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ABSTRACT. This paper concerns the KK-theory of the class C of Elliott
—-Thomsen algebras, with special emphasis on the problem of when a KK-
element can be represented by a homomorphism between two such C*-alge-
bras (allowing the tensor product with a matrix algebra for the codomain al-
gebra), and gives an existence theorem for a certain subclass of C which we
denote by Cp.
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INTRODUCTION

It has been shown that a large number of simple C*-algebras can be clas-
sified by the standard Elliott invariant. Gong [12] first presented an example to
show that the ordered graded K-group is not sufficient any more for non-simple
AH algebras of real rank zero (and no dimension growth). Elliott, Gong, and
Su [9] constructed such examples for AD algebras by using AH algebras (indi-
rectly). Then Dadarlat and Loring [4] also gave such an example for AD algebras
directly. In 1997, Dadarlat and Gong [1] classified approximately homogeneous
C*-algebras of real rank zero (and no dimension growth) by means of ordered
total K-theory together with a certain order structure (see also [4] and also [5]).

Itis natural to try to relate the order on the total K-theory to the possibility of
lifting a KK-element to a homomorphism (let us call this the KK-lifting problem),
in particular, in the setting of dimension drop interval algebras (see [3]). Jiang
and Su studied a larger class in [14], which we shall call generalized dimension
drop interval algebras, and gave a criterion for KK-lifting. In [10], Elliott and
Li reported that a KK-element preserving the Dadarlat-Loring order may not
always have a lifting to a homomorphism.

In this paper, we consider the algebras introduced by Elliott and Thomsen
in [11] (see also [8] and [18]). Such an algebra is now sometimes called a one
dimensional non-commutative finite CW complex (see [6]). In this paper, we
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shall give a description of the KK-group of two Elliott—-Thomsen algebras. This
description will help us to understand the structure of the KK-group and enable
us to give a criterion for KK-lifting.

The paper is organized as follows. In Section 2, we list some preliminar-
ies concerning the class C of Elliott-Thomsen algebras and mod-p K-theory with
the Dadarlat-Loring order. In Section 3, we formulate a description (as a quo-
tient group) of the KK-group of two Elliott-Thomsen algebras. In Section 4,
we give a useful sufficient condition for KK-lifting for Elliott-Thomsen algebras
which gives a complete criterion for a certain subclass, denoted by C¢. (The suffi-
ciency will be useful, when we check the Dddarlat-Loring order.) In Section 5, we
prove that for the subclass Cp of Elliott-Thomsen algebras, which in fact includes
the generalized dimension drop interval algebras, a KK-element preserving the
Dadarlat-Loring order can be lifted to a homomorphism — contrary to what was
stated in Theorem 1.1 of [10]. We show that, as was suggested by the work [10],
there is a genuine difficulty present, and the lifting theorem does not hold for all
of C. (Possibly, lifting holds for a KK-class suitably compatible, in an approximate
sense, with traces and algebraic K;.)

1. PREMIMINARIES

1.1.  ([4], [7]) Consider the algebra
I, = {f € Mp(Co(0,1]) : f(1) = A-1p,1, is the identity of M},

and the algebra Tp obtained by adjoining a unit to I,.

1.2. ([I]) For a C*-algebra A, the total K-theory of A is defined by
K(A) = DK.(AZy),
p=0

with Ky (A;Zy) = Ki(A) for p = 0, Ki(A;Zy) = 0for p = 1, and K. (A; Zy) =
KK(Ip, A® C(S')) for p > 2.
1.3.  ([1]) We will consider the group

Ki(A;Z® Zp) = Ki(A) ®Ki(A; Zp).
By Section 4 of [1]],

K.(A;Z&® Zy) = KK(I,, A® C(SY)).

1.4. (Dadarlat-Loring order [4]]) Define K, (A; Z & Z,)* as the image of the abelian
semigroup [I,, A®C(S")®@.#] in KK(I,, A©C(S")) 2K.(A; ZDZp).



ON THE KK-THEORY OF ELLIOTT-THOMSEN ALGEBRAS 437

1.5. Let Fj and F, be two finite dimensional C*-algebras, and let ¢g, ¢1 : F; — F»
be two unital homomorphisms. Set

A= A(F, B, 9o, 91)
= {(f,a) € C([0,1], E) & Fy : f(0) = ¢o(a) and f(1) = ¢1(a)}.

The C*-algebras constructed in this way have been studied by Elliott and Thom-
sen (they are sometimes called Elliott-Thomsen algebras). Let us use C to denote
the class of all unital such C*-algebras A = A(F;, F», 9o, ¢1) (up to isomorphism).
Following [13], let us say that a unital C*-algebra A € C is minimal, or a minimal
block, if it is indecomposable, i.e., not the direct sum of two or more C*-algebras
inC.

Throughout this paper, when talking about KK(A, B) with A,B € C, we
shall assume the notational convention that

A:A(FIIFZI(POI(Pl)I B:B(F]//FZII(Pé)/(P/])/
with

i'=1

p ! r !
K= M, (C), FQZ@th(C), and Fi=@P My, (C), BE= Mh/j,(C).
i=1 j=1 j'=1

1.6.  ([7], [14]) A dimension drop interval algebra, denoted by I[my, m, m1], is the
C*-algebra (in the class C)

I[mO/mrml] = {f € Mm(C([O, ”)) 2f(0) =40 ® 1m/m0/f(l) =mQ® 11n/m1}f
where mg, m; divide m, ap,a; (for a given f) belong to My, My, , respectively,
and 1,, /., 1;1/m, are the identity elements of M,;, /.., My, /1, , respectively. (The
algebras Tp are already dimension drop interval algebras; the more general alge-
bras just constructed are sometimes called generalized dimension drop interval
algebras.)

1.7.  As pointed out in [13], for a minimal block A = A(F;, F», 9o, ¢1), we have
ker g Nker p; = {0}. Let us use Cp to denote the class of all unital minimal
block C*-algebras A = A(Fy, F», o, ¢1), where F, = M,(C), for some integer 7,
and ker ¢y @ ker g1 = Fj (there is no block of F; mapping into both 0 and 1). This
subclass was studied by Li in [15]. Note that I[mg, m, m1] € Co.

The following notions come from [13].
1.8. For A = A(Fy, B, ¢o, ¢1) € C, consider the short exact sequence
0+Sh5ALF =0,

where SF, = Cy(0,1) ® F; is the suspension of F,, ¢ is the embedding map, and
ni(f,a) =a,(f,a) € A. Then one has the six-term exact sequence

0= Ko(A) 55 Ko(F) 2 Ko(B) 2 Ki(A) — 0,
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where d = a — B, with &, B the maps Ko (¢o), Ko(¢7), respectively. Hence,
Ko(A)=ker(a—B)CZP, Ki(A)=Z'/Im(a—p), K{ (A)=ker(a—B)NK{ (F).

1.9. Denoteby0y,0,,..., Gp the spectrum of F;. Numbering the blocks of F, from
1 to j, we have

Sp(C([0,1], ) = ]ljl{u,j),o <t<i).

With the identifications ¢g(a) = f(0) arjld ¢1(a) = f(1) for (f,a) € A, as in Sec-
tion 13 of [13], (0, j) € Sp(C([0,1], F,)) is identified with the set with multiplicities
(6,0, 0,2, ..., C Sp(Fy),
and (1,/) € Sp(C([0,1], F;)) is identified with the set with multiplicities

(61~Fn,0,~Pr, ..., 0,~Fir) C Sp(Fy).

Also, Sp(A) = Sp(F) U ﬁ[ (0,1);.

j=1

1.10. Let A € C be a minimal block, and let ¢ : A — M, (C) be a homomor-
phism. Then there exists a unitary u such that

¢(f,a) = u-diag(a(61),...,a(61),...,a(0p),...,a(0p), f(y1),.--, f(yr)) - u*

fy

tp

1
with y1,v2,...,y- € 11(0, 1)]-, for some integer r. We write
j=1

(1.1) Spp = {61"1,6,""2,...,0," y1, ...y}

1
with y, € 11(0,1) j; in other words (as usual), Sp¢ is the set of irreducible com-
j=1
ponents of ¢, with multiplicity.

1.11. Consider the suspension of A, SA = Cy(0,1) ® A. Since we have Cy(0,1) =
Co(S'\{1}), the spectrum of SA is given by

1
Sp(SA)=Sp(A)x{e¥“,0<w<1}= {Sp(Fl)UH(O,1>]‘} x{e?¥ 0<w<1}.
=1
Let us write the elements of Sp(F;) x {e?™¥,0 < w < 1} as (6;,€2™Mw) with
i=12,...,p,0 < w < 1, and the elements of [O,l]]- x {e2Mv 0 < w < 1} as
(t,], e2™MW) with t € [0,1],j=1,2,...,1,0 < w < 1. Then the element (0, j, e2Mw) ¢
[0,1]; x {€*™,0 < w < 1} is identified with

{(91,e27riu;)~aj1, (92,e27‘[iuJ)~th2, ., (eplezmw)wﬂ,},



ON THE KK-THEORY OF ELLIOTT-THOMSEN ALGEBRAS 439
and (1, j,e?™) is identified with

{(61,€2™<)~Pn, (0, €2™) P2, ., (0, €M) Fir},
with («j;) and (B};) the matrices representing (@o). and (¢1)« : Ko(F1) = ZF —

Ko(F,) = Z'. Also, let us write the elements of SA as (f,a) with f : [0,1] x ST —
F, and a : S — F; such that

f(t1) =0, te[01], and a(1)=0,
F(0,847¢) = go(a(e>™)) and  f(1,e¥) = gy (a(e¥)).

Since in the pair (f,a), a is completely determined by f (as A is a minimal block),
we may simplify (f,a) as f if there is no confusion.

1.12. A homomorphism ¢ : SA — M, (C) is given by
¢(f,a) = u-diag(a(x1),a(xa),...,a(xr), f(y1), f(y2), -, f(ym),0,0,...,0) - "

for some unitary u € M, (C), where x; € Sp(F;) x {€?¥,0 < w < 1} are of the

) ) .
form (0;,e?™«) withi = 1,2,...,p,0 < w < 1,and y; € [1(0,1); x {e?mw 0 <
=1

w < 1} are of the form (t,j,ezm‘“) witht € (0,1),j=1,2,...,,0 < w < 1,and
r,m are both some integers.

2. KK-THEORY FOR ELLIOTT-THOMSEN ALGEBRAS

REMARK 2.1. Let ¢ : A — M, (C) be as described in Paragraph [1.10} with
Sp(¢) as in . Even though in general the point y; € [0,1]; (in Sp(¢) as in
of Paragraph may not be the endpoint 0; or 1;, the homomorphism
defined by evaluating at this point is homotopic to the homomorphism defined
by evaluating at 0; or 1;. Consequently we can find a new homomorphism ¢ with

KK(¢) = KK(¢), Sp(¢) C Sp(F).

Now, let us extend this procedure to a homomorphism between two Elliott—
Thomsen algebras, as a prelude to describing concretely the KK-group of these
two C*-algebras.

REMARK 2.2. Let A(Fy, F», o, ¢1), B(F|, F3, ¢, ¢}) be inC, let ¢ : A — B
be a homomorphism, and consider the maps 7j, 7] : B — Fj, where m;(f,a) =
f(t) = ¢i(a), t = 0 or 1. Then we can always choose a new homomorphism
¢ : A — Bsuch that

Y ~n ¢, KK(p) =KK(¢), and Sp(myoy), Sp(mioy)C Sp(F).
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The above condition on Sp(7t), o ¥),Sp(m] o ) is equivalent to (SF,) C SFj.
Hence, we have a commutative diagram as follows:

TT.

0 ——=Ko(A) —=Ko(F) A Ky (SF) ——=Kj(A) —=0

Pox \L Posx i P i [ \L

0——Ky(B) — KO(F{) 7) K](SFZ/) — K;(B) ——0.
o'~ A

Tly

REMARK 2.3. If ¢, : A — B satisfy
Sp(mpo @), Sp(mio¢) CSp(h), Sp(mpoy), Sp(moy) CSp(h),

respectively, let us define the sum of the diagrams

TT.

0 —— Kol(A) —“> Ko(F) ~— K; (SFy) > Ky (4) — 0

$o \L PO i DLk l P14 \L

0 ——Ko(B) —~Ko(F) o Ki(SF) ——=Ki(B) —=0
7T o0 — Ly

*

and

TT.

* D‘_ﬁ *
0 — Ko(A) > Ko(F) —> K (SF) ——K; (A) —=0

IP(]* \L IPO** \L lpl** \L wl* \L

0 —— Ko(B) —— Ko(F]) —= K;{(SF;) —K{(B) —=0
Ty - Ly

o' —B
as the diagram

TT.

0= Ko(A) = Ko(Fr) —— Ky (SB) — = Ky (A) — =0
0«10 \L POsx F 0 i Pl HP1acx l P14 \L
0 ——Ko(B) —=Ko(F) s Ki(SF;) ——Ki(B) —=0,
o — s

Tly
which is just the commutative diagram induced by ¢ @ ¢.

REMARK 2.4. Let ¢ € Hom(A, B). By Remark 2.2} we can find a homomor-
phism ¢ homotopic to ¢ satisfying ¢(SF,) C SF,. Let us associate the diagram of
such a map ¢ to the homomorphism ¢. Note that the commutative diagram we
get depends on the choice of the map ¢. Here we would like to describe the differ-
ence between such commutative diagrams corresponding to two different choices
of homomorphisms for ¢. Since ¢ is homotopic to ¢, two different choices of ¢
are also homotopic. For convenience, we shall use 7, ¢ to denote the two choices
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of ¢. Suppose that 7,1 : A — B are two homomorphisms with a homotopy path
®; with ¢y = T and &1 = 1. We have both

Sp(mpo ), Sp(miot)CSp(F) and Sp(myoyp), Sp(myoy) C Sp(F).
Then, the difference between the diagrams

TT.

0 ——Ko(A) —=Ko(F1) S K1 (SE) — =Ky (A) —=0

T0x \L TOxx i Tlxx \L T« \L

0 — Ko(B) —— Ko(F]) pars Ki(SF}) ——=K;(B) —=0
o — Ly

Ty
and
0 —>Ko(A) =Ko (F) A K1(SF) —=K1(A) —=0
Pox \L Posx i Prax l Y1 l
0 ——Ko(B) — = Ko(F) prn Ki(SF) ——Ki(B) —=0
7T, o — Ly
is equal to

7T

* “7/5 Ly
0 ——=Ko(A) —=Ko(F) —= Ky (SF) —=K;(A) ——0

NN

0 ——Ko(B) — = Ko(F]) o Ki(SB) ——=Ki(B) —=0,

.,
where there exists 1 € Hom(K; (SF),Ko(F])) with pg = po (a — B), 1 = (a' —
B') o p. Namely, we can choose y to be induced by 7’ o @1, where 7/(f,a) = a,

for all (f,a) € B.

If a map between Ky (F;) and Ko(F{) is induced by a homomorphism from
A to M, (B), for some integer r, then the map is positive — all entries of the matrix
of the map are positive (or zero). We need a lemma in order to construct such a
homomorphism.

LEMMA 2.5. Let A, B € C be minimal. Let A be a commutative diagram

s x—pB

0 —— Ko(A) —>Ko(Fi) —>K{(SF) — > K{(A) ——=0

T

0 ——Ko(B) —~Ko(F) o K;(SF;) ——Ki(B) —=0,
T, o — t
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where the map Ay is positive. If the map
l/
= T A= C([0,1], B)
=1
is such that Sp(7t o T),Sp (7} o T) C Sp(Fy) and
Ko(ﬂ'(/) o T) =a'o )\0 and Ko(ﬂ.’{ o T) = ﬁ/ o /\0,

then there exists a unitary u € C([0,1], F,) such that Adu o T gives a homomorphism
from A to B.

Proof. Forany j' € {1,2,...,1'}, with notation as in Paragraph write
@b (@) = £/(0,/) and ¢}y(a) = F(L]),

and denote by 1']9, T]l, the evaluation maps of T atOand 1. Lety : F; — F{ be a
homomorphism with Ko(y) = Ag. Since

KO(T]Q) = Ko((p(l)]/ o ’y) and Ko(T]l/) = Ko(q)ll]/ o ’)/),
we can find unitaries Uy, V; € Mhr]_, (C) such that
AdUj o 1']9 =gop oy and AdVjo T]l/ = @107
Connect Uy and Vj by a unitary path Wy (t) € Mh’,., (C[0,1]). With
l/
u = @ W]/(t),
j'=1

at the endpoints 0 and 1, we have
4 4 .
Adu(0) o /6911']9 =¢@poy and Adu(l)o /6911'], = ¢} on.
= =

Then Adu o T gives a homomorphism from Ato B. 1
REMARK 2.6. Let A be a commutative diagram,

s x—pB

0 —Ko(A) —>Ko(Fi) —> K{(SF) — > K{(A) ——=0

T

0 ——Ko(B) — = Ko(F) o K;(SF;) ——Ki(B) —=0,
T, o — t
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with the map A not necessarily positive. Transform it into the diagram

0= Ki(SA) —= Ky (SFr) 1 Ko (82F5) — Ko (SA) —= 0

/\O*l /\oi All Aul
0 —— K;(SB) ——K;(SF)) pars Ko(S?F;) —— Ko(SB) — 0.
Ty o — L

Let us construct a homomorphism from SA to M,(SB) to realise the above dia-
gram. For the above commutative diagram A, we define

0 _ 1 a1 1 _ 1 1
L= Y widpi— Y Bidpy Thi=— Y widj+ Y. Birj;, and

AL >0 AL <0 AL <0 AL >0
7] 7] '] 7]

o= rr}/axf]«(,)i, rt = m/axfj}i, r= max{FO,Fl},
7 i

with /\]1./ ; the ( i, /) entry of A;. Then we have
0
Api =T+ (A =T),
where 1. is the (i’,7)™ entry of Ag. Define homomorphisms
D]// :SA — M”(SMh/]-/ (C[O, 1]))

(for some integer r) as follows: if /\]1./ j > 0, then

Dy,
SA 5 (f.a) — gpj € Mr(SMy, (C[0,1])),
where
gjj(t, €M) = diag{f(t,j, ™) & -+ & f(t,j,e¥™)};

AL
Ji

if )le»/ j < 0, then

D,
SA3 (f,) = hy; € My(SMy, (C[0,1])),
where
hj’j(t/ ezﬂiw) — diag{f(l — t/j, e27Tia;) @ @f(l _ t,j, eZniw)}.

—AL
7

Define homomorphisms Rj; : SA — Mr(SMh/]_, (C[0,1])) (for some integer r) as
below:

Ry,
SA 5 (f,a) = ry; € Mr(SMy,(C[0,1])),
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where

1’]'/1'(1‘, e27riw) = diag{ a(ei, e27‘£iw> DB a(gl,,eme)

/
L 0
Z Dé]'/l‘l T—F]./l.
i'=1

© @ a(G,»,ezm‘*’) @---D a(Gi,eZ”i‘*’)

A0 —TI>0
ii Wiryt ()\?,l.—f)
& P al,e ) @a(h,e V) },
0 _
)\i,i r<o 70(//(/\0,71—‘)

JrA

(f,a) € SA. Define
v p
0= (D Dy e DR
j=1 " j=1 i=1

As in Lemma there is a unitary u € M,(F, ® C[0,1]) such that Aduo (), is a
homomorphism from SA to M, (SB), which induces a commutative diagram A:

0= Ky (SA) = Ky (SFy) ~ Ko(52Fy) —“ = Kp(SA) — =0

0 —— Ky(SB) —= K (SF)) —— Ko($%F3) ——~ Ko(SB) —0.
T o' — L

For convenience, we shall still use () to denote this homomorphism of exact se-
quences.

2.1. Denote by C(A, B) the set of all the commutative diagrams

7T

* ‘X_ﬁ *
0 —= Ko(A) —>Ko(F) —= Ky (SF) — = K (A) —=0

R

0 ——Ko(B) —=Ko(F) o K;(SF;) ——=K;(B) —=0,
7, o — I

and by M(A, B) the subset of C(A, B) of all the commutative diagrams

Tlx “718

0 —>Ko(A) —>Ko(F) —= K (SF) — = Ky(A) —0

NN

0 ——Ko(B) —~Ko(F) o Ki(SF) ——=Ki(B) —=0
T, o — t
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such that there exists 4 € Hom(K;(SF,),Ko(F)) satisfying ug = po (a — B),
#1 = (&’ — B') o . Since such a diagram is completely determined by y, we may

denote it by A,,.

2.2. For two commutative diagrams Ay, Ayp € C(A, B),

TT.

0 —— KolA) —> Ko(Fy) ~— Ky (SFy) > Ky (4) — 0

AMox J/ Ao i An l Mix J/

0 ——Ko(B) —~Ko(F) g Ki(SF) ——K;(B) —=0
7T o0 — Ly

g
and

TT.

* ‘x_,B *
0 —= Ko(A) —=Ko(Fi) —> K (SF) — = Ki(A) ——=0

A1ox \L Ao i Am l A1 l

0 ——Ko(B) — = Ko(F) s K1(SF;) ——=K;(B) —=0,
7T o — Ly

define the sum of A; and Ay as

TT.

0 — Ko(A) —= Ko(Fy) —— Ky (SBy) —> Ky (4) —= 0
)\10*+?\110*l /\10+/\Hoi An-”mi Ae A« l

0——Ky(B) — KO(F{) ,413? K](Sle) — K;(B) ——0.
o'~ A

n*
Note that A; + Ay; € C(A, B). The diagram

TT.

* 0‘7,5 *
0 — Ko(A) > Ko(F) —> K;(SF) ——K;(A) —=0

LI TS T

0—— KO(B) - KO(F{) ﬁ) Kl(SFé) — Kl(B) —0,
Ty o — L

to be denoted by 0, is the (unique) zero element of C(A, B). (Clearly, A +0 = A

for A € C(A,B).)
Given a commutative diagram A € C(A, B),

s x—pB

0 —— Ko(A) —>Ko(Fi) —> K{(SB) — > K{(A) ——=0

T

0 ——Ko(B) —~Ko(F) o K;(SF;) ——Ki(B) —=0,
T, o — t
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the inverse of A, to be denoted by —A, is

TTx

‘X_:B *
0 — Ko(A) > Ko(F) —> K;(SF) ——K;(A) —=0

MR

0 — Ko(B) — Ko(F]) pars K;(SF) — K;(B) —=0.
Note that —A € C(A, B),and A + (—A) = 0.
Now we get the following proposition.

PROPOSITION 2.7. Assume that A,B € C. Then C(A, B) is an Abelian group,
and M(A, B) is a subgroup of C(A, B).

2.3. Defineamap R :C(A,B) — [SA,SB® | by

A5 2.

Note that, for A, Aiy € C(A, B), we may not have (), ® {3, = {a+a,- Neverthe-
less, the homomorphism SA > (f,a) — ¢ € SM,,(C[0, 1]) defined by

g(t e27riw> — f(t j/e27riu;) @f(l _ t/]',e27riw>
and the homomorphism SA > (f,a) — h € SM,,(C[0, 1]) defined by

P
27T1w @ a 2mw .® 11(9 27r1w)
=1 jl+‘Bﬁ

are homotopic to each other as homomorphisms from A to SM,,(C[0,1]). Also,
the homomorphism SA > (f,a) — | € SM,,(C) defined by

l(t, eZniw) — a(ei,ezmw) @ a(gi’ e—27‘(iw)

is homotopic to 0 as a homomorphism from A to SM,,(C). With the aid of these
two facts, it is easy to check that

[C0) ® [Cay) = [Caaanls

which means that i is a homomorphism.
Denote by 91 the natural map from [SA, SB® %] to KK(A, B); the composed
map 9o R is then a homomorphism from C(A, B) to KK(A4, B).

24. LetA,BeC,a € KK(A,B). Then, in view of the short exact sequences
0Sh5ASFE 50 and 0 SE 5B F 0,
we have KK-theory six-term exact sequences as follows:
0 — KK'(SF,, B) — KK!(SF,, F{) — KK(SF,, SF;) — KK(SF,,B) — 0 and
0 < KK(A, F|) < KK(F}, F]) < KK!(SF,, F]) + KK!(A, F]) < 0.
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Then there exist
a1 € KK(SF, SF}) = Hom(Ko(F),Ko(F})), and
w9 € KK(Fy, Fi) = Hom(Ko(F1), Ko(Fy))
such that, with respect to the Kasparov product,
a1 x KK(/) = KK(¢) x a € KK(SF,, B), axKK(7r') =KK(7)xag € KK(A,F),
and &, ap, 1 induce a commutative diagram A, , o) € C(4, B):

TT.

Ly “7/5 *
0 ——=Ko(A) —=Ko(F) —= Ky (SF) —=K;(A) ——0

0——Ky(B) — KO(F{) ,413? K](SFé) — K;(B) ——0.
o~ T,

l*
Next, we will show a useful lemma of KK-theory.

LEMMA 2.8. Let A,B € C, w € KK(A, B). If there are a; € KK(SF,, SF}) and
g € KK(Fy, Fy) such that

ap X KK(/) = KK(1) x & and a x KK(71') = KK(71) x ag,
then
No m()‘(a,ao,le)) =,
where the homomorphism N o R is as defined in Paragraph
Proof. Set
No 9%()\(%“0,“1)) =a.

By Proposition 2.9 of [3]], we only need to show that « — & induces the zero map
from K(A) to K(B). Note that

(a — &) x KK(7r") = KK(7r) x 0 and 0 x KK(/) = KK(1) x (& — &).
Then we have a commutative diagram, or a homomorphism, of exact sequences,

TT.

Ly ”‘7/5 *
0 —=Ko(A) —=Ko(F) —=K;(SF) —= Ky (A) ——0

Mo—i*ol Oi Oi “*1§*1l

0 ——Ko(B) ——Ko(F{) s Ki(SF) ——~Ki(B) —=0,
A o' — 7T

where a0 — .0, 041 — &4 are induced by & — «. As a9 — @40 is the restriction of
0, and a,1 — &, is the quotient map of 0, we have

Ny — E*Q =0 and Nyl — &*1 =0.

Since
KK(I,,SF,) =0, and KK'(I,, F)=0,
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we also have the homomorphism of exact sequences

0 — KK(I,, A) — KK(I,, F) — KK'(I,, SF,) — KK!(I,,, A) — 0

~ p _=pP
“fop‘fol Oi O\L A _D‘*ll

0 — KK(I,, B) — KK(I,, F|) — KK!(I,, SE}) — KK!(I,, B) — 0,
where o/ — &', a7 — @’ are induced by « — &. Since al; — & is the restriction

of 0 and “51 — b?fl is the quotient map of 0, we have
p P p ~P
ao—a,=0 and aj; —a,; =0.
In summary, we havea =wa. I

THEOREM 2.9. Let A, B € C. Then we have a natural isomorphism of groups
KK(A, B) = C(A, B)/M(A, B).

Proof. Recall that in Paragraph 2.3} we obtained a homomorphism 9 o R
from C(A, B) to KK(A, B). From Paragraph 2.4/ and Lemma we know that
M o A is surjective. We only need to show that

kerM oM = M(A,B).

Recall that if € Hom(K;(SF;),Ko(F[)), then any element A, € M(A, B) is de-
fined as the diagram

0= Ki(SA) —= Ky (SFr) 1 Ko (82F5) —> Ko (SA) —= 0

R

0 ——K;(SB) — K1 (SF) o Ko(S%E}) — Ko(SB) —= 0,

where 1o = po (« — B), u1 = (& — B) o u. From the well-known (six-term) exact
sequences of KK-theory,

0 = KK (SEy, B) U kK1 (s, ) X9 kK (Fy, Fy) X, kK (SEy, B) — 0

and

0+ KK(A, F)) il KK(Fy, F]) KO KK!(SF,, F]) +—— KK!(A, F|) < 0,

we have KK(71) x g = KK(7r) x KK(9) x # = 0and p1 x KK(/) = u x KK(9) x
KK(/') = 0.
Then we have 9o R(A,) = 0 by Lemma

The proof of the converse inclusion,

kertoR C M(A,B),

KK(1)

divides naturally into two cases.
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Case 1. A € C(A, B) is the following commutative diagram such that 91 o
R(A) =0:

7T

* ‘X_,B *
0 —= Ko(A) —>Ko(Fy) —= Ky (SF) — = Ki(A) —=0

R
0 ——=Ko(B) — = Ko(F) = Ki(SF)) — > Ki(B) —=0.

T

Note that here the map A : Ko(F;) — Ko(Fj) is assumed to be the zero map. As
A is commutative, we have

KK(d) x Ay = 0 x KK(9') = 0 € KK'(F;, SF}).
Consider the diagram

KK(7")

2.1) 0 0 KK(F;, B) —— KK(Fy, F})
KK(n)l KK(n)l
KK (4, F) < ki(4, 555 << xk(a, B) XL kk(a, B)
KK(1) KK(:) KK(t)l l
KK!(SF, F}) K@) KK(SF,, SE}) KK KK(SF,,B) ———=0
KK(3) KK(3)
KK(F, F)) K KK!(Fy, SF))
KK(7)
KK(A, Fl)
0

where KK(9) € KK!(F;, SF,) and KK(9') € KK!(F], SF}). By the exactness of the
second column of 1i there exists a unique 6 € KK(A4, SFz’) such that

KK(1) x 6 = Ay € KK(SF,, SE}).
Note that 6 x KK(/') € KK(A, B) satisfies
IxKK(/) xKK(r') =0 =KK(7r) x0 and KK(z) x 6 x KK(/') = Ay x KK(/).
From 9o R(A) = 0, by Lemma[2.8] it follows that
5 x KK(/') = 0.
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By the exactness of the second line, there exists v € KK!(A, F{) such that
v x KK(9') = 6 € KK(A, SF}).
Then the exactness of the first column of implies
KK(9) x KK(1) x ¥ = 0 € KK(A, B),
and we also have
KK(1) x v x KK(9') = A1 € KK(SF,, SF}),

which leads to the conclusion that the KK-element KK(:) x v € KK'(SF,, F|)
induces A € M(A, B).
Case 2. Let us consider the general case. Let A € C(A, B) be given,

TT.

* ‘X_,B *
0 — Ko(A) —> Ko(F) —> K;(SF) ——K; (A) —=0

AO*\L Aol )\1\L Al*l
0 ——>Ko(B) —~ Ko(F{) s K1 (SE) — > Ki(B) —=0,

such that 910 R(A) = 0. Then
KK () x Ag = 0 x KK(7') = 0 € KK(SE,, F}).

By the exactness of the first column of 1) there exists 4 € KK!(SF, F{) such
that

Ao = KK(3) x p € KK(Fy, F}).
Note that u € KK!(SF,, F]) induces the following diagram A, € M(A, B):

TTs a—pB

0 — Ko(A) —=> Ko(F) —> K;(SF) ——K;(A) —=0

Ol /\oi (“'ﬁ’)oﬂl Ol

0 ——Ko(B) TKO(F{) ﬁKl(Sle) ?Kl(B) —0,

where (¢/ — ') oAy = (a/ —B')opo(a—B). Then
NoR(A,) = 0.

As N o R is a homomorphism, we have 9t o R(A — A,) = 0. Then from what we
have shown in Case 1, it follows that

A=Ay € M(A,B).

In particular, A € M(A, B).
In summary, we have C(A,B)/M(A,B) 2 KK(A,B). 1
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From now on, let us use x to denote the isomorphism (the inverse of 9tofR in-
duced by the map obtained in Paragraph.4) from KK(A, B) to C(A, B)/ M(A, B);
that is,

X(D‘) = /\(IX,IX(),IX]) + M(A, B)'

In fact, for an element of C(A, B),

TT.

* ‘x_ﬁ *
0 — Ko(A) —> Ko(F) —> K;(SF) ——K; (A) —=0

R

0 ——Ko(B) —=Ko(F) s K1(SF;) ——=K;(B) —=0,
., o — Z,

all the information is contained in the smaller commutative diagram

a—p
KO (Fl) —— K] (SFZ)

| |

Ko(F)) — Ky (SE)).

o —
So if it makes no confusion, we will use the smaller one for short.

REMARK 2.10. In our case, every KK-element can be realized by a homo-
morphism between the suspensions of the algebras (by Paragraph [2.3|and Lem-
ma[2.8). One can also realize the KK-element by a difference of two homomor-
phisms from A to M,(B). But we should point out that if two homomorphisms
from A to M, (B) determine the same KK-element, sometimes they are not homo-
topic to each other, but are such that on adding the same homomorphism to each,
they become homotopic to each other. We present an example here.

WithF, =CaoC,F = Mz((C),

¢0(ﬂ®b):(a a)’ ¢1(a®b)=(a b>’

B=C,and A = A(F, F, 9o, ¢1), define two homomorphisms d1, é, : A — B:
01(f,a®b)=a, (f,adb)ec A, and 6&(f,adb)=0b, (f,adb)c A
Then 41, 4, induce the two diagrams

(1— (1-1)
Z

—— 7 and YASY/ 7
lo o) lo
0 0
At the same time, we have
61 »p 6y but 6 B I ~p b B bq.

Z——0.

%
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Denoting 561, S, by the homomorphisms from SA to SB induced by 41, 6,, we
also have S4; ~y, S6,.

EXAMPLE 2.11. Let us consider the group C(A,C), A € C. The elements of
C(A,C) are the diagrams

a—p

Ko(Fp) Ki(Sh)

/\0 J{O
7Z— > 0.

0

The subgroup M(A, C) consists of the diagrams

-B
Ko(Fp) . K (SE)
HO(a—mi io
7 0.

Then we have
K°(A) =2 KK(A,C) = C(A,C)/M(A,C) = coker(a — B)T.

EXAMPLE 2.12. Let us consider the group C(C(S'), A), A € C. The elements
of C(C(S'), A) are the diagrams
Z
|
(S

B)

0
L — >
Ao

Ko(Fp) Ererae Ky

on—

with (¢ — B) 0 Ag = 0. The subgroup M(C(S'), A) consists of the diagrams

Then we have
C(C(Sh), A)/M(C(Sh), A) = ker(a — B) @ coker(a — B).
EXAMPLE 2.13. Let us consider the quotient group

C(Ip, 1)/ M(Ip, Tp).
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C(Tp, Tp) consists of the diagrams

7207 —— (P

Z
anl l
Z@Zﬁz

where p = a4 — ¢ = d — b, and the subgroup M(A, B) consists of the diagrams

Y (p.—p) 7
(i )] |1r-ra
Y/ Z
(p.=p)

where y1, 4y € Z.
Considering the homomorphism -y from C(Iy, I) to Z @ Z, @ Z, such that
Y(A) = (a+b,b,d),

where the diagram of A is

Y (p—p) 7
(2 5] |
2HlL ——17,
(p.—p)
> 7Ly DLy

we get C(TP,E)/M(TP,E)
EXAMPLE 2.14. Let us consider the quotient group

C(C(sh),C(sh))/M(C(sh),C(sh)).

The group C(C(S'), C(S')) consists of the diagrams

0 —=Ko(C(Sh))

ml "

0—=Ko(C(8) —+Z == 2Z—

and M(C(S'),C(s1)) = {0}.
Considering the homomorphism v from C(C(S'), C(S')) to Z @ Z such that

’)’(/\(m,n)) = (m,n),
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where the diagram of A(,,, ,,) is

0 —Ko(C(8")) — T“OT > Ki(C(81) ——0
0 —=Ko(C(8) —=Z == Z—=K(C(8") —=0,

we get KK(A,B) =X Z P Z.

3. THE KK-LIFTING PROBLEM FOR ELLIOTT-THOMSEN ALGEBRAS

DEFINITION 3.1. Let A, B € C. Define KK (A, B) as the image of the abelian
semigroup (of homotopy classes of homomorphisms) [A4, B ® .#| in the group of
KK(A, B). We shall say that « € KK(A, B) is positive, if « € KK* (A, B).

In [14], Jiang and Su investigated the generalized dimension drop inter-
val algebras, and obtained a characterization of positive KK-elements in terms
of ordered K-homology. Recall that they defined an order structure on the K-
homology group of their building blocks:

K% (A) := {[¢] € K’°(A) : ¢ is a finite dimensional representation of A}.
Then they proved the following criterion for KK-lifting.

THEOREM 3.2 ([14], Theorem 3.7). Let A, B be generalized dimension drop in-
terval algebras, and o € KK(A, B). The KK-element w can be lifted to a homomorphism
if and only if a* is positive from K°(B) to K°(A), where a* is the operation of Kasparov
product of a with K-homology elements.

Recall that in the previous section, we gave a description of the KK-group
for two Elliott-Thomsen algebras as the quotient group C(A, B) / M(A, B), which
(as we shall see) makes the calculation easier. Before we give a different criterion
with this new description (in which we will require that A € Cp, B € C), we shall
define an order on this quotient group (as the image of of the natural order on
C(A,B)).

DEFINITION 3.3. Let A, B € C be minimal and A € C(A, B):

K—

Ko(Fp) il K{(SF)

] |

Let us say that A is positive if Ay has no negative entry and Ay # 0 or A is the zero
element. And let us say that A is positive modulo M(A, B), and that A + M(A, B)
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is positive, if there exists A, € M(A, B),

a—p
Ko(F) —=Kq(SE)

uoi lm

Ko(F) pra Ki(SF),

such that A + A, is a positive.

REMARK 3.4. By Definition in the case of Example the diagram
A(on), 1t # 0, is not positive modulo M(C(Sh),C(SY)) = {00}

If A =@A,B = @ B with each A’ and B/ a minimal Elliott-Thomsen
algebra, then we shall say that A + M(A, B) is positive, where A € C(A,B) is
determined by A;; € C(A!,B)), if A;; + M(A', B)) is positive for each i,j. Let us
write

(C(A,B)/M(A,B))" = {A+ M(A,B) : A + M(A, B) is positive}

for the positive cone of C(A, B)/ M(A, B).

For any A,B in C, recall that by Theorem as groups, KK(A, B) and
C(A,B)/M(A, B) are isomorphic. By the universal multi-coefficient theorem of
[1] (see Theorem below), KK(A, B) is also naturally isomorphic as a group
to Hom, (K(A),K(B)). This is without considering the order structures of these
groups. It is important for our purpose to study the relations between these order
structures.

By Remark[2.1]and Definition[3.3} we get directly the following proposition.

PROPOSITION 3.5. Let A € C. The commutative diagram

-B
Ko(Fp) = K (SF)

Aoi lo

—0.

0
can be lifted to a representation if and only if A is positive module M(A,C).
The following lemma gives a sufficient condition for KK-lifting.

LEMMA 3.6. Let A, B € C be minimal. Let the diagram A € C(A, B),

s x—pB

0 — Ko(A) —>Ko(Fi) —> K (SF) — > K{(A) ——=0

T

0 ——Ko(B) —~Ko(F) o K;(SF;) ——Ki(B) —=0,
T, o — t
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be given, such that A is positive, then A is positive. If for any i € {1,2,...,p},j €
{1,2,...,1'},

(Dé/ o /\0)]'/1' = 2 Xji - )\]1/] — 2 ﬁ]l . )\]l-/j and

1 1
aji- Ay 20 Bji-A ;<0
! 1 1
(ﬁ o /\O)j’i = — Z Wji - A]"j + Z ,Bji : /\j’j’
Dé]‘,"/\]l./].go ‘B]‘,“/\/l./jZO

then there is a homomorphism from A to M,(B) for some integer r inducing the dia-
gram A.

Proof. For any j/ € {1,2,...,I'}, define a homomorphism from A to the
algebra Mr(Mhri, (C[0,1])) (for some integer r):

A3 (fa) s gy € MMy, (Cl0,1))

with
gy (t) = @ diag{f(t,), f(t,)),.... f(t,])}
/\],,].20 N
7'
& @ disglf(1—t,)), F1—L)),.... F1—1,])}
/\]-/j<0 X
i
P
@ €p diag{a(6;),a(6;),...,a(6,)},
=1 Mjti
where
_ / 1 1
17j/i = (0( O)\())j/i— ( Z [XHA]/]— Z 18]1/\]/])
Déji'/\}//->0 5jz'/\]1/]-<0
Then, with

l/
¢ =P ¢y,
j'=1

by Lemma[2.5we have a unitary u such that Adu o ¢ is a homomorphism from A
to M, (B) inducing the commutative diagram A. 1

We have shown that the condition in Lemma [3.6|is sufficient, but it is also
necessary in the following special case. (This will be used in Remark and

Example[4.7])
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COROLLARY 3.7. Let A,B € C be minimal, with F, = M, (C). Let A be a
positive element of C(A, B), that is, a commutative diagram

TT.

* Dé—ﬁ *
0 — Ko(A) > Ko(F) —> K (SF) ——=K;(A) —=0

| Ao(i | |

0 ——Ko(B) —=Ko(F) ,*ﬁ?Kl(SFé) ——>Kyi(B) —=0
T o — Z,

with Ag positive, and assume that Ay = (1,1,..., 1)T. Then, there is a homomorphism
from A to M,(B), for some integer r, inducing the diagram A, if and only if for any
ie{1,2,...,p}j€{1,2,...,1'}

(@' 0 Ag)pi = ay and (B oAo)ji > Pui.

Proof. If there is a homomorphism ¢ from A to M,(B), for some integer r,
inducing the diagram A, then ¢ must be homotopic to a homomorphism ¢, where
¢(f,a) = g € M;(B), with

g(t,i) = up - diag(f(t),a(01),...,a(61),...,a(6p), -, a(8p)) - uj.

Mjn Mi'p

Immediately, we have
((X’ o )LO)j’i > N and (‘BI o AO)j’i > ,Bli~ |
Using Lemma we shall now give a criterion for KK-lifting for A € Cp.

THEOREM 3.8. Let A,B € C be minimal, with A € Cp. A KK-element o €
KK(A, B) can be lifted to a homomorphism if and only if x(a«) € C(A,B)/M(A,B) is
positive, where x is the isomorphism defined following Theorem 2.9

Proof. The necessity comes from Remark Here we only need to show
that if x(a) is positive, then there exists a homomorphism realising it. By Defini-
tion 3.3} there is a positive commutative diagram A € x(x),

ap

Ko(Fp) K{(Sh)
)\Oi l/\l

—_—
lX’*/SI
with A a positive map. We have K; (SF,) = Z (A € Co — see Paragraph([L.7),

M =AMy M)t and =B = (a1 — i1, &1z — Bros- -, 81 — P1p)-

(We shall show later that it is necessary to have Z itself here, not a sum of copies
of Z.) From Ay o (« — B) = (&’ — B') o Ay, we have

(@ 0 Ao)jii — (B oAo)ji = /\]1"1 et /\]1"1 B
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Note that for any i € {1,2,...,p}, from the definition of Cp, at least one of ay;
and B4; is 0. For this case we automatically have

((X’ o /\O)j’i = Z ajj - )\Jl»/]- - Z ﬁj,’ : }\]1-/]- and

1 1
wji-Ay 20 Bji-A ;<0
l 1 1
(B'oro)yi=— ), wji-Api+ ), Bji-Apy
“ﬁ'/\}/j<0 ﬁji'/\]l-/]->0

(At most one of the four numbers

YowieAl, Y A, ¥ apAl and Y Al

T 1 1 1
aji- Ay 20 Bji-A;;<0 aji- Ay, <0 BjiAy20

is non-zero.) By Lemma 3.6} there exists a homomorphism ¢ from A to M, (B) for
some integer r inducing the diagram A, which also realizes the KK-element a. 1

We should note that the condition of Lemma3.6]is just a sufficient condition.
(But it is interesting as it shows that a given KK-element, if it induces a large
enough map between the Ky-groups compared with the K; map, in a suitable
sense, can be lifted.) Even if we required that A should be just C(S!), some liftable
KK-elements do not satisfy this sufficient condition.

THEOREM 3.9. Consider the case A = C(S') (not in Cp), B € C is minimal,
F} = M,(C), for some integer n. Then a € KK(C(S), B) can be lifted to a homomor-
phism if and only if x(a) € C(A, B)/ M(A, B) is positive.

Proof. As we did in Theorem choose a positive commutative diagram

A€ x(a),
Z
-
Z

Ko(F) ———
o(R) ——~Z,
with A¢ a positive map. Note that A; € Z,a’ o Ay = B 0 Ag € Z.
If ¢ is a homomorphism from C(S') to M,(M,(C|[0,1])), for some integer r,

zvi>Z,

1-1=0
1 —
Ao

where
27tif 27i0 2 rrit :
z = d Z(t)=e"" d 1,1,...,1},
(e™) =e an (t)=e @ diag{1,1, /}
lX’O/\o—l
then by Lemma Adu o ¢ is a homomorphism from C(S') to M, (B), for some

unitary u. Evidently, Adu o ¢ induces the commutative diagram A. 1

Let us look at some examples.
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REMARK 3.10. Consider the case of Example[2.14] From Theorem[3.9) we get
KK (C(SY),C(sY) = {(m,n) € Z&Z: (m,n) = (0,0), orm > 0}.

REMARK 3.11. Note that in Theorem we required that F; = M, (C), for
some integer 1, besides that B is minimal. Let us consider the following example:
A=C(S"),F| =Ca&CaC, F, = My(C) & M;(C) (at this time, F, has two blocks
rather than one, which we required in Theorem ,

gog(aeeb@c)_(” b)@(” C), and (p’l(a@b@c)_(” b)@(” C),

and B = B(F{, F}, ¢, ¢}) € C. Then

,_ g (110
"‘_ﬁ_<1 0 1)'

Consider the commutative diagram A € C(A, B),
Z,

(1)) Em

ZDLDL ——7T D7
a'—p'=0

1-1=0

Note that M(A, B) = {0}, B is minimal, the diagram A is positive. But the KK-
element KK(A) cannot be lifted. (From Remark 2.2 if the KK-element KK(A) can
be lifted, there will be a homomorphism inducing A, which is contradictory to

Corollary3.7))
We should also mention that KK(A¢17)) € KK*(C(S'),C(S")) (see Re-

mark 3.10), but KK(A1,1)) x KK(A) & KK (C(S"), B). (KK(A(1,1)) x KK(A) still
corresponds the class of the diagram A € C(C(S'), B)

g 11=0 .
0 1
(), (5
7267 ®7 ——717DYZ,

o' —p'=0

which cannot be lifted as we have just shown.) Then we have
KK(A)(K(A)) £ KL (B),
which says that KK(A) does not respect the Dadarlat-Loring order.

It is not hard to see that Theorem 2.91and Theorem [3.8 also hold in the non-
unital case. In particular, the following result of Dadarlat and Loring (see [2]) can
be proved (in a new way).



460 QINGNAN AN AND GEORGE A. ELLIOTT

THEOREM 3.12. Let A € C. There is a natural isomorphism of groups
KK(Ip, A) = [I,, A® H]
Proof. For a commutative diagram A € C(I, A),

p

L ——/A

denote by A, € M(Ip, A) the diagram

%—

Z
‘/\0|+I ‘/\0|+I

<;N

Ko(Fy) —> Ki(SE),

where [Ao| = (|]AY ], [AY,], ..., |Ag’p )T, 1=(1,1,...,1)T. Then Ag + p(|Ag| + I) is
a positive map, which means that A is positive modulo M (Ip, A) . From Theo-
rem 3.8, we have a homomorphism inducing A. &

We shall now give a (new) proof of the criterion for KK-lifting of Jiang and
Su. (In fact, a generalization of Theorem B.2]above.)

THEOREM 3.13. Let A,B € C, and suppose that both X;1(A) and Ky (B) are
torsion groups. Then there are natural group isomorphisms

KK(A, B) = Hom(K°(B),K°(A)) = C(A, B)/ M(A, B).
Furthermore, if A € Co, then the isomorphisms respect the order structures.

Proof. For A, B € C, a commutative diagram A € C(A, B),

7T

* “7/5 Ly
0 ——=Ko(A) —=Ko(F) —= Ky (SF) —= Ky (A) ——0

J

0 —— Ko(B) —— Ko(F) o Ki(SB) ——=Ki(B) —=0,

*

is dual to
0 KO(A) < KO(Fy) S K1 (SEy) <2 K1(A)(= 0)
IR
0~ KO(B) < KU(F)) < KI(SF§) < KI(B)(= ).

T O(/T—ﬁ/T
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If K;(A) and K;(B) are both torsion groups, we have rank(a — ) = p and
rank(a’ — ') = p'. Then aT — BT, &’ — B'T are injections. So we may regard
K!(SE),K!(SF)) as subgroups of K°(F;),K°(F]), respectively, and Al as the re-
striction of AJ.

Let 4 € Hom(K;(SF,),Ko(Fy)); then the element A, € M(A, B),

TT.

0 — Ko(A) —Ko(F) Ly Ki(SFy) ——K;(A) —0

N

0 —— Ko (B) — Ko(Fp) s Ki(SF) — K{(B) —=0,

is dual to

“T_ﬂT *

0~ K(A) <" KO(F) = K!(SE) =——

C

0 <~— K°%B) =<— K%F)) =<—K!(SE) 0,

T D(,Tfﬁ,T

|

*
l/

where uf = pTo (/7 — g'7) and pf = (a7 — pT) o T,
Define a map $ : C(A, B) — Hom(K°(B),K"(A)) by

A2y 20,
Obviously, $ is a homomorphism. Firstly note that K°(F; ), K!}(SE), K (F]) and
K!(SF}) are free abelian groups, which have the projective property, so that for
any 6 : K%(B) — K°(A), we can construct a commutative diagram

0 10 «—p
0<—K'(A) <—K(F) <— K'(SF)

Ce

0<— K%B) =<—— K°(F) =<—K(SE))

T o/T—ﬂ/T /

*

|

|

1%

This shows that §) is surjective. Secondly, we see that, for any commutative dia-
gram

0<~— KO(A) <" KO(R) = K!(SF) <"—
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there exists a map y from K; (SF,) to Ko(F;) such that

pi=pTo @ =p"), =" =g o,
which shows that ker $§ = M(A, B).
Thus, Hom(K°(B),K%(A)) and the quotient C(A, B)/M(A, B) are isomor-
phic as groups — in fact, inspection of the proof shows as ordered groups.
It follows by Theorem [2.9that, as groups, with respect to the natural map,

KK(A, B) = Hom(K°(B),K°(A)).

If, in addition, A € Cp, then by Theorem [3.8] the isomorphism respects the order
structures. 1

4. THE VARIOUS ORDER STRUCTURES ON THE KK-GROUP
FOR ELLIOTT-THOMSEN ALGEBRAS

Using the criterion for KK-lifting given in the previous section (Theorem3.§|
and Theorem [3.9), we shall now consider in addition the Dadarlat-Loring order
structure on the KK-group for A, B € C. We shall show that there is an existence
theorem for A € Cp, B € C. But this theorem does not hold for certain special
cases A, B € C, even if we assume that I, = M,(C) (recall that in Paragraph
for A to be in Cp we required that both F, = M,(C) and ker ¢y @ ker ¢p1 = Fy).
One will see that the tool we gave (in Theorem makes the checking of KK-
lifting easier, especially when we need to compose KK-elements. First, let us
consider the class of Paragraph[l.6|

THEOREM 4.1. Let A = I[mg, m, mq], B = I[ng,n,n1]. If a is a KK-element in
KK(A, B) satisfying
(K" (A)) CK"(B),
then « can be lifted to a homomorphism.

Proof. By Theorem 2.9} there exists a commutative diagram A € C(A4, B),

(m/morfm/ml)
_— >

YASY/

(2 )] |

VYASY

o

7

(n/ng,—n/ny)
such that A + M(A, B) = x(a). From
«(K"(A)) CK'(B),
it follows from Section 3 in [3] that

a(KK* (I, A)) € KK* (I, B).
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Let
1Ly, — A

denote the natural embedding. Then the homomorphism : induces the following

diagram A, € C(Tm,A):

(mffm)

7167 ——>7
(mo ml)l il
YASY/

(m/m0/_m/m1)

Also, we have
a([]) € KK+(Tm,B).

Note that a([1]) coincides with the class of the diagram A,y € C (Iy, B):

(m,—m)

YASY/
()] |

YASY/

(n/ng,—n/ny)

From Theorem the rest of the proof is divided into two cases.
Case 1. Suppose that «([1]) is lifted as the zero map from I,,, to B. In this case

the diagram Atx ( M ) ,

(mr*m)

YASY/
()| |
VYASY

(Tl/?l(),*?l/nl)

belongs to M (Tm, B). That is, there exist y1, ya € Z such that

Hin  pon
amg = pim, bmy = —pum, cmgy=ppm, dmy = —pom, s=1"—7—".
no n
Then, we have
m m m m n n
o= H" , p=—H" , c:—yz, d:——‘uz, g = 11 12l
myo my mo my no n

Consequently, the diagram A, given by

Z (m/mo,—m/ml)

|

Z,

N
N 2N
P<~—607D

Z

(n/ng,—n/ny)
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belongs to M(A, B). So we have lifted « as the zero map from A to B.
Case 2. Suppose that a(][1]) is lifted as the non-zero homomorphism from I,
to B. In this case, the diagram A, (),

(m,—m)

YASY/ Z
()| |

72®67 —————— 17,

(n/n()/_n/nl)

is positive modulo M (Tm, I[ng,n, nq]); that is, there exist yy, yp € Z such that
amg+puym =0, bmy—puym =0, cmg+puym >0, dmy—puym=0.

Then, we have

Q+M>Ol b7M>O/ C+7
mo m myo nmy

Note that

(114—#1771/"10 b_lilm/nﬁ)?éo
c+pm/my d— ppm/m '

That is, A is positive modulo M(I[mg, m, my], I[ng, n,n1]). So from Theorem
we have «a lifted as a homomorphism from A to M, (B) for some integer r. 1

Now we can generalize Theorem [4.1]as follows.

THEOREM 4.2. Let A € Cp and B € C. Then a KK-element -y € KK(A, B) can
be lifted to a homomorphism if and only if

7(K¥(A)) CK*(B).
Proof. Here we only need to prove the sufficiency. Suppose that
F =My, &My, - DMy, &My, ©My, &S My,
where 0;, 1; are positive integers and
ker 1 = Mo, ® Mo, @ --- D My, kergo= My, GMy, D - ®OM;, s+t=p.
Write
o= (ary,...,a150,...,0) and B=1(0,...,0,B1(sq1) -+ Bi(s+t))-

Then for any x € {1,2,...,s} and y € {1,2,...,t}, let myy = aiy - ,51(5+y) -0y -
1, € N. By Theorem there exists a homomorphism 7y, from me to M,(A)



ON THE KK-THEORY OF ELLIOTT-THOMSEN ALGEBRAS 465
inducing the following commutative diagram Ayy € C(Ip,,, A):

(mxy/*mxy)

72067 ——>7

Agyl l1

7P ——— > 7

a—p
where
0
/ocl 0
41 AW = | My
(4.1) 0 0 My / Brisiy)

0

(the p x 2 matrix with all entry 0 except for (x,1)™ entry m., /a1, and (s +y,2)™h
entry mmyxy / B1(s4y))- By Theoremthere is a commutative diagram A € C(A, B):

(mxy/*mxy)

P ——— 7

(a,-/i)plxpl J{s

Zp/ - Zl/

o —p/
such that A + M(A, B) = x(v). Since
7(K"(A)) CK"(B),
we have
Y(KK* (I, A)) € KK (I, B).
It follows that
7([1xy)) € KK* (I, B).
7 ([17xy]) coincides with the class of the following diagram A.(,,,j) € C (me, B):

(m:cy/*mxy)

262 ————17Z

(ai,f)P,XPASy\L is

By Theorem there exists iy, = (]/t}cy, yiy, e, yﬁ,y)T € Hom(K;(SF),Ko(F))
such that the map

(ﬂi’z‘)p'xp/\gy + pxy (Mxy, —Mxy)



466 QINGNAN AN AND GEORGE A. ELLIOTT

is positive, i.e., forany i’ € {1,2,...,p'},

ﬂi/(ery)mxy i

A My
;Bl(s+y)

il
Myy = 0,
K1y ny Wz

Then forany i’ € {1,2,...,p'}, we have

Ay + y;ylex 20, apsiy— Vicyﬁl(sw) > 0.
Letu = (p1, p2,- -, ypr)T, where

L
Hy = myinmxaxygcy, ie1,2,...,7.

Then forany i’ € {1,2,...,p'}, we have
Ay + ity 20, Ajrsiy) — HirPr(s1y) = 0,
in other words, the map
(ari)pr<p + pula—B)
is positive.
Let A € C(A, B) denote the following commutative diagram:

TTs a—pB

0—— Ko(A) — KO(Fl) —_— Kl(SFz) by Kl(A) —0

J A

0 ——Ko(B) *,>KO(F1/) /*IS?Kl(Sle) */>Kl(B) —0,
T, o — Ly

where Ay = (0,0,...,0)T. Note that
Ki(Sh)=Z and a—B=(a11,---, 215, =Pi(s41)r- -+ —Bi(s+t))-

Immediately we will have A = (0,0,...,0)T.

In summary, x(7) is positive. It follows from Theorem B.8|that x () can be
lifted as a homomorphism. 1§

COROLLARY 4.3. Assume that A, B € C are minimal and F, = M, (C). If yisa
KK-element in KK(A, B) satisfying

7(K(A)) CK'(B),
then x(vy) is positive.
Proof. As F, = M,(C), « — Bisal x p matrix. Transform a — f8 into
(p1,p2,---, Pa, M1, M2, ...,1y,0,0,...,0)
where A and V are integers, and

pe>0, ke{l1,2,...,A} and n, <0, me{l,2,...,V}
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For py, nm, we do the same thing as what we did in the proof of Theorem
and for the 0in (p1, p2, ..., pa, 11, M2,...,1y,0,0,...,0), we construct a map from
C(S') to A. Then we have that x(7) is positive. &

The following theorem is a corollary of the universal coefficient theorem
proved in [1].

THEOREM 4.4. Let A, B be C*-algebras. Suppose that A € N (where N is the
“bootstrap” category defined in [17]), K. (A) is finitely generated, and B is o-unital.
Then the natural map

I': KK(A, B) — Hom(K(A),K(B))
is a group isomorphism.
As C C N, Theorem 4.2 can be expressed as the following theorem.
THEOREM 4.5. Assume that A € Co and B € C. Then the natural map
I': KK(A, B) - Hom (K(A),K(B))

is an order isomorphism. Here Hom | (K(A), K(B)) is the cone consisting of the classes
which preserves the Diddrlat-Loring order.

REMARK 4.6. Here we should point out that Theorem 3.13|and Theorem[4.5]
still hold if we allow A to be the direct sum of blocks in Cp; Corollary still
holds if A is the direct sum of some minimal blocks in the class of blocks
A(Fl,l:z, ®o, q)l) e CwithF, = Mn((C)

Note that for any A € C,Ko(A) is torsion free. It follows that for any C*-
algebras A, B € C, the requirement

(K" (A)) CK'(B)
is equivalent to
w(K(A;Z@Z,)) CKS(BZSZy), p=2, and a(K(A)) C K (B).
If we further assume that
K;(A) = Torsion(K;(A)), and K;(B) = Torsion(Kj(B)),
then the inclusion
#(K*(A)) C K*(B)
is equivalent to the inclusion
w(KJ (A;Z0Zy)) CKY (B Z® Zy).

Note that the C*-algebras of the example in [10] are in the class of Theo-
rem (4.1l and therefore cannot serve the purpose intended in Theorem 1.1 of [10].
The intuition of the authors is, still, quite correct. We present a new example here,
in the setting of the general class of C, in which the lifting is indeed not possible.
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EXAMPLE4.7. Let F; = C® C, F, = My(C),
¢po(a®b) = diag{a,a,a,a}, ¢1(a®b)=diag{a,a,b,b},
B=1I),and A = A(F,F, ¢g, ¢1) € C.

Consider the following commutative diagram A € C(A, I):

(2-2)
107 ——7

ol )

707 ——17.
(2-2)
With Theorem 3.8} it can be easily checked that the related KK-element preserves
the Dadarlat-Loring order of K-theory with coefficients. Note that A is the unique
element in A + M(A, I) with a positive map Ag from Ko (F;) to Ko(F}). Then with
Remark [2.2]and Corollary 3.7, we get that the KK-element in question cannot be
lifted. (This means that the existence theorem does not hold directly even for
some special cases of A(Fy, B, ¢o, ¢1) € C with F, = M,,(C).)

In general, Theorem and Theorem tell us, when A € Cp, that the
three ordered groups KK(A, B), C(A,B)/M(A,B) and Homx (K(A),K(B)) are
isomorphic. And if we require the weaker condition that A have only one generic
block, i.e., that F, = M, (C), then by Theorern and Theorem we still have
(as groups, with the natural maps)

KK(A, B) & C(A, B)/ M(A, B) = Hom(K(A), K(B)),
and by Corollary 4.3 we have
KK* (A, B) C Hom, (K(A),K(B)) C (C(A,B)/M(A,B))".

In the case of Example[t.7] KK* (4, B) S Hom}} (K(A),K(B)). And in the case of
Remark 3.11] Hom}} (K(A),K(B)) S (C(A,B)/M(A,B))*.

REMARK 4.8. What needs to be pointed out that both of the order structures
coinciding with Hom} (K(A),K(B)) and (C(A, B)/M(A, B))" are much stronger
than the order structure on Homx (K(A), K(B)) used in [16], where an element is
positive if and only if its restriction to the Kg part is positive. The order structure
in [16] in general is not sufficient for KK-lifting, even for dimension drop algebras.
We show the following example.

Let A = I3 and B = C. Consider the diagram A € C(I3,C)

(3r—3)
7217 ——171

i

7Z — 0.
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One can easily check that KK(A)(Kj (I;)\{0}) K7 (C)\{0}, while it can not be
lifted.

At last, we should point out that the condition
F, = M, (C)

on A(Fy, F, ¢o,¢1) € C in Corollary is necessary. Consider the following
example with A minimal and F, = M,(C) & M;,(C).

EXAMPLE49. Let F; =C& Ca@ C, F, = M(C) & My(C),
po(a®bedc) = diag{a,a} ®diag{b, b}, ¢1(a®bdc) = diag{b,b} P diag{c,c},
B=Cand A = A(F, K, ¢, 1) € C. Then we have
2 00 0 20
“‘(0 20) and 5‘(0 02>‘
Consider the following commutative diagram in C(A, B):

YA Y e N

(1,1,1)i io

Z 0.

Denote the related KK-element by . Now let us check whether v preserves the
Déadarlat-Loring order.
Case 1. Let A € C(C(S'), A) be the commutative diagram

(1)) |(5)

a—

1-1=0

where x,1,z > 0. Then from the commutativity of A, we immediately get x =
y = z. Further more, the commutative diagram

corresponds to the class of KK(A) x v, which can be lifted.
This implies
7(K{ (A)) CKI(B).
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Case2. Let A € C (Tp, A) be the commutative diagram

zo7 " g

(i ¥)| |5

VASYASY ﬁ YASY/
wheree, f,g,x,y,z > 0. Then from the commutativity of A, we have
e—f:y—x:%::A and f—g:z—y:%p::@
Note that the commutative diagram

(p—

7Dl —— Z
(e—=f+gx—y+z) J/ J{
Z —0

corresponds to the class of KK(A) x 1.
(i) If t is even, the commutative diagram

Z@ZMZ

(@,@)l J{o

is contained in M (Tp, B). As

e—f+g+0=¢e>20 and x—y+z-0=x2=0,

we get that A is positive modulo M(I,, B). By Proposition (3.5, KK(A) x 7 can be
lifted to a representation.
(ii) If s is even, the commutative diagram

za7%7" (p,—p) 7
~
7 ——0

is contained in M (E, B). As
e—f+9g—-A=g>0 and x—y+z+A=2z20,

we get that A is positive modulo M(I,, B). By Proposition (3.5, KK(A) x 7 can be
lifted.
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(iif) If both s and ¢ are odd, the commutative diagram

Y (p—p) 7

(@—A,A—@)l io

is contained in M(TP,B). As
e—f+g+0—-A=f>20 and x—y+z+A-0=y2=0,

we get that A is positive modulo M(I,, B). By Proposition (3.5, KK(A) x 7 can be
lifted.
From (i), (ii) and (iii), we have

w(KJ (A ZDZy)) C Ky (B LD Zp).

In summary, 7y preserves the Dadarlat-Loring order, but x () is not positive
(by definition) and so cannot be lifted (by Proposition[3.5). (y does not preserve
the order structure of K-homology, either. Note that this is different from the
case in Corollary This is the reason we consider the subclass A € C with
F, = M, (C), and Exampleand Theoremhave shown that, in this subclass,
Co is even more special.)
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