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SCHUR MULTIPLIERS ON B(L?, L)
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ABSTRACT. Let (1, F1, 1) and (Qg, F, y2) be two measure spaces and 1 <
p,q < +oo. We give a definition of Schur multipliers on B(LP((21), L7((2;))
which extends the definition of classical Schur multipliers on B(£p, £;). Our
main result is a characterization of Schur multipliers in the case 1 < g < p <
+oo. Whenl < g < p < +oo, ¢ € L®((2; x 2y) is a Schur multiplier on
B(LP((1),L9((2,)) if and only if there are a measure space (a probability

space when p # q) ((,u), a € L®(u1, LP(u)) and b € L®(up, L9 (1)) such
that, for almost every (s,t) € (21 x (),
¢(s,t) = {a(s), b(t)).

This result is new, even in the classical case. As a consequence, we give new
inclusion relationships among the spaces of Schur multipliers on B(£,, {5).

KEYWORDS: Multiplier, tensor product.

MSC (2010): 47B37, 47B10.

1. INTRODUCTION

If 1 <r < 400, we denote by ¢, the Banach space of r-summable sequences

1/r

(xi)i>1 C C (thatis, }_|x;|" < +00) endowed with the norm ||x||,, = (Z |xi|’> .
i i

1
Let (o be the Banach space of bounded sequences (y;);>1 C C with the norm
lylle, = sup |yi|. If n € N, we denote by ¢/ the n-dimensional versions of the

spaces intr(;duced before.

Let m = (m;j);j>1 be a bounded family of complex numbers and let 1 <
p,q < +oo. We say that m is a Schur multiplier on B(¢,, {;) if for any matrix
[ai];j>1 in B(Lp, £y), the matrix [m;ja;]; ;1 defines an element of B({y,{;). An
application of the closed graph theorem shows that m is a Schur multiplier if and
only if the mapping
T : B(€p, Lg) — B(Lp, Ly)

(1.1)
[aii]i =1 = [mijaif]i =1
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is bounded. By definition, the norm of the Schur multiplier m is the norm of T,.

There is a well-known characterization of Schur multipliers on B(¢;) (see
for instance Theorem 5.1 in [11]) which can be extended to the case B(¢,) as fol-
lows.

THEOREM 1.1 ([11], Theorem 5.10). Let ¢ = (cjj)ijen C C, C = 0 be a con-
stant and let 1 < p < oo. The following are equivalent:
(i) ¢ is a Schur multiplier on B({,) with norm < C;
(ii) there is a measure space ({2, ;4) and elements (x;)ien in LF (u) and (y;)ien in

LV (u) such that
Vi,jjeN, cj=(xjyi) and sup |yl sup x|, <C
! ]

Denote by M(p,q) the space of Schur multipliers on B(¢;, {;). In [3], Ben-
nett gives some results about the inclusions between the spaces /\/l (p,q). In the
same papet, he also gives a necessary and sufficient condition for a family m to be-
long to M (p, q), using the theory of absolutely summing operators. Theorem|[L.]|
provides a different type of characterization, which is more explicit and useful.

Let (21, 1) and (2, ) be two o-finite measure spaces. We will identify
L%(01 x ) with the space S?(L?(01), L?(2;)) of Hilbert-Schmidt operators. If
J € L2(1 x ), the operator

X1 L*(Qq) — L2(()
fe /] (t)dua(t)

is a Hilbert-Schmidt operator and || X ]||2 = ||J|l;2- Moreover, any element of
S2(L%(021), L*(€2;)) has this form.
Let ¢ € L®(021 x 27). We may associate the operator
Ry : S* (L (), L*(22)) — S*(L*((h), L*(22))
X] — X¢]
whose norm is equal to ||¢||co-

We say that ¢ is a Schur multiplier on B(L?((21), L?(€2;)) if Ry extends to a
(necessarily unique) bounded operator still denoted by

Rp: K(L*(1), L2 (D)) = K(L* (), L*(2)),

where K(L?(Q1),L?(€2;)) denotes the space of compact operators from L?(7)
into L2(02;). When ¢ is a Schur multiplier, the norm of ¢ is by definition the norm
of Ry as an operator from K(L?((27), L?(2;)) into itself.

A characterization similar to the one in Theorem holds in this setting.
The following result was established by Peller [9].

THEOREM 1.2. Let ¢ € L®(2y x (2;) and C > 0. The following are equivalent:
(i) ¢ is a Schur multiplier and ||Ry|| < C;
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(ii) there exist families (a;)i>1 C L* (1) and (b;)i>1 C L*(y) such that

+c0 +o0
essup Z la;(s)|> < C, essup Z b;(H)]* < C,
se()y =1 te( i=1

and for almost every (s,t) € (1 X (2,

~+o00

¢(s,t) =Y ai(s)bi(t).

i=1
See also [12] for another formulation of this theorem and results about Schur mul-
tipliers in the measurable case.
In this paper, we define more generally Schur multipliers on B(L?((2;),
L1(2;)) for some measure spaces (21, 1) and (2, pi2). Toany ¢ € L* (21, (2,),
we associate a linear mapping

’ ’ Y
Ty : LV (1) @ LT(p) — LP (21) ® L1(027)

and we say that ¢ is a Schur multiplier if Ty is bounded. When (2; = (2, = N
with the counting measures, Ty corresponds to .

In the case 1 < g < p < +oo, we characterize the elements of L® (21 x ()
which are Schur multipliers on B(LP((21), L1({2;)). We prove thatif 1 < g < p <
—+00, ¢ is a Schur multiplier if and only if there are a measure space (a probability
space when p # q) (Q, 1), a € L*(uq, LP(u)) and b € L®(up, L7 (1)) such that,
for almost every (s,t) € 21 x (2,

(s, t) = (als),b(t)),

where L®(q, L"(pt)) is the Bochner space valued in L" ().

This result is new, even in the setting of classical Schur multipliers on
B(£p,£y;), and is of different nature than the characterization of Bennett. As a
consequence, we give in the last section of this article new results of comparisons
for the spaces M (p,q).

1.1. NOTATIONS. Let X and Y be Banach spaces.
If z € X ®Y, the projective tensor norm of z is defined by

Izl = inf { 3 llxilllyill}.

where the infimum runs over all finite families (x;); in X and (y;); in Y such that

z = in@)yi.
i

A
The completion X ® Y of (X ® Y, || - ||A) is called the projective tensor product of
A
X and Y. Note that the projective tensor product is commutative, thatis X ® Y =
A
Y®X.
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The mapping taking any functional w: X ® Y — C to the operator u: X —
Y* defined by (u(x),y) = w(x ®y) for any x € X,y € Y, induces an isometric
identification

A
(1.2) (X®Y)" =B(X,Y").
We refer to Chapter 8, Corollary 2 in [7] for this fact.
Let (€2, u) be a localizable measure space. Denote by L?((2,Y) the Bochner
space of p-integrable functions from (2 into Y. By Chapter 8, Example 10 in [7],

the natural embedding L'(Q) ® Y C L'(Q;Y) extends to an isometric isomor-
phism

(1.3) LY(Q,y) =LY(Q) BY.
By (1.2), this implies
(1.4) LY(Q,Y)* = B(LY(Q),Y*).

Assume that Y* has the Radon-Nikodym property (in short, Y* has RNP). In this
case,
LY(Q,Y)* = L®(Q,Y*).
The latter implies that
(1.5) L*(Q,Y*) = B(LY(Q),Y"),
and the isometric isomorphism is given by

L*(Q,Y*) = B(LY(Q),Y*)
g>—> feL1 n—>/f

Assume now that Y = L'(Q') where ((2/,4') is a localizable measure space.
Then, an application of Fubini theorem gives

LY(Q, LY Q) =LY x Q).
Using equality (1.3), we deduce that
(1.6) B(LY(Q),L®(Q)) = L (Q x Q'),
and the correspondence is given by

L®(Q x ) — B(LY(Q),L*(Q))
1,Ln—> feL1 n—>/f )].

We denote by uy the corresponding element of B(L!(Q2), L*(Q2")).
fz=)x®y, € X®Y,x* € X*and y* € Y*, we write
i

e 0y) = LY (0 ).
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Then, the injective tensor norm of z € X ® Y is given by

lzllv =" sup ~ [(zx" ®@y")|
v <Ly l<1

The completion X DY of (X®Y, | -|lv) is called the injective tensor product of X
and Y.

In this paper, we will often identify X* ® Y with the finite rank operators
from X into Y as follow. If u = Zx?‘ ®y; € X*®Y, wedefineu : X — Y by

(1.7) Zx x)y;, VxeX.

Then, it is easy to check that [[u[lv = [|#]| 3(x,v)-
Moreover, if Y has the approximation property (see e.g. [6] for the defini-
tion), Theorem 1.4.21 in [6] gives the isometric identification

X*©Y = K(X,Y)

where K(X,Y) denotes the space of compact operators from X into Y.

Let (21, F1, 1) and (2, F2, pi2) be two localizable measure spaces. Let
1<p<oandl < q < co. Then L7(02;) has the approximation property so that
we have

/ \/
(1.8) LV () ® L7((22) = K(LP (), L7((22)).
Finally, if we assume that 1 < p,q < 409, then by Theorem 2.5 in [5] and (1.2),

(19)  (LV (1) ® L1(Q0))™ = (LP(Q1) & LT ()" = B(LP (), L7(2y)).

2. DEFINITION OF SCHUR MULTIPLIERS ON B(L?, L7)

Let (21, F1, 11) and (0, F, uz) be two localizable measure spaces and let
¢ € L®(0Q1 X ). Let1 < p,q < oo and denote by p’ and ¢’ their conjugate
exponents.

Let

Tp: LV (1) ® L9() — B(LP (), L((2))
be defined for any elementary tensor f ® g € LP (1) ® L1((2;) by

To(f )1 / P(s,)f(5)h(s)dun () )g() € L1(2a),

forall h € LP((2).
We have an inclusion

LY (01) ® LT(Qy) C LV (4, L(y))
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givenby f® g — [s € 21 — f(s)g]. Under this identification, Ty is the mul-

tiplication by ¢. Note that L' (1, L9(()) is invariant by multiplication by an
element of L* (21 x (2;) and that we have a contractive inclusion

/ / V
LP (1, L7(0;)) C LP (7)) @ L1().
, %
Therefore, Ty is valued in L¥ (1) ® L9(£2,). Using the identification
/ V
LP (1) ® LT(Qy) C B(LP(01),L7((2,))

, %
given by , we deduce that the elements of LV (21) ® L9((2;) are compact
operators as limits of finite rank operators for the operator norm.
DEFINITION 2.1. We say that ¢ is a Schur multiplier on B(LP ((21), L1((2,)) if
there exists a constant C > 0 such that for all u € LP (1) ® L1((2,),
1 Tp ()l BLr () ac0)) < lullv,

that is, if Ty extends to a bounded operator

’ vV / V
Ty LY (Q) © L1(Qp) — LY () © LI((2).

In this case, the norm of ¢ is by definition the norm of T.
REMARK 2.2. By & (respectively &) we denote the space of simple func-
, %
tions on (2; (respectively 2;). By density of & ® & in LV (1) ® L1((2;), Ty

, v
extends to a bounded operator from L¥ (1) ® L1((2;) into itself if and only if it
is bounded on &; ® & equipped with the injective tensor norm.

Assume that 1 < p,q < +c0. By (1.8) we have

LV (1) & LI(Qa) = K(LP (), LI((0)),

so that ¢ is a Schur multiplier on B(L?((21),L7((22)) if and only if T, extends to
a bounded operator

Ty : K(LP(n), L7(22)) — K(LP (1), L7(€22)).

In this case, considering the bi-adjoint of Ty, we obtain by (1.9) a w*-continuous
mapping
Ty : B(LP (1), L(22)) — B(LP((x), L9((22))

which extends Tp- This explains the terminology “¢ is a Schur multiplier on
B(LF(1),L((22))".
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2.1. CLASSICAL SCHUR MULTIPLIERS. Assume that 2; = (2, = N and that y;
and y, are the counting measures. An element ¢ € L®(N?) is given by a fam-
ily ¢ = (cij)ijen of complex numbers, where c;; = ¢(j,i). In this situation, the
mapping T is nothing but the classical Schur multiplier

A = [aj]i =1 € By, £y) = [cijailij=1-
When this mapping is bounded from B(¢), {;) into itself, we will denote it by T..
2.1.1. NOTATIONS. If (Q, F,u) is a measure space and n € N*, we denote by
A, o the collection of n-tuples (Ay,...,A;) of pairwise disjoint elements of F
such that

foralll1 <i<n, 0<pu(A;) < -+oo.

IfA=(A1,...,An) € Aypand 1 < p < 400, denote by Sa,p the subspace of
LP(Q) generated by xa,,...,xa,- Then S, , is 1-complemented in LF((2), and a
norm one projection from LF(Q2) into S 4 , is given by the conditional expectation

Pa,: LP(Q) = LP(Q)

ixi) (!f>XAf'

(2.1) ¢
fr = u(

Note that the mapping
Pap:Sap— L
2.2) f =Y aixa, = (@A) "),
1

is an isometric isomorphism between S4 ,, and £},

PROPOSITION 2.3. Let (21, F1, u1) and (o, F, uz) be two measure spaces and
let ¢ € L=(0q X ). The following are equivalent:
() ¢ is a Schur multiplier on B(LF(271),L7((2y));
@ii) for all n,m € N¥, forall A = (Ay,...,Ay) € Ay, B = (B1,...,Bn) €
A0, write
1
b=y | Pdmde.
A ua(B;
,ul( ])‘112( Z)AjXBi
Th?n the Schur multipliers on B(€y, ') associated with the families g5 = (i) are
uniformly bounded with respect to n,m, A and B.
In this case,
ITyll = sup [|Tp,zll < +oo.
n,m,A,B
Proof. (i) = (ii) Assume that ¢ is a Schur multiplier on B(L?(€21), L9(02))
with ||T¢|| <1 Letn,meN*, A= (Al,. . .,An) S An,()l and B = (Bl,. ..,Bm) €
A0, Letc = izjc(i,j)ej Qe €Ly, QL ~ B(4y, ).
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Let pap:Sap — Eg and yp, : Sy — 531 be the isometries defined in li
Then ¢ := ‘PE; oco@ap:Say — Spy satisfies ||c]| = [|c|| and we have

= c(i,j)

)

Xa; @ xp, = ) cli,j)xa; @ XB.,
= ui(Ap)Y P ua (B ZZ]; I

c(i)
1 (AYVY o (By) /4
The operator u := g 50 Pg 40 Tp(0), Sap © (Pg,lp 2 4, — (7 satisfies

where ¢(i,j) =

[ull < [ITp (@)l
and by assumption

1T < el
so that
2.3) [l < el = Tlell-

Let us prove that u = Ty, ,(c) where Ty, , is the Schur multiplier associated with
the family (¢;;).

Write M(l,]) = l)bB,q e} PB,q e} T(p (XA/‘ X XBi)|SA,p o (P;x,lp We have
U= Z'cv(i,j)u(z )
i
Letl <k<n.

1) = W5 Pog o Toxa, @ 285, ) (o ramirin)

1(Ax)MP
T LA 1)1/p[‘PBq°PBq X8, /4’ (S)XAk(S>dV1(5))
O

so that [u(i,j)](ex) = 0if k # j and if k = j then

1 )e0) = =575 g Pog) (0 /¢ Y (s))

]

~mtaa owoe) = s (] o)

AjXB,‘ AjXB,‘

It follows that

c(i,j) 1
u:lzflyl( AP ua(Bi) Y4y (Ap)Y P (B )1/‘4( / (’D)ef@ei

AjXBi

:Z%(/ ) Qe = Z(])l] i,j)ej ®e

ij M1 (A])VZ(Bl) A/><B

thatis, u = Ty, ;(c). We conclude thanks to the inequality (2.3).
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(ii) = (i) Assume now that the assertion (ii) is satisfied: we show that ¢ is
a Schur multiplier. By Remark we just need to show that Tj is bounded on

E1®&. Letv € £ ® & and writea = sup || Te||. We will show that || Ty (v) || <
n,m,A,B
a||v||. By density, it is enough to prove that for any hy € £1,hp € &,

24)  [([Tp(0)] (), h2) g 1o | < allollprrn, o) Il P20l o)

Hence, there exist n,m € N*, A = (Ay,...,An) € Ay, B = (By,...,Bun) €
A0, and complex numbers v(i, j), a;, b; such that
v=2) 0(i,j)xa; ® x5, 0 =) _ajxa, and hy =) bixs,
ij j i
Equation (2.4) can be rewritten as

25) | Sonapi( [ @)| <alollmlli il o,
L]

A]‘><B,‘

Consider v := ¢ 000 (pg,lp 10y, = ff and z := YPpg0 P40 T¢(U)\SA,,, o ¢Z}p :
¢, — (. The computations made in the first part of the proof show that z =
Tin(0) where m is the family (¢;;).

Now, let x := @4 ,,(h1) and y := ¥p 4 (h2). Since Ty, is bounded with norm
smaller than « we have

(2.6) [T (1), y)em,em | < allelme,em %] lly [l
q q

An easy computation shows that the left-hand side on this equality is nothing
but the left-hand side of the inequality (2.5). Finally, the right-hand side of the
inequalities and are equal, which concludes the proof. 1

3. (p,q)-FACTORABLE OPERATORS

Let X and Y be Banach spaces.

3.1. DUAL NORM. Let M C X and N C Y be finite dimensional subspaces (in
n

short, f.ds.). Ifu= Y x;®y; e M® Nandv =
=1

1

m
X; ®@y; € M" ® N* we set
=1

]

(0,u) = Y (27, i)y, yi)-

i,j
Let a be a tensor norm on tensor products of finite dimensional spaces. We define,
forze M®N,

a'(z, M,N) = sup{|(v,u)| : v € M* @ N*,a(v) < 1}.
Now, forz € X®Y, we set
2'(z,X,Y) =inf{a’(z, M,N) : M C X, N C Y fds, z€ M® N}.
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By Chapter 15 in [4], &’ defines a tensor norm on X®Y,, called the dual norm of «.
In the sequel, we will write a/(z) instead of a/(z, X, Y) for the norm of an
element z € X ® Y when there is no possible confusion.

3.2. LAPRESTE NORMS. Lets € [1,00]. If x1, %7, ..., %, € X, we define
1/s
ws(x;, X) == sup (Z| x*, x;) )

x*€Byxx " i=1

Letp,g € [1,00] with1/p+1/q > 1 and take r € [1, 0] such that

= | =

U
P 4

Denote by p’ and ¢’ the conjugate of p and g. For z € X ® Y, we define

n

apq(2) = inf { | (A0)ill g w0g (i, Xy (i, Y) 12 = Y- A @1 .

i=1

Then, by Proposition 12.5 in [4] a4 is a norm on X®Y and we denote by X®g,, Y
its completion.

3.3. (p,q)-FACTORABLE OPERATORS. If T € B(X,Y*)and{ =Y x;Qy; € XXY,
i

then in accordance with (1.2) we set

(T, &) = Y} (T(xi), yi)-
1
DEFINITION 3.1. Let 1 < p,q < cosuchthat 1/p+1/9 > 1. Let T ¢
B(X,Y*). We say that T € L 4(X, Y*) if there exists a constant C > 0 such that

@3.1) VEEX®Y, [{T,8)] < Capy(d):

In this case, we write L, ,(T) = inf{C : C satisfying (3.1)}.
Then (L,,4(X,Y*),Ly,4) is a Banach space, called the space of (p, q)-factorable
operators.

For a general definition of the spaces £, 4(X,Y) (including the case when
the range is not a dual space), see Chapter 17 in [4].

Since Y* is 1-complemented in its bidual, Theorem 18.11 in [4] gives the
following result.

THEOREM 3.2. Let1 < p,g < cosuchthat1/p+1/qg>1. Let T € B(X,Y*).
The following two statements are equivalent:
AT e Lyy(X,Y¥);
(ii) there are a measure space (Q, ) (a probability space when 1/p +1/q > 1),
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operators R € B(X, L9 (u)) and S € B(LP(u),Y*)) such that T = SoIoR

X——=Y*

J L

LT (p) == L7 (p)

where I : Lq/(y) — LP () is the inclusion mapping (well defined because q' > p).

In this case, Ly,(T) = inf ||S||||R|| over all such factorizations.

REMARK 3.3. Here we consider the case when 1/p +1/q = 1. Denote by
p’ the conjugate exponent of p. We have T € L, (X, Y*) if and only if there are
a measure space (02, ), operators R € B(X,LV(u)) and S € B(LP(p),Y*) such
that T = SR

We usually write I),(X,Y*) instead of £, ,/(X,Y*). Such operators are called
p-factorable.

REMARK 3.4. Suppose that X = L'(A) and Y = L!(v) for some locahzable
measure spaces (Q1,A) and ((2,,v). Consider T € B(L'(A),L®(v)). By ( .,
there exists ¢ € L*(A x v) such that

T:u¢.

(See Subsection[I.1] for the notation.)
If 1 < g < +oo, L7 (1) has RNP so by (1 .,

B(L'(A), L7 () = L™(A, L7 ().
It means that if R € B(X, Lq/(y)) there exists a € L®(A, L7 (1)) such that

VFe Ll (A /f

If 1 < p < +co, then using (1.2), (1.3) and (T.4) we obtain

B(LY (), L™(v)) = (LP (1) & L (v))* = L®(v, L ().
Hence, if S € B(LP (1), L®(v)), there exists b € L® (v, L' (1)) such that

Vg e LP(A), S(8)() = (&, b("))-
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Thus, if 1 < p,q < +oo, there exist a € L®(A, L7 (u)) and b € L*(v, L¥ (1)) such
that for almost every (s,t) € 21 x (2,

¥(s,t) = (als), b(t))-
If T satisfies Theorem 3.2} the latter implies that for all f € L}(A),

031
Using the same identifications we have the following cases:

(@ Ifg =1and 1 < p < +oo, then there exista € L®(A x u) and b €
L% (v, LP (u)) such that for almost every (s, 1) € (1 x (2,

¥(s t) = (als, ), b(t)).
({i)If1 < g < 4c0and p = +oo, then there exist a € L®(A, L7 (y)) and
b € L®(v x u) such that for almost every (s, t) € (21 x (2,
¥(s t) = (als),b(t,-)).
(iii) If g = 1 and p = 409, then there exista € L*®(A x y) and b € L®(v X u)
such that for almost every (s, f) € (21 X (2,

¥(s t) = (als,-), b(t, ).

3.4. FINITE DIMENSIONAL CASE. If X and Y are finite dimensional, it follows
from the very definition of the dual norm that

X @y Y= (X* ®a,, YO)™
The next theorem describes the elements of this space.

THEOREM 3.5 ([4], Theorem 19.2). Let E and F be Banach spaces. Let p,q €
[1,00] with1/p +1/q > 1 and K C Bg+ and L C Bp+ weak™ compact norming sets for
E and F, respectively. For ¢ : E® F — C the following two statements are equivalent:

(i) ¢ € (E®u,, F)*;
(ii) there are a constant A > 0 and normalized Borel-Radon measures y on K and v
on L such that forall x € Eand y € F,

62 lpxon<a( [ 0rae)" ([ 1wl ae)”
K L

(if the exponent is oo, we replace the integral by the norm).
In this case,

||(P||(E®ap,q1:)* =inf{A: Aasin(ii)}.
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This theorem will allow us to describe the predual of Ly, 5 (¢, £%), n,m € N.
Let us apply the previous theorem with E =/}, and F =/}. Take T € ¢! ®%qu =

(€8 P, £&)" and let

i M:

m
Y T(i,j)ei®e;
1j=1

be a representation of T. In the previous theorem, we can take K = {1,2,...,n}
and L = {1,2,...,m}. In this case, a normalized Borel-Radon measure y on K is
nothing but a sequence y = (y1,..., un) where, for all i, y; := u({i}) > 0 and
Y u; = 1. Similarly, v = (vy,...,v) where, forall i, v; > 0Oand Y v; = 1. In

1 1
this case, the inequality means that for all sequences of complex numbers
x = ()i y = W)Ly

/

L3t < a( & |xk|q'yk)”q’( £ i)

=1j=1

Set ay = xkyll(/ 7 ,Br = ykvl/ V' and define, for1 <i < n,1 < j < m,c(i,j) such that
T(i,j) = c(i, ])yll/q Ly (we can assume y; > 0 and v; > 0). Then, the previous
inequality becomes

m

iz 1]18]“1

1j=1

A||“\|é;, ||,3H£;l,-

This means that the operator c : ég, — £} whose matrix is [c(7, j)]1<j<m,1<i<n has
a norm smaller than A. Moreover, if we see T as a mapping from /g, into ¢{" the
relation between T and ¢ means that T admits the following factorization

T
R

dyl Tdv

on — om

where d, and d,, are the operators of multiplication by y = ( ‘ui/q ey ],t,l/q ) and

v= (v}/ 4 S ,v%/p ). Those operators have norm 1.

Therefore, it is easy to check that

(33) HT”(Z&@a}g,qeglo)* = lnf{HCH T = dv ocCo d‘u}

The elements of (£, ®a,, £&)" are called (q', p')-dominated operators. For more
informations about this space in the infinite dimensional case (it is the predual of
Ly,q), see for instance Chapter 19 in [4].

By and the fact that £, (¢}, ¢%,) = (¢} Ru, 01")*, we get the following
result.
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PROPOSITION 3.6. Let v = [vy] : £ — £ Then

Lp,q(v) = sup |Tr(vu)|

where the supremum runs over all u : {35 — (] admitting the factorization

u
o s qn

@l %

f“‘ii>£3

p

with ||d,|| <1, ||dy]| < 1and [[c]] <
Equivalently,

m n
Lpg(o) =sup {| 12 Y oy« lle: ) = 6111 < L Iy <1 lvlley < 1}-
=1]

4. THE MAIN RESULT

4.1. SCHUR MULTIPLIERS AND FACTORIZATION. Let p,q be two positive num-
bers such that 1 < g < p < oo. This condition is equivalent to p,q € [1, 0] with
1/q+1/p" > 1, so that we can consider the space £, ,/

The following results will allow us to give a description of the functions ¢
which are Schur multipliers.

LEMMA 4.1. Let X, Y be Banach spaces and let E C X, F C Y be 1-complemented
subspaces of X and Y. For any v € E® F, denote by '021’7 p,(v) the oz; 1o of vasan

element of E® F and by oc; o (v) the oc’ pr1o7m of v as an element of X ® Y. Then
wqp() g (0).

Proof. The inequality & 1x ( ) = ( ) is easy to prove. For the converse
inequality, take v = Y ¢ ® fk € E® F such that tx; p,(v) < 1 and show that
2 ,
’oZ’q p/(v) < 1. By assumption, there exists M C X and N C Y finite dimensional
subspaces such thatv € M ® N and
&'(v,M,N) < 1.

By assumption, there exist two norm one projections P and Q, respectively from
X onto E and from Y onto F. Set M; = P(M) C Eand N; = Q(N) C F. M;
and N are finite dimensional. Moreover, since v € E ® F, it is easy to check that
(P® Q)(v) = v, where, for all c = Zal RbeX®Y,

(P@Q ZP ap ®Q(b1)
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Thus, v € M; ® Ny. We will show that oc’ (v My, Np) <

Let z = Z x ®]/] € Mj ® Nj be such that &, ,/(z) < 1 and show that
j=
[(v,z)] < (U) so that aq p,(v,Ml,Nl) <L

Let 1 r oo such that

1 1 1
-=-+=-1
rq r
The condition &, ,/(z) < 1in Mj ® Ny implies that z admits a representation

m
z=1Y /\jm]’.‘ ® n;‘ where m]* € M*,n]’f € Ny and
j=1

1(A)jlle,wp (mf, My)wg (nj, Ni) < 1.
m
Setz:= Y A;P*(m}) @ Q*(n7) in M* ® N*. Itis easy to check that
=1
wp(P*(m7), M") < wy(mj, My) and wy(Q*(n}),N*) < wy (nj, Ny).

Therefore, a, (z, M*,N*) < 1. Then, the condition zx;,p, (v, M,N) < 1 implies
that

1(0,2)] < a0 (0)

Finally, we have

(v,2) = ;M(P*("l}‘)ﬂw<Q*(”}<),fk>
Ji
= gA]‘(m}‘,P(ek) Q(fy)) = Zk: j{m3,ex) (nf, f) = (v,2),
1r 7/
and therefore
(0,2)] < &, 4 (0).

This proves that ﬁ;,p,(v) <1l 1
We recall that if ¢ € L®(2; x (2;), we denote by uy the mapping
up : L) = L®(Qy)
fr / P(s, ) £(5)elp (5).
THEOREM 4.2. Let (0, 1) and (Qz, 12) be two localizable measure spaces and
let ¢ € L¥(( x Q). Let1 < g < p < oo. Then ¢ is a Schur multiplier on

B(LP(1),L9(22)) if and only if the operator uy belongs to L, v (LY(21), L®(03)).
Moreover,

1Tl = Lg,pr (ug)-
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Proof. Assume first that Ty, extends to a bounded operator

/ Vv / Vv
Ty : L7 (€21) ® L) — L7 (1) ® L1((22)
with norm < 1. To prove that uy € ,C,W/(Ll (1), L*(Q2)) with L,y (up) <1, we
have to show that for any v = ¥ f; ® gx € L}(Q1) ® L1(2,) with uc; y (v) < 1we
- ,

have

g (v)| = ‘;<u¢(fk)/8k>‘ <1

By density, we can assume that f, gx are simple functions. Hence, with the no-
tations introduced in Sectionthere existn,m € N*, A = (Aq,...,Ay) € Ao,
and B = (By,...,Bw) € Ay, such that, for all k, fx € S41 and g, € Sg 1.
By Lemma the oc;, -norm of v as an element of S4 1 ® Sp is less than 1.
Let a1 :Sa1 — £f and ¢p; : Sp1 — {]' the isomorphisms defined in .
Setv =Y @a1(fi) @ Pp1(gk) € ¢ @ L] Since ¢4 and P are isometries, we
k

;N : e : / .
have a 0 (v ) < 1. Using the identification lb we obtain by li that v’ admits
a factorization

(%
o, s g

dél B

o

P ¢

where 6 = (1,...,61), v = (71,--.,Ym), ds and d., are the operators of multipli-
cation and

ldsll = 116llg, =1, lldy]l = [l7lle, =1 and e[| <1.

This factorization means that

Therefore, we have

m n m n ..
V= c(i,)0; 9t () @z l(e;) = 7‘%5«)@4.@)@,.
l;];% (i, 7) ]4’A,1( ) 1/’3,1( i) l;]; l,'ll](Aj)VZ(Bi) j A4 i
We compute

up(v) =Y ) %M@(%(){Aﬂmi)

- i i%m(zgﬁ(gi)‘sjqﬂ?mj ® x8;)(XA;): XB;)-
i=1j=
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Define

m n
¢= Y ) clif)xa @ xs € LV () @ LI(2y),
i=1j=1

where €(i, ) = ¢; 1 (A7) /¥ pa(B;) 1.
Using the identification (I.7), it is easy to check that we have

= 1}?5’; ocogay:Sap— L1((y).

Therefore,
IEllv = lell-
We have
(i, ) (AP pa(By)
Up(v) = f 5 T - Q XB: ), XB:
9(©) ggv i (A)7ia (B (Top(xa; ® xB,)(Xa,) X5;)
m n 1 4 ,
=Y Y vicl pa(A) T Pua(B) ™7 6(Ty(xa, © x5,)(Xa,), XB,)
i=1j=1
m n O: .
_ i j Vi
= <T47(a(f)’g>Lq(Qz)’Lq/(Qz)’
where

f Z 1/pXA and 8= Z 1/q/XB
Since || Ty || < 1, we deduce that
lup(@)| < [T FNIplIgllg < NEllile, vlle, = llell <1

Conversely, assume that uy € £, (Ll(Ol) L*(2y)) with L, v (ug) < 1. To
prove that ¢ is a Schur multiplier, we w111 use Proposition 2.3} Let n,m € N¥,
A= (A1, . An) € An,ﬂl and B = (Bl, . Bm) € AmOZ Set

0= iy | @ dmd

#1(Aj)uz(B Ak
We want to show that the Schur multiplier on B({};, (i) associated to the fam-
ily m = (¢4j);; has a norm less than 1. To prove that, let c = Y c(i,j)e; ® ¢; €

i,
By, 63, x = (xj)iy,y = (vi)iZy in Cbe such that ]| <1, [[x[le =1, [lylle, =
1. We have to show that

([T ()] (2), y)egem| < 1.
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This inequality can be rewritten as
YjiYi

4.1) ‘%dM%MAm@wJ</.@‘<L

AJ‘XB

Let v = Y xjc(i,f)yie; ® ¢;. According to li ay ,(v) < 1. Now, let 7 =
i ’

ijc(i,j)yi¢z}1(ej) ® l,bgj (e;). We have
L]

i

~ xjc (i, j)y
‘X:M?’(m = a;/p,(v) <1 and 7= : l )XA,‘ @ XB;-

ij 231 (A]),u2(Bz

By assumption, L, ;s (ug) < 1, which implies that

1,9} = ]gcu-,j)m(;;%( /B 9)| <@ <1,

j
and this is precisely the inequality @I). 1

Theorem [3.2]and Remark 3.4 allow us to reformulate the previous theorem. The
following two corollaries are generalizations of Theorem

COROLLARY 4.3. Let (1, p1) and (Qy, uz) be two localizable measure spaces
and let ¢ € L®(0g x ). Let 1 < g < p < oo. The following statements are
equivalent:

(i) ¢ is a Schur multiplier on B(LF (1), L7((7));
(ii) there are a measure space (a probability space when p # q) (2, 1), operators
R € B(LY(),LP(n)) and S € B(L9(p), L®(Qy)) such that uy = So I o R

LY(y) N L*®()

x| Is

LP () ———L(n)

where 1 is the inclusion mapping.
In the following cases, (i) and (ii) are equivalent to:
Ifl1<g<p< oo
(iii) there are a measure space (a probability space when p # q) (2, i), elements a €
L®(p1, LP () and b € L (puy, L7 () such that, for almost every (s, t) € 1 x (2,

(s, t) = (a(s), b(t)).
If1=¢g<p < oo
(iii) there are a probability space (Q,p), a € L®(uy x ) and b € L®(pp, LT (1))
such that for almost every (s, t) € (1 X (2,

¢(s,t) = (a(s, ), b(t)).
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If1 < g < +ocoand p = +oo:
(iii) there are a probability space (Q,u), a € L®(uy, LP(p)) and b € L*®(up x p)
such that for almost every (s, t) € (1 x (2,

(s, t) = (als), b(t, ).
Ifg=1and p = +oo:
(iii) there are a probability space (2, 1), a € L®(pu1 x p) and b € L®(pp x p) such
that for almost every (s, t) € (21 X (2,

¢(s,t) = (a(s,-),b(t,")).
In this case,
| Toll = inf [[RI[I]|[[S]| = inf [|a]|[|]].

REMARK 4.4. In the previous corollary, the condition (ii) implies that ev-
ery ¢ € L®(Qq x (2,) is a Schur multiplier on B(L!(01), L' (€2,)) and a Schur
multiplier on B(L®(02), L®(022)).

In the discrete case, the previous corollary can be reformulated as follow.

COROLLARY 4.5. Let ¢ = (cjj)ijen C C, C > 0bea constant and let 1 < q <
p < +oo. The following are equivalent:
(i) ¢ is a Schur multiplier on B(fp,ﬁq) with norm < C;
(ii) there exist a measure space (a probability space when p # q) (Q,u) and two
bounded sequences (x;); in L¥ (u) and (y;); in L7 (u) such that

Vi,jeN, cij=(xjy;) and sup ||y sup|xl, <C
! ]
4.2. AN APPLICATION: THE MAIN TRIANGLE PROJECTION. Let mij = 1ifi <
j and mj; = 0 otherwise. Let Ty, be the Schur multiplier associated with the
family m = (m;;). For any infinite matrix A = [a;j], Ty (A) is the matrix [b;j] with
b,-]- = ajj ifi < jand bl-]- = 0 otherwise. For that reason, T}, is called the main
triangle projection. Similary, we define the n-th main triangle projection as the Schur
multiplier on M,;,(C) associated with the family m, = (] ])1<1,]<n where mj; =1
ifi < jand m i =0 otherwise. In [8], Kwapien and Pelczyniski proved that if
1<g<p<+4oo,p#1,q # 4o, there exists a constant K > 0 such that for all n,

Ty, = B, €2) = B(CL, 2] > Kln(n),

and this order of growth is obtained for the Hilbert matrices. Those estimates
imply that T, is not bounded on B(¢p, £;). Bennett proved in [2] that when 1 <
p < q < o, Ty, is bounded from B(¢,, £;) into itself.

The results obtained in Subsection4.1|allow us to give a very short proof of
the unbounded case.

PROPOSITION 4.6. Let 1 < g < p < +o0o,p # 1,9 # +oo. Then Ty, is not
bounded on B({y, {g).
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Proof. Assume that T, is bounded on B(£p, £;). By Corollary [4.3} there exist

a measure space (Q, ), (an)n, € LP(u) and (by), € L7 (i) two bounded se-
quences such that, foralli,j € N,

(4.2) mjj = (aj, b;).

By boundedness, (a,), and (b,), admit an accumulation point a € LP(u) and
be Lq/(]/t), respectively, for the weak™ topology. Fix i € N. For all j > i, we have

(a;, bj) =1
so that we get
(a;,b) = 1.
This equality holds for any 7, hence
(a,b) = 1.
Now fix j € N. For alli > j we have
(a;, b;) = 0.
From this, we deduce as above that
(a,b) =0.
We obtained a contradiction so Ty, cannot be bounded. 1

As a consequence, we have, by Proposition the following corollary.

COROLLARY 4.7. Let 1 < g < p < +oo,p #1,9# 4o0. Let 1 = =R
with the Lebesgue measure. Then ¢ € L™ (IR?) defined by

1 i t =0,
(s, t) = z‘fs—t— 0 s,teR
0 ifs+t<0,

is not a Schur multiplier on B(LP(R), L1(R)).

REMARK 4.8. One could wonder whether the results of Subsection [4.1] can
be extended to the case 1 < p < g < +oo, that is, if the boundedness of T
on B(LP,L7) implies that uy has a certain factorization. The fact that if p < ¢
the main triangle projection is bounded tells us that m is a Schur multiplier on
B(£p,£;). Nevertheless, the argument used in the previous proof shows that m
cannot have a factorization like in (4.2). Therefore, the case p < g is more tricky.
For the discrete case, Theorem 4.3 in [3] gives a necessary and sufficient condition
for a family (m;;) C C to be a Schur multiplier, for all values of p and g, using the
theory of g-absolutely summing operators.
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5. INCLUSION THEOREMS

In this section, we denote by M (p,q) the space of Schur multipliers on
B(lp, Ly).

First, we recall the inclusion relationships between the spaces M(p, 7). Then
we will establish new results as applications of those obtained in Subsection 4.1}

THEOREM 5.1 ([3], Theorem 6.1). Let p1 = pp and q1 < qp be given. Then
M(p1,91) C M(p2,q2) with equality in the following cases:
Opr=p2=1
(i) g1 = g2 = o0;
(iii) 2 < 2 < p2;
(iV)g2<p1=p2<2
V)2<q1=q2 < p2

Let (21, 1) and (2, o) be two measure spaces. If M(p1,q1) C M(p2,92),
then by Proposition 2.3} any Schur multiplier on B(LF1(Q1), L71(£2,)) is a Schur
multiplier on B(LP2((21),L7((2;)). Hence, the results in the previous theorem
hold true for all the Schur multipliers on B(L?, L7).

In the sequel, we will need the notion of type for a Banach space X, for
which we refer e.g. to [1]]. Let (&;);cn be a sequence of independent Rademacher
random variables. We have the following definition.

DEFINITION 5.2. A Banach space X is said to have Rademacher type p (in
short, type p) for some 1 < p < 2 if there is a constant C such that for every

finite set of vectors (x;)"_ in X,
n 1/ n 1/
6. (B es]) " <c(X )™
i=1 i=1

The smallest constant C for which holds is called the type p constant of X.

We will use the fact that for 1 < p < 2, LP-spaces have type p and if 2 <
p < oo, LP-spaces have type 2 and that those are the best types for infinite
dimensional LP-spaces (see for instance Theorem 6.2.14 in [1]]). We will also use
the fact that the type is stable by passing to quotients. Namely, if X has type p
and E C X is a closed subspace, then X/E has type p.

PROPOSITION 5.3. (i) If 1 <q < p <2, then
M(q,1) & M(p,p)-
Consequently, forany 1 <r < g,
M(q,r) & M(p, p)-
(@ If 2<p<qg<r,then
M(r,q) & M(p, p)-
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(i) Ifl<g<2<p<+ooorl <p<2<g<+oo,then
M(q,9) £ M(p, p).

To prove this proposition, we will need the following definitions and lemma.

DEFINITION 5.4. Let X and Y be Banach spaces. Amaps: X — Yisa
quotient map if s is surjective and for all y € Y with ||y|| < 1, there exists x € X
such that ||x|| < 1 and s(x) = y. This is equivalent to the fact that the injective
map 5 : X/ ker(s) — Y induced by s is a surjective isometry.

DEFINITION 5.5. Let X and Y be Banach spaces, u € B(X,Y) and 1 < p <
oo. We say that u € SQ,(X,Y) if there exists a closed subspace Z of a quotient of
a LP-space and two operators A € B(X,Z) and B € B(Z,Y) such that u = BA.

Then [|u|[sg, = inf||A[|[|B|| defines a norm on SQp(X,Y) and (SQp(X,Y),
| - llsq,) is a Banach space.

LEMMA 5.6. Let W, X, Y, Z be Banach spaces and let u € B(X,Y),s € B(W, X),
v € B(Y,Z) such that s is a quotient map, v is a linear isometry and vus € I';}(W, Z).
Thenu € SQp(X,Y).

Proof. By assumption, there exist an LP-space U and operators a € B(W, U)
and b € B(U, Z) such that the following diagram commutes

W—sX—— sy >7Z
\ /
u

Since v is an isometry, V := v(Y) C Z is isometrically isomorphic to Y. Let

P : Y — V be the isometric isomorphism induced by v.
Set F := {x € U suchthat b(x) € V}. Since vus = ba, we have, for all
w € W,v(us(w)) = b(a(w)), so that a(w) € F. This implies that a(W) C F. We
still denote by a the mapping a : W — F and by b the restriction of b to F. Denote

by b the mapping b = =1 ob : F — Y. Then we have the following commutative
diagram

W—sX-"sY
x /;
F

Now, set E := a(ker(s)) and let Q : F — F/E be the canonical mapping. Clearly,
Qoa: W — F/E vanishes on ker(s), so that we have a mapping

Q/(;z : W/ ker(s) — F/E
induced by Q o a.
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Since s is a quotient map, we denote by 5 the isometric isomorphism
5: W/ ker(s) — X.
Define -
A=Qoaos ':X — F/E.
b vanishes on E so that we have a mapping
B:F/E—=Y.

Finally, it is easy to check that u = BA, that is, we have the following commuta-
tive diagram

which concludes the proof. 1

REMARK 5.7. To prove Lemma one can use a result of Kwapien char-
acterizing elements of SQ,, as follows: a Banach space X is isomorphic to an
SQg-space if and only if there exists a constant K > 1 such that for any n > 1, for
any n X n matrix [a;;] and for any x1,...,x, in X,

(ZHDU o) < Kilfag) : € %enn(znx,w)

However, the proof presented in this paper also works if we replace in the state-
ment of the lemma I, (respectively SQ,) by the space of operators that can be
factorized by some Banach space L (respectively by a subspace of a quotient of L).

Proof of Proposition[5.3} (i) Let 2 := [0, 1] and A be the Lebesgue measure on
Q. Let I : L9(A) — Ll( ) be the inclusion mapping. By the classical Banach
space theory (see Theorem 2.3.1 in [1]] and Theorem 2.5.7 in [1]) there exist a quo-
tient map ¢ : 1 — L9()A) and an isometry ] : L1(A) < fo. Let ¢ € Loo(N?) be
such that

up = Jlgo
(by any continuous linear map ¢; — £ is a certain uy for ¢ € L*(N x N)).
We have the following factorization
Up

b6 ——— Vo

/| I

LI(A)—— LY(A)

According to Theorem 4.3} ¢ € M(q,1).
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Assume that ¢ € M(p,p). Then, again by Theorem we have uy €
I'y(¢1,£) and therefore, by Lemma there exist an SQ,-space X and two op-
erators « € B(L7(A),X) and B € B(X,L'(A)) such that I, = Ba.

Let (&;)ien be a sequence of independant Rademacher random variables.
Letn € N*and fi,..., fu € L1(A).

EH; 5jfjHL1(A) ~ E| ;Zl £ f))

But X has type p so there exists a constant C; > 0 such that

< IIﬁIEH;Zl &af)

LA

n n 1/p n 1/p
B L &ifi 1y, < ColBI( L Neti)lk) ™ < Callgllall ( S 1Al
j=1 j=1 j=1
By Khintchine inequality, there exists C; > 0 such that
1/2 L
12 < £
H (J; il ) L) CZE‘ ];g]f] L'(A)

Thus, setting K := C1Cy||«||||B||, we obtained the inequality

/ n /
(g ), < K(];wzqm)l "

Let Ey, ..., E, be disjoint measurable subsets of [0,1] such that for all 1 < j <
n,A(Ej) =1/n. Set f; := Xe;- Then

Z fil>=1 and |[|flpa) =n""".
j

Hence, applying the previous inequality to the f;’s, we obtain
1< Knl/P=171,

Since g < p, this inequality cannot hold for all 1, so we obtained a contradiction.

Finally, notice that if 1 < r < g, then by Theorem 5.1, M(q,1) C M(q,r).
Thus, M(q,7) £ M(p, p).

(i) By Proposition [2.3|and using duality, it is easy to prove that for all 5, €
[1,00], ¢ is a Schur multiplier on B(4s, ¢;) if and only if ¢ is a Schur multiplier on
B(£y, ), where ¢ is defined for all i,j € Nby ¢(i,j) = ¢(j,i).

Let2 < p<qg<r Thenl <7 <¢q < p <2 If weassume that
M(r,q) C M(p, p) then the latter implies M (q',7") € M(p’, p’), which is, by (i),
a contradiction. This proves (ii).

(iii) By duality, it is enough to consider the case 1 < g < 2 < p < +oo.
Assume that M(q,9) C M(p,p). Using the notations introduced in the proof
of (i), let ¢ : {1 — {4 be a quotient map and | : {; — {« be an isometry. Let
¢ € L®°(N x N) be such that

Up = ]ngO’,
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where I, : {; — (g is the identity map. Then ¢ € M(q,q). By assumption,
¢ € M(p,p). By Lemma this implies that I, € SQ,({y, {4). Clearly, this
implies that /; is isomorphic to an SQ,-space. But /; does not have type 2 and
any SQ, has type 2. This is a contradiction, so M(q,q) € M(p,p). 1

THEOREM 5.8. We have M(q,q) C M(p,p) ifand only if 1 < p < q < 2or
2<g<p < oo

Proof. By Proposition[5.3/and duality, we only have to show that when 1 <
p<qs2Mqq) c Mp,p).

We saw in the proof of Proposition 5.3{iii) that if M(q,q) C M(p, p) then £,
is isomorphic to an SQ-space. The converse holds true. Indeed, assume that /; is
isomorphic to an SQ,-space. Then by approximation, any L7-space is isomorphic
to an SQ,-space. Hence any element of I;({1, /) factors through an SQ,-space.
By the lifting property of ¢; and the extension property of ¢, this implies that any
element of I} ({1, {«) factors through an LP-space, that is I; ({1, £e) C ITp(l1, leo)-
By Corollary [4.5] this implies that M(q,q) C M(p, p).

Assume that 1 < p < g < 2. By Theorem 6.4.19 in [1]], there exists an
isometry from /; into an LP-space, obtained by using g-stable processes. Hence,
4 is an SQp-space. This concludes the proof. 1

PROBLEM 5.9. Compare the other spaces of Schur multipliers. For example,
if1 < p <2,dowehave
M(p,1) = M(p,p)?
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