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ABSTRACT. A well known result of C. Cowen states that, for a symbol ¢ €
L*®, ¢ = f + g (f, g € H?), the Toeplitz operator T, acting on the Hardy space
of the unit circle is hyponormal if and only if f = ¢ + T;g, for some ¢ € C,
h € H®, ||h]|c < 1. In this note we consider possible versions of this result
in the Bergman space case. Concretely, we consider Toeplitz operators on the
Bergman space of the unit disk, with symbols of the form
¢ =az" + Bz + yzP + 679,

where «,8,v,0 € Cand m,n,p,q € Zy, m < nand p < g. By studying the
asymptotic behavior of the action of T, on a particular sequence of vectors, we
obtain a sharp inequality involving the above mentioned data. This inequality
improves a number of existing results, and it is intended to be a precursor of
basic necessary conditions for joint hyponormality of tuples of Toeplitz oper-
ators acting on Bergman spaces in one or several complex variables.
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NOTATION AND PRELIMINARIES

A bounded operator acting on a complex, separable, infinite dimensional
Hilbert space H is said to be normal if T*T = TT*; quasinormal if T commutes
with T*T; subnormal if T = N|4, where N is normal on a Hilbert space K which
contains H and NH C H; hyponormal if T*T > TT*; and 2-hyponormal if
(T, T?) is (jointly) hyponormal, that is

[T*,T] [T, T]
>
([T*, TZ] [T*z, TZ] 2 0.
Clearly,

normal = quasinormal = subnormal = 2-hyponormal = hyponormal.
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In this paper we focus primarily on the cases H(T) and A?(D), the Hardy space
on the unit circle T and the Bergman space on the unit disk I), respectively. For
these Hilbert spaces, we look at Toeplitz operators, that is, the operators obtained
by compressing multiplication operators on the respective L?-spaces to the above
mentioned Hilbert spaces. We consider possible versions, in the Bergman space
context, of C. Cowen’s characterization of hyponormality for Toeplitz operators
on Hardy space of the unit circle. Concretely, we consider Toeplitz operators on
the Bergman space of the unit disk, with symbols of the form

¢ = az" + pz" + yzZF 4671,

where &, B,7,6 € Cand m,n,p,q € Z, m < nand p < q. By letting T, act on
vectors of the form

Fret+d k<t <),

we study the asymptotic behavior of a suitable matrix of inner products, as k —
0. As a result, we obtain a sharp inequality involving the above mentioned data.
We begin with a brief survey of the known results in the Hardy space context.

1. THE HARDY SPACE CASE

Let L?(T) denote the space of square integrable functions with respect to the
Lebesgue measure on the unit circle, and let H?(T) denote the subspace consist-
ing of functions with vanishing negative Fourier coefficients; equivalently, H(T)
is the L?(T)-closure of the space of analytic polynomials. We also let L*°(T) and
H®*(T) denote the corresponding Banach spaces of essentially bounded functions
on T. The orthogonal projection from L?(T) onto H?(T) will be denoted by P.

Given ¢ € L*(T), the Toeplitz operator with symbol ¢ acting on the Hardy
space is T, : H*(T) — H?(T), givenby T,f := P(¢f) (f € H*(T)). T, is said to
be analytic if ¢ € H*(T).

PR. Halmos’s problem 5 ([8]) asks whether every subnormal Toeplitz op-
erator is either normal or analytic. In 1984, C. Cowen and J. Long answered
this question in the negative [4]. Along the way, C. Cowen obtained a charac-
terization of hyponormality for Toeplitz operators, as follows [3]: if ¢ € L%,
¢ = f+g (f,g € H?), then T, is hyponormal < f = ¢ + T;g, for some ¢ € C,
h € H®, and ||h||ec < 1. T. Nakazi and K. Takahashi [11] later found an alterna-
tive description: for ¢ € L%, let £(¢) := {k € H® : ||k||co < 1and ¢ — k¢ € H®};
then T, is hyponormal < £(¢) # @. (For a generalization of Cowen’s result, see
[7].) In this note we take a first step toward finding suitable generalizations of
these results to the case of Toeplitz operators on the Bergman space over the unit
disk. We also wish to pursue appropriate generalizations of the results on joint
hyponormality of pairs of Toeplitz operators on the Hardy space, obtained in [6]
and [5].
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At present, there is no known characterization of subnormality of Toeplitz
operators in the unit circle in terms of the symbol. However, we do know that ev-
ery 2-hyponormal Toeplitz operator with a trigonometric symbol is subnormal [6].
Thus, a suitable intermediate goal is to find a characterization of 2-hyponormality
in terms of the symbol, perhaps using as a starting point either Cowen’s or
Nakazi-Takahashi’s characterizations of hyponormality.

For Toeplitz operators with trigonometric symbols, the following result gives
a flavor of what is known about hyponormality.

PROPOSITION 1.1 ([14]). Suppose

n n
p(z) = Z 4zt + Z bizk,
k=0 k=0

with a,, # 0. Let

Co ap ay -+ Ay
31 a as --- n

Enfl an O

by

by

by
<k <

By analogy with the case of the unit circle, let L* = L*(D), H® = H®(D),
[? = [?(D) and A? = A%(D) denote the relevant spaces in the case of the unit
disk D. Similarly, let P : L2 — A? denote the orthogonal projection onto the
Bergman space. For ¢ € L%, the Toeplitz operator on the Bergman space with
symbol ¢ is

1 4n

a 0

0 0
Then T is hyponormal if and only if [Py (co, ..., cx)| < 1 (0 n — 1), where &y

denotes the Schur function introduced in [13].

2. THE BERGMAN SPACE CASE

T, : A*(D) — A%(D),
given by
Tof =P(pf) (f€A?).
T, is said to be analytic if ¢ € H®.
2.1. A REVEALING EXAMPLE. Let
p=72"+2z.
On the Hardy space H?(T), T, is not hyponormal. However, on the Bergman

space A%(D) T, is hyponormal, as we now prove. Consider a slight variation of
the symbol, that is,

p=74+az (a€C).
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Observe that
([Ty, Tolf, £) = (|aP[Ts To] + [Tz, T2lf, f)

so that T}, is hyponormal if and only if

(2.1) la?l|zf [ + (P(Z2), 2% f) > |al*(P(zf), Zf) + |2 f]1?

forall f € A%(D).
A calculation now shows that this happens precisely when |a| > 2, as fol-

lows. For, given f € A?(D),f = Y b,z", one can apply Lemma beow and
0
obtain

l2f |2 = Z'b”'z IPEAIE = zw "
n+2’ (n+1)%

[bu]?

2 0112 2 2 M —
— P
el —Eoln 5 and [PE)] 2;|n| 0 1)

Thus, (2.1) becomes

22) | Z“”2+§H|2n ! IaIZIbI2 ! i
‘ n+2 b T2 7 n+1)2 ' 5

In short, equation must hold for every sequence (by) of coefficients of f.
Consider first a sequence (b,) with by := 1 and b, := 0 foralln > 1. By ,
we have \uc\z > % Next, take by := 0,b; := 1 and b,, := 0 for all n > 2; then
yields |a|?> > 3. Finally, if we fix k > 2 and we use a sequence (b, ) defined as
bp:=0,b1:=0,...,bp_1:=0,b; := 1and b, := 0 for all n > k, then becomes

|a|? k—1 > | k L1
k+2  (k+1)27 " (k+1)2  k+3

This immediately leads to the condition

k+2
2 > 4n 2

k> 2);
s @ )

that is, |«|[> > 4. As a result, T, is hyponormal if and only if |a| > 2. It follows
that T., ,, is hyponormal.

2.2. A KEY DIFFERENCE BETWEEN THE HARDY AND BERGMAN CASES.

LEMMA 2.1. Foru,v > 0, we have

0 v<u,
P(z"z°) = {(U 1) oo

v+1 02U
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Proof.

0 Pl 7
P(z"z%) = <E”z”, —> —
R FIAE

j=0
[eS) ) ] j [}
=y EEEE 5 2y
j=0 [12/]] j=0
J0 v<u, I
- U;_L:_Jlrlzvfu v>u.
COROLLARY 2.2. Forv > uand t > w, we have
_ v—u+1 , , t—w+1 ,_ (t—w+1)
P U0 P w v—u f—w\ _ 5 .
(PE'2), PE2) = (2 7 ) = g

2.3. SOME KNOWN RESULTS. In this subsection, we briefly summarize a number
of partial results relating to the Bergman space case.

(o) (H. Sadraoui [12]). If ¢ = g + f, the following are equivalent:
(i) Ty is hyponormal on A (DD);
(i) HyHg < H; iz
(iii) Hy = CHp, where C is a contraction on A%(D).
() (IS. Hwang [9]). Let ¢ = a_,z" +a_nZN + anz™ +anzV (0 < m < N)
satisfying a,an = a—ma_n, then T, is hyponormal if and only if

1 1
NJrl(lﬂN\2 la_n|?) = — (|ﬂ—m|2— lam|?)  if la_n| < |an],
N%(la—n|* = lan[?) < m?(lam]? — |a—w[?) if lan] < |a—p]-

The last condition is not sufficient.
() (P. Ahern and Z. Cuckovié [T]). Let ¢ = g+ f € L*(D), and assume that
Ty is hyponormal. Then

Bu>u

where B denotes the Berezin transform and u := |f|? — |g|?.
() (P. Ahern and Z. Cuckovié [T]). Let ¢ = g+ f € L*(D), and assume that
Ty is hyponormal. Then

limsup(|f'(z)|* ~ 8 (z)|*) = 0

z—(

forall { € T. In particular, if f' and ¢’ are continuous at { € T then |f'(0)| >
)

(o) (Y. Luand Y. Shi [10]). The authors study the weighted Bergman space case,
and prove the following result (cf. Theorem 2.4(ii) of [10]): let ¢ := az" + Bz +
vz" + 62", with n > m. Then m?(|B|> — |7|?) + n?(|a|? — |6|*) = mn|ap — 75|
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2.4. HYPONORMALITY OF TOEPLITZ OPERATORS ON THE BERGMAN SPACE. The
self-commutator of Ty is

C:= [T, Ty).

We seek necessary and sufficient conditions on the symbol ¢ to ensure that C > 0.

The next result gives a flavor of the type of calculations we face when try-
ing to decipher the hyponormality of a Toeplitz operator on the Bergman space.
Although the calculation therein will be superseded by the calculations in the fol-
lowing section, it serves both as a preliminary example and as motivation for the
organization of our work.

PROPOSITION 2.3. Assume k, £ > max{a,b}. Then

L +c? ! }5
(k+1)2(k+1+a) '~ (0+1)2(0+1+a)l

k—0+a 5
(a+k+1)(k+1)(041) otkbtt
l—k+a 5
(a+0+1)(k+1)(0+1) ”*“’*k} ‘
Proof. Keeping in mind that k, ¢ > max{a, b}, we calculate the action of the
commutator on the binomial z* + cz’:

([T, Tpp] (2 4c2t), 2F 4e2t) =a? {

e

+

([T, Tp] (2 + c2°), 2K + c2°)
= (Taa Ty (2 + c2), 2K + c2') — (T Toa (25 + 2%), 28 + c2°)

z
= (2" ezt 20K ) (P + (702, PR + 2Peh))
_ Oap Oakprt Oavtpik | 2 Oap
T R By e Sy s gy g
(k—b+1) (k—a+1)
g Vab — C a7 T et b btk
(k+1)2 " Tkt 1)(€ 1) 0t
o k=br1) _all=b+1)
(k+1)(£+ 1) orkbee (C+1)2
1 (k—b+1) (L—b+1)
2 _ )
[a+k+1+ca+z+1 k+12 ° (fr12 Jous
1 (k-brl) }5a+kb+f
atk+1  (k+1)(C+1))%k
1 {kmatl) }‘5a+£b+k
atl+1  (k+D)(l+1))0 0
:{(k+1)(b—a)+ab C2(€+1)(b—a)+ub}
k+1)2(k+1+a)  (C+12(+1+a)l™
S et A ) }‘Sa+kb+f
atk+1  (k+1)(0+1))%F

‘Sa,b

=

=

o
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1 _tk-atl) }5a+éh+k
PRI Rl e Ty R
2 2

+e|

_{ . +c? a }(5
N (k+1)2(k+1+ﬁl) (€+1)2(€+1+ﬂ) a,b

(if a # b then this whole expression is 0)
k—f0+a 5
(a+k+1)(k+1)(041) otkbtt
{—k+a 5
(a+ 0+ 1)(k+1)(f+1) oribsk
1 1
:az{(k+1)2(k+1+a) +C2(£+1)2(£+1+a)}5”'b
k—{0+a 5
(a+k+1)(k+1)(0+1) nrhbtt
{—k+a
+_(a%—f%—l)(k—k1)(6%—1)5ﬂ+&b+kL

+ac

+ac

+ac|

as desired. 1

COROLLARY 2.4. Assumea =b,k, ¢ > aand k # L. Then

1 1
([Ter, Teo] (2 4 e2"), 2F +e2f) = ”2[(k+ D2kt 1ta) ¢ (L+1)2(0+1 +a)]

2.5. SELF-COMMUTATORS. We focus on the action of the self-commutator C of
certain Toeplitz operators T, on suitable vectors f in the space A?(D). The symbol
¢ and the vector f are of the form

¢ =az" + 2" + 92V +6z1 (n>m;p <gq), and
fi=2 2l +d (k<t<7),

respectively, with ¢ and r to be determined later. We also assume that n —m =
g — p. Our ultimate goal is to study the asymptotic behavior of this action as k
goes to infinity. Thus, we consider the expression (Cf, f), given by

<[(Taz”+ﬁz"’+72p+ﬁ‘7)*f Taz’1+ﬂzm+wff’+52‘4] (Zk + cz' + dzr)/ Z* + cz' + dzr>r

for large values of k (and consequently large values of ¢ and r). It is straightfor-
ward to see that (Cf, f) is a quadratic form in ¢ and d, that is,

(2.3) <Cf,f> = Ago + 2Re(A10C) + 2Re(A01d) + Appcc + 2Re(A115d) + Aozda.
Alternatively, the matricial form of is

Ao A Aot 1 1
(2.4) < A Ap An c |.| ¢ > :
An An Am d d
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We now observe that the coefficient Ay arises from the action of C on the
monomial z¥, that is,

k ok —
Ao = (Cz',2") = <[(To¢z”+ﬂz’”+’y§”+(52‘7)*/Taz”+ﬁzm+'yip+52q]zkf Zk>-

Similarly,
Ay = (C2',2),
(2.5) Ap = (CZ',75),
Ay = (CZ',2"),
(2.6) Ay = (CZ,2Y),

To calculate Agg explicitly, we first recall that the algebra of Toeplitz opera-
tors with analytic symbols is commutative, and therefore T,» commutes with T,m,
sz and Tzq.

We also recall that two monomials z* and z” are orthogonal whenever u #
v. As a result, the only nonzero contributions to Ay must come from the inner
products ([Ts, Ten|2X, 25), ([Tiw, Tem25, 25, ([T2,, Tor)2¥, 2F) and (T3, Tu25, 25)

Applying Corollary 2.4 we see that

PR ( |af?n? eI v A )
O k+12\k+n+1 " k+m+1 k+p+1 k+g+1/)
Similarly,
- 1 k—m+1
A0 =31 - (k+1)(£+1))‘5”+k””+Z
— 1 k—n+1
+“ﬁ(e+n+1*(k+1)(£+1))‘5m+kr”+f
_ 1 k—p+1
_7‘5(£+p+1 a (k+1)(e+1))‘5q+kfW
- 1 k—q+1
@7) _75(£+q+1 B (k+1)(€+1))5ﬁ+k"7+€'

Now recall that m < n and k < ¢, so that m +k < n + /, and therefore 6,, 1y =
0. Also, p < q implies p +k < g+ ¢, so that d, 4, = 0. As a consequence,

_ 1 k—m+1
A = — 1)
10 “,B<€+m+1 (k+1)(£+1)> n+km-+/¢

_ 1 k—p+1
28) - 75(£+p+ 1 (k+1)(f+ 1))(5‘7”"”*5'

Consider now Aypi, as described in (2.5). We wish to imitate the calculation
for Ajg. Observe that k < r, so that the vanishing of the relevant ¢’s in (2.7) still
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holds. Thus, we obtain

_ 1 k—m+1
An —aﬁ(r+m+1 - (k+1)(r+1))5n+k,m+r
_ 1 k—p+1
(2.9) _7‘5(r+p+1 - (k+1)(r+1))5‘7+""”“'

In short, Ay can be obtained from Ay by replacing ¢ by r. In a completely anal-
ogous way, we can calculate Ay, by replacing £ by r and k by £ in (2.7):

_ 1 {—m+1
An = wﬁ<r+m+1 B (€+1)(r+1))5n+£’m+r
_ 1 {—p+1
210 _75(r+p+1 B (r—f—l)(é—l—l))(s‘ﬁg"’”'

Also, Ayg and Ay follow the pattern of Ag:

1 2,2 2,2 2,2 5122
Ay = ( |a]n BITm”™  _v7p"16l%q ) and
(C+1)2\ltn+1 " (+m+1 L+p+1 L+gq+1
1 | >n? |B*m? s |69
(r+1)2\r4+n+1 r4+m+1 r+p+1 r+q+1

Recall again that k < ¢ < r. We now make a judicious choice to simplify the
forms of Ay, A1 and Ag;. Thatis, welet{ :=n+k—mandr:={¢+g—p. It
follows thatn +k =m+ ¢ < m+rand g+ k < g+ ¢ = p + r. Therefore, both
Kronecker deltas appearing in Ay are zero, and thus Ag; = 0. Moreover,

Ao :Eﬁ(£+r}1+1 h (ki_l;zzill))

(2.11) _75(£+;+1 - (ki_liZ:l))‘s‘”k'W and
An = Eﬁ(r + nl1 +1 (ri—l?éftjl) )5”“""”

(2.12) _75(;’—}—;4—1_ (ri—_l)p(z_—:l)>

The 3 x 3 matrix associated with C becomes

Agp A 0
M:=| A Ax An |.
0 An A,

We now wish to study the asymptotic behavior of k> M as k — co. Surprisingly,
k3 Agg, k3 Agy and k3 Ay all have the same limit as k — oo. Also, kK*Ajg and K3 Aq;
have the same limit. To see this, observe that

K ( klaPn®  K[BPm*  klyIPp*  kloPg? )
(k+1)2\k+n+1 k+m+1 k+p+1 k+q+1/)’

KAy =
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so that
a:= lim k3A00 = |0c|zn2 + |,3|2 2 _ \’Y|2P2 - “5|2‘72'
k— 00

Then kh—>nolo KAy = kh_r}r;o kK3Agp = a. In terms of the remaining entries of KM,
recall the assumption n —m = q — p, and let g := n —m = q — p. It follows that
¢ =k+gandr ={+ g =k+2g. By using these values in (2.11)), we obtain
K3mn
(k+1)(k+g+1)(k+g+m+1)
= Fpq
(k+1)(k+g+1)(k+g+p+1)

Ay = ap

so that
pi= ;}EIc}okSAlo = apmn —7yopq.

The calculation for Aj; is entirely similar, and one gets klim KA, = 0.
—» 00

It follows that the asymptotic behavior of kK>M is given by the tridiagonal

matrix
a p 0
o a p |.
0 p a

Now, if instead of using a vector of the form
fi=F 4t +d (k<t<r),

with ¢ = k+gand r = £+ g = k+ 2g¢ (that is, a vector of the form f := zF +
czk+8 4 dzK+28) we were to use a longer vector with similar power structure,

fN = Zk + C12k+g + szk+2g +--+ CNZk+Ng,

it is not hard to see that the asymptotic behavior of the associated matrix would
still be given by the tridiagonal matrix with a in the diagonal and p in the super-
diagonal. To see this, one only need to observe that the entries of the matrix
P associated with (Cf, f) will follow the same pattern as the entries in M. For
example, when N = 3 the (3,4)-entry of P will follow the pattern of Ajj above,
with £ and k replaced by k + 3¢ and k + 2g, respectively. Similarly, the (2,4)-entry
of P will follow the pattern of Ay above, with r and k replaced by k + 3¢ and
k + g, respectively. As a result, it is straightforward to see that, like Ag;, the entry
P,4 will be zero. As for P34, one gets

P —Eﬁ( 1 B k+2¢g—m+1 )5
H k+3¢+m+1 (k+29+1)(k+3g+1) n+k+2g,m+k+3g
= 1 k+2¢g—p+1
_75(k+3 N Rl )5q+k+2g,p+k+3g'
g+p+1  (k+3g+1)(k+28+1)
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As before,
KBmn
Py =a
= A g T ) (k3 + D)k + 3g Fm 1)
3
_ 7 kpq

(k+2¢+1)(k+3g+1)(k+3g+p+1)
and once again,

lim k>P3y = &Bmn — 7opq = p.
k—o0

In summary, the hyponormality of T, detected by the positivity of the self-
commutator C, leads to the positive semi-definiteness of the tridiagonal matrix P
of size (N 4+ 1) x (N + 1). Since this must be true for all N > 1, it follows that a
necessary condition for the hyponormality of T, is the positive semi-definiteness
of the infinite tridiagonal matrix

a p 0
pap
Q=107 a

We now consider the spectral behavior of Q as an operator on £%(Z. ).

LEMMA 2.5. Fora € Rand p € C, the spectrum of the infinite tridiagonal matrix
Qis [a—2|p|,a +2lp]].

Proof. This result is well known; we present a proof for the sake of complete-
ness. Observe that Q is the canonical matrix representation of the Toeplitz opera-
tor on H2(T) with symbol ¢(z) := a + 2Re(pz). Since the symbol is harmonic, it
follows that the spectrum of T = al + Tp, 7 is the seta +2Re({pz:z € D} ) =
a+2[—|pl, |pl|], as desired.

As a consequence, if Q is positive (as an operator on (%(Zy)), then
a > 2|pl.
2.6. MAIN RESULT.
THEOREM 2.6. Assume that T, is hyponormal on A?(ID), with
¢:=az" +Bz" +9ZF +6zT (n>m;p <q).
Assume also that n —m = q — p. Then

(2.13) la[*n® + | B|2m* — |y |*p* — |6]%9* > 2|apmn — 7opq|.
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2.7. A SPECIFIC CASE. Whenp =mand g =nin
¢ :=az"+Bz" +9zZF + 021 (n>m;p <q)
the inequality
[ + [ B2m* — |y?p* — 6|4 > 2[@pmn — 7opq|

reduces to
n*(|a|* = 161%) + m*(|B]* = |y[*) = 2mn|ap —75|.

This not only generalizes previous estimates, but also sharpens them, since pre-
vious results did not include the factor 2 in the right-hand side.

3. WHEN IS T, NORMAL?

We conclude this paper with a description of those symbols ¢ in Theo-
rem which produce a normal operator Tp. We first recall a result of S. Axler
and Z. Cuckovié.

LEMMA 3.1 ([2]). Let ¢ be harmonic and bounded on D. Then T, is normal if
and only if there exist a pair of complex numbers a and b such that (a,b) # (0,0) and
F :=ag+ b is constant on D.

Assume now that T, is normal. By Lemma there exist 4 and b such
that (a,b) # (0,0) and F := a¢ + b@ is constant. In what follows, we write a
harmonic symbol as ¢ = f + g, with f and g analytic. A straightforward cal-
culation using % and %, applied to F, shows that (|a|> — \bﬁ% =0. If fis
constant, a similar calculation shows that g is also constant, and a fortiori ¢ is
constant. Thus, without loss of generality, we can assume that f is not constant,
and therefore |a| = |b| > 0. If we write a = |a|e!® and b = |a|e', it is not hard to
see that ¢ + €!(7=)G is constant on . Let ¢ := A, with A := e~ (1/2(1=0) Let
A= el179) 5o that |A| = 1. We conclude that ¢ 4 A@ is constant on D).

THEOREM 3.2. Let ¢ = az" + Bz + 4zF 4 021 (withn < m,p < q,n—m =
g — p), and let A := €19, as above. Then Ty is normal if and only if ¢ is of one of
exactly three types:

(i) ¢ = az" — Auz" (when n = p);
(ii) ¢ = az" + Bz — ABZ™ — A&z" (when m = p); or
(iii) ¢ = Bz — ABZ™ (when m = q).

Proof. (=) Assume that T, is normal. From the discussion in the para-
graph immediately preceding Theorem we can always assume that ¢ + A
is constant on D, for some A € T. Since ¢ is clearly nonconstant, we know that
G := ¢ + A@is a constant trigonometric polynomial, with analytic monomials z",
z", zV and z1. Since ¢ is a nonconstant harmonic function, in the above mentioned
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list of four monomials we must necessarily have at least two identical monomi-
als. Sincem < n,p < gand n —m = q — p, we are led to consider the following
three cases.

Case 1. n = p (and therefore m < n = p < q); here

G = Bz" + (a4 A7)z" 4+ A6z + ABz" + (a + AY)z" + A6z,

from which it easily follows that 8 = 0, ¥ = —Ax and 6 = 0. Then ¢ = az" —
Aaz", as desired.
Case 2. m = p (and therefore m = p < q = n); here

G = (a+A0)z" + (B+A7)z" + Ala + Ad)z" + (B + A7)z"™,

so thata + Ad = 0 and B+ A7 = 0. It readily follows that § = —Awand 7 = —ApB.
We then get ¢ = az" + pz™ — Aaz" 4 Bz™, as desired.

Case 3. m = q, which leads to ¢ = Bz™ — ABz".

(«=) For the converse, observe that in each of the three representations we
have ¢ + Ag = 0, which implies T, = —AT,. Therefore, T, commutes with Ty,
so Ty is normal.

The proof is now complete. 1

REMARK 3.3. The form of (i), (ii) and (iii) in Theorem [3.2)is entirely consis-
tent with Theorem[2.6] For instance, consider Case 1: here = § = 0and v = —&,
so that both sides of (2.13) are equal to 0.
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ADDED IN PROOFS. Yang Wen (JiangXi University of Sciences and Technology, PRC)
has recently brought to our attention that the inequality (2.13) can also be derived by a
careful application of the results in [1], using an appropriate split of the symbol ¢.
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