATTO AND TOEPLITZ OPERATORS
WITH TRIANGULAR MATRIX SYMBOLS

In this section we show that asymmetric truncated Toeplitz operators are
equivalent after extension to Toeplitz operators with triangular symbols of a cer-
tain form.

Recall that here, as in the previous sections, by an operator we mean a
bounded linear operator acting between complex Banach spaces.

DEFINITION 5.1 ([5], [19], [29]). The operators T : X — XandS:Y = Y
are said to be (algebraically and topologically) equivalent if and only if T = ESF
where E, F are invertible operators. More generally, T and S are equivalent after
extension if and only if there exist (possibly trivial) Banach spaces Xy, Yy, called
extension spaces, and invertible bounded linear operators E : Y@ Yy - X & Xo
and F: X & Xy — Y @Y, such that

T O S 0
GD (0 IXO) =k (O IYO) i
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In this case we say that T ~ S.

The relation ~ is an equivalence relation. Operators that are equivalent after
extension have many features in common. In particular, using the notation X ~ Y
to say that two Banach spaces X and Y are isomorphic, i.e., that there exists an
invertible operator from X onto Y, and the notation Im A to denote the range of
an operator A, we have the following.

THEOREM 5.2 ([B]). Let T : X — X, S:Y — Y be operators and assume that
T ~ S. Then
(i) ker T ~ ker S;

(ii) Im T is closed if and only if Tm S is closed and, in that case, X/ Im T ~ Y/ Im S;

(iii) if one of the operators T, S is generalised (left, right) invertible, then the other is
generalised (left, right) invertible too;

(iv) T is Fredholm if and only if S is Fredholm and in that case dim ker T = dimker S,
codimIm T = codimIm S.

More properties can be found in [5], [29], for instance.
Now let us consider the operator Ag’e : Ky = Ky and the operator

(5.2) PugPy+ Qp : Hy — Ky ®6H,) .

It is easy to see that

(5.3) AY® X PgPy + Qo

because

(5.4) <A§'9 19;) = (P“gp%+ Q 1{%}) F
where

(5.5) Fi : Ky ®60H; — Hy & {0},

(5.6) E;: (Ke ®6H,) ® {0} — Ky ® 6H,,,

are invertible operators (defined in an obvious way). On the other hand, it is clear
that

x [ PyoPg + 0
(5.7) PrgPy + Qg ~ ( g 90 Qs p+>

where the operator on the right-hand side is defined from (H;r )? into (K, ®
0H; ') x H . Now, from we have

(5.8) Pagp9+Q9 = (P+ *szTgQ())(Pthg+Q9)

where we have the following.
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LEMMA 5.3. The following operator is invertible:
(5.9) Pt — PyTeQp : Ku ® GH; — Ky &® BH;F.

Proof. First we prove that P* + P,ToQg maps K, @ BH;{ into K, @ ()H,j.
Indeed, let ¢, € Ky, ¢4 € H; ; then

(P* £ PuTgQo) (@a + 09+) = @ + 091 £ PaTg(09)
because Qp¢, = 0. For the same reason (Qp Py = 0), we have
(P™ 4 Py TgQp) (P* F PuTgQp) = P* F PuTgQp & PuTgQp = P
and therefore the operator is invertible, with inverse
P* 4+ PyTyQp : Ky @ 0H, — Ky ©OH, . W
Thus, with

7 (PT-PTQ O
0 pt)’

we can write

(P,xgpe +Qp O ) _T (P,XTg +Qg O )

0 Pt 0 Pt
(5 B (el )
Pt T \Ty— QulTy—T) T
_ TG Ptx Tg 0 P+ 0
(5:10) =T (P+ Ta) (Tg Toc) (Ta(Tthxe) pt)-

On the right-hand side of the last equality,
(i) the first factor, T, is invertible in (K, & QH;,* ) X H; by Lemma
(ii) the second factor is invertible as an operator from (H,; )2 into (K, @ OH, ) x
H, by Lemma below;
(iii) the last factor is invertible in (H;‘ )2 by Lemma below.

LEMMA 5.4. The operator Ty : (Hj)* — (Ko ® 0H,}) x H, defined by the
following equation is invertible:

_( To Pu\ (14
(5.11) Ti (@14, @24) = <P+ Ta> (‘P2+ .
Proof. Givenany (14, ¥2+) € (Ko ® 0H,) x Hy, it follows from that
(5.12) T (P14, 92+) = (Y14, P24)
(5.13) N 0p14+ + Pagoyr = P14,
=14+ + Tapoy = oy

The first equation in (5.13) implies that
(5.14) 091+ = Qov1t, Pagor = Patpr
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and from the second equation in (5.13) we have

(5.15) P14+ Yo = &Qu@2y;

therefore

(5.16) Qo+ = agry +atpoy = a0Qpt1s + atpry.
From and we see that implies that

(5.17) P14 = 0Qo¥1y, @2y = (Pu+abQp) 1y + Tathay .

It follows that T is injective (replacing 114 and 4 by 0) and surjective (since
for any 1 € Ky © 0H, and any ¢ € H, there exist g1, 21 € Hy, given by

(5.17), such that (5.12) holds.
Moreover (5.17) yields an expression for the inverse operator:

T (Ka ®6H,) x Hi — (H[F)?,

_ T3 0\ (P
5.18 T, 4’“)_( 6 )( +). I
G.15) ! (1/12+ Pu+0a0Qy Ta) \¢2+
LEMMA 5.5. The operator
pt 0
()2 +32 —
(519) T : (Hp ) — (HP ) , = <T,X(Tg . Tlxg) P+)
is invertible, with inverse given by

_ Pt 0

o

Proof. This follows from the fact that T, is of the form

Pt 0
A Pt
where A is an operator in H ;‘ which commutes with PT. 1

From (5.3), (5.7), (5.10) and Lemmas and [5.5 we now conclude the

following.

THEOREM 5.6. Ay® < Tg where G = (6 0) .
g 4

As an immediate consequence of Theorem one may study properties
of ATTO (or TTO), such as Fredholmness and invertibility, using known results
for Toeplitz operators with matricial symbols and vice-versa. For the simplest
inner functions, such as 6(z) = z" on T and 6(¢) = e'¢ on R, old results linking
the invertibility of AZ’G and T may be found in [11]], for example. However,
we are now able to consider all the properties listed in Theorem It is well
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known, for instance, that T; is Fredholm if and only if G admits a Wiener-Hopf
(or generalized) p-factorization ([11], [12], [21])

(5.21) G =G_DG;!

where, taking A4 (&) =& +iand 1/p’ =1—1/p, we have

. ANk A NK .
(5.22) D = diag { (K> ) (K> } withk € Z,
(5.23) A;'Ge € (Hy)¥?, AL'GEle (H )2,
(5.24) G4+P*G='I is defined in a dense subset of (L,(R))?
' and admits a bounded extension to L, (RR)?.

Moreover, T is invertible if and only if k =0 in (5.22). We have thus the following.

COROLLARY 5.7. The operator Ag'e is Fredholm in Kg if and only if the matrix
symbol G admits a Wiener—-Hopf p-factorization, and it is invertible if and only if k = 0

in (5.22).
As an illustration, we consider the following class of TTO. Let 8(¢) = e¢,
ey (&) = e for A € R, and

n
gr=be_g— A+ ) (arexs)
k=1

where o, 8 € (0,1), a+B > 1, a/B ¢ Q, bA,ap € Cfork =1,...,n, and
n = [1/a] is the integer part of 1/«. For p = 2 this can be seen as corresponding,
via the Fourier transform, to a finite interval delay equation, involving shifts in
opposite directions in the time domain.

By Theorem Ag _ isinvertible, or Fredholm, if and only if the same holds

for T, with
e_1 0
G) = .
A (8A 6’1>

For A # 0, T, is invertible by Theorem 5.1 in [13]. For A = 0 we have GyH =
H_ with Hy € (HZ)? given by

H, = (Eﬁ,—emﬁfl Y (ﬂke(k—m))/ H- = (eg_1,b),

and by Theorem 5.3 in [12] it follows that dimker Tg, = oo, so that Tg, (and,
consequently, Ago ) is not Fredholm. Since Ag, L= Azr - we conclude that

Uess(Ago) = U(Agg) = Up(Ago) = {0}.
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6. KERNELS OF ATTO WITH ANALYTIC SYMBOLS AND INVARIANT SUBSPACES

TTO have generated much interest, and so have T-kernels (kernels of Toeplitz
operators) — see, for example [15], [26] and the references therein. We are there-
fore led to consider kernels of ATTO. If we do so, we immediately see that, given
an inner function 0 and any inner function « such that « < 6, we have

6.1) ker A% C ker AY®
(see Figure 1).
More precisely,
0 _ 0 a0
(6.2) ker Ag = ker Ag N ker By

where all the spaces involved are kernels of ATTO of different kinds (considering
that the TTO Ag is a particular case of an ATTO).

Since, according to (6.2), ker Ag’e is “bigger” than ker Ag, it is natural to
think that it may be simpler to characterize. Thus, determining the former can be
seen as a first step towards determining the latter; the elements ¢ € ker Ag may
then be singled out by adding the condition

By’p, =0.

This line of reasoning was used in [14] to study Toeplitz operators with 2 x 2
triangular matrix symbols with almost periodic entries.
By Theorems and ker Ag'g ~ ker T where ¢ € Lo and

0 0
(6.3) G= (g a).

Denoting by P; the projection defined by

Pi(p1,92) =9; (j=12),
we have ker Tg ~ P;(ker Tg). Indeed, ¢+ = (¢14, ¢2+) € ker T if and only if
we have
Go+ =¢- withg_ € (HP_)Z,
which is equivalent to
(6.4) 01 =1 and geiy +agr = @2,
and it is clear from that @14 uniquely defines ¢1_, ¢o1 and ¢,_, since we
have
P1- =0¢1, @2- =P (gp1+) =0, and ¢@oy = —E(gP1).
It is also easy to see that

(6.5) P14+ € ker Ag’f S 1L €P (ker TG)/

i.e., the elements of ker Ag’f are the first components of the elements of ker T,
where G is given by (6.3).
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FIGURE 1.

Let us now consider asymmetric truncated Toeplitz operators with symbols
in HJ, of the form Agf , where « and 6 are inner functions such that « < 6 and
g+ € HOJg

In what follows recall that K, g = aKzg, the shifted model space that is the
image of the projection P, g = Py — Py, and that

Kg =K, & Ka,@ ,

where the sum is orthogonal if p = 2. The next theorem shows that shifted model
spaces are the kernels of ATTO with analytic symbols. First, however, we prove
an auxiliary result.

LEMMA 6.1. Given g1 € Hg; \ {0} and an inner function 6,
§+9+ € OH, < ¢4 € 60BH,

with B = GCD(g'.,0), where g\, is the inner factor of the inner-outer factorization
8+ = 8485

Proof. Let g1 = 0y with ¢ € H;r . Using the superscripts i and o to
denote the inner and outer factors respectively, we have

84839 9% = —0pLys,

so that ¢!, ¢!, = COy', for some C € C with |C| = 1. Dividing both sides of this
equation by B = GCD(6, g', ) we obtain

84 0 i

St —c2

‘B P+ ’Bler
and since g, /B and 6/ are relatively prime, it follows that 8/8 divides ¢';
thus ¢ € 0BH, . Conversely, if ¢ = 0B, with . € Hy, then g1y =

(8" B)go 0%+ € 6H, .



ASYMMETRIC TRUNCATED TOEPLITZ OPERATORS AND TOEPLITZ OPERATORS WITH MATRIX SYMBOL 475

THEOREM 6.2. Let a and 8 be inner functions with & = 0, and suppose that
g+ € HS \ {0}. Then ker Ag"f = K. p, with v = a/ B where, denoting by g, the inner
factor in an inner-outer factorization of g, we have B = GCD(a, g, ).

Proof. We have @1 € ker Agf if and only if

(66) (e &) ()= ().

where as usual gofE € H;,t for j = 1,2. Thus g, @11 +a¢oy = ¢o— = 0, and
therefore g @14 = —a@oy. By Lemma we have ¢, € 'yH;‘f and thus @14 €
’)/I‘I;r N Kg = K%Q.

Conversely, if 14 € Kyg C ’yHl;Ir , then by Lemma we have g1 ¢14 €
«H,, so that we can write g1 @11 +a@y = @ with o4 € H) and ¢ = 0.
Hence is satisfied and ¢ € ker Ag’f .

COROLLARY 6.3. Let & and 0 be inner functions with « < 6. Then K g =
ker A’i"e and Ky = ker A%?.

COROLLARY 6.4. With the same assumptions as in Theorem[6.2} if p = 2 we have
ker Ay = Ky © K, = yH; ©6H;.

This holds, in particular for the TTO Al w where &« = 0, in which case we
have ([22]))

0
0
ker Ay, = BH;r ©6H, .

Moreover, for all p € (1, c0), we have the following.

COROLLARY 6.5. With the same assumptions as in Theorem [6.2| we have the fol-
lowing:
(i) Agf =0ifand onlyif g1 € aHZY;

(ii) Ag,'f is injective if and only if x = 6 and B is a constant;

(iif) dim ker Afg"f < oo if and only if a0 and B are finite Blaschke products and, in
that case, dim ker Ag’f = ny + nyp where ny and ny are the number of zeroes of wf and
B, respectively.

(iv) for & = 6, dim ker Ag, . < oo ifand only if B is a finite Blaschke product and, in
that case, dim ker Az, . 1s equal to the number of common zeroes of gl and 6.

As an immediate consequence we see that, in the particular case of the trun-
cated shift with symbol r given by , we have ker AY = {0} if 8(i) # 0, and
ker A? = (8/7)K, = span{6/(& —i)} if 8(i) = 0.

Shifted model spaces are also associated with ATTO in a different way: they
are the (closed) invariant subspaces of the truncated shift A?.

THEOREM 6.6. The lattice Lat(AY) consists of the spaces K, g, where a < .
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Proof. For o < 6 and B = 0a, we have K, g = ocKﬁ; let kT be any function in
Kg. Then k™ = Pgg-. for some ¢4 € H, and

Pyr(ak™) = Pyr(aPge) = PyrPongy = Pyragy = aPg(rey) € aKp.

Thus every space K, ¢ is invariant for A?. To show the converse, we begin with
the observation that for the Hardy space H, (D) of the unit disc, we have a version
of Beurling’s theorem for each 1 < p < oo; namely that the nontrivial invariant
subspaces of the shift T are all of the form a H,, for some inner function a. See, for
example, Corollary C.2.1.20 of [23]. By means of the standard isometric isomor-
phism between H, (D) and Hp+ given in we see that the same result holds for
the shift T, on H; )

Next, using the duality between H;‘f and H,T (up to isomorphism), we see
that the T, -invariant subspaces in H; are the annihilators of the invariant sub-
spaces for T, i.e., the model spaces

KZ:{feH;:/ng:wgeaHP}:qu—mH;.

Now if AY is a restricted shift on H;’ , then its Banach space adjoint is the
restriction of T} to its invariant subspace Kg, so that its adjoint has invariant sub-
spaces K where a < 6.

Using duality once more we conclude that the invariant subspaces of A?
take the form

{fng:/R]?:OVgEKZ}:KgmxH”:Kare,
wherea < 6. 1

COROLLARY 6.7. Lat(A%) = {ker A}’ :a < 0,g, € Hf}.

We may now prove a theorem of Lax—Beurling flavour for the “truncated
shift” semigroup on Ky given by T(t) = AY, (t > 0), where ¢; € HJ is the inner
function given by (&) = el*.

THEOREM 6.8. The common invariant subspaces of the semigroup (T(t))=0 are
the shifted model spaces K, g, where o < 6.

Proof. 1t is easy to see that these subspaces are all invariant under the semi-
group, since if a divides a function f € Ky then it also divides T(t)f.

The converse is proved as in Theorem 3.1.5 of [25], the standard Lax
-Beurling theorem. By writing

[e9)

z o e,
0
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and approximating the integral by Riemann sums, we see that the ATTO operator
with symbol 1/(& + 1) is the strong limit of a sequence of finite linear combina-
tions of the ATTO with symbols e¢;. Hence any closed subspace invariant under
the semigroup is also invariant under A?, and thus is a shifted model space, as
required. 1
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