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ABSTRACT. When A is a simple, o-unital, non-unital, non-elementary C*-
algebra, let Iy denote the intersection of the ideals of M(.A) that prop-
erly contain A. Iy, coincides with the ideal defined by Lin. We prove that
Imin # A for several categories of C*-algebras. If Iy, # A, then I/ Ais
purely infinite and simple. If A has strict comparison of positive elements
by traces then I, = Iwont, the closure of the linear span of the elements

A € M(A); such that the evaluation map A(7) = T(A) is continuous. In
particular, Iimin # Icont for certain Villadsen’s AH-algebras.
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INTRODUCTION

The ideal structure of the multiplier algebra of a simple, o-unital non-unital
non-elementary, C*-algebra A has received over the years a lot of attention. In
this paper we will focus on the study of the smallest (closed) ideal properly con-
taining A. Lin ([16], Lemma 2) gave a constructive proof of the existence of such
a smallest ideal for AF-algebras in terms of the tracial simplex of the algebra (see
Subsection 2.2).

Then Lin and Zhang [20], proved that every simple, separable, non-unital,
non-elementary C*-algebra with property (SP) and with an approximate identity
of projections (such algebras do not need to have real rank zero) contains an ¢!-
sequence of projections (see Definition [2.8|for a generalization). Furthermore, all
the principal ideals generated by projections associated to such sequences coin-
cide with the minimal ideal properly containing .A.

In [17] Lin defined for every simple c-unital C*-algebra an ideal Z in terms
of an approximate identity of positive elements and proved that 7 is contained in
any ideal properly containing A. If A is separable, then A # 7.
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For simple C*-algebras with real rank zero, stable rank one, and weakly
unperforated K,, (equivalently, strictly unperforated monoid V(.A) of Murray—
von Neumann equivalence classes of projections in A ® K) Perera proved that
there is a lattice isomorphism between the ideals of M (.A) and the order ideals of
V(A) LWZ(S,) (see Theorems 2.1 and 3.9 of [24] and notations therein) and then
proved ([24], Proposition 4.1) that V(A) U Aff, ; (Sy) is the smallest order ideal
properly containing V(.A), thus obtaining the smallest ideal properly containing
A. Here Aff, | (Sy) is the space of strictly positive continuous affine functions on
the state space S, (see also Subsection 2.2 and Section 4). This ideal, denoted
by L(.A), plays an important role in the study by Perera [24] and Kucerovsky and
Perera [14] of the ideal structure of the multiplier algebra and the characterization
for the corona algebra M (.A)/ A to be purely infinite.

The goal of this paper is to clarify the relations between the various con-
structions of the minimal ideal and to further investigate its properties. Through-
out the paper, except in Section [} .A will denote a simple, o-unital, non-unital
and non-elementary C*-algebra.

We revisit Lin’s definition ([[17], Lemma 2.1) of a nonclosed left ideal of
M (A) defined in terms of an approximate unit {e, } of positive elements, which
we denote by L(Ky({e,})) and by Iyin its norm closure (Lin denoted them by I
and I respectively). Properties of Iy are obtained using a bidiagonal decomposi-
tion result (Theorem 3.1) which is in the line of the tri-diagonal decomposition of
elements in M (.A), first introduced by Elliot in proof of Theorem 3.1 in [8]. More
background on bi-diagonal and tri-diagonal decompositions is presented before
Theorem As a consequence of the proof, one also sees that i, does not
depend on the approximate identity chosen, which was already obtained in [17].

In Remark 2.9 of [17] Lin proved that I, is contained in the intersection 7,
of all the ideals properly containing .A. In Theorem [3.7lwe prove that I;yin = Jo
and in Theorem we show that if i, /A is nonzero (and necessarily simple),
then it is purely infinite. Furthermore, A # I, if and only if there exists a thin
sequence of positive elements for A (Definition Theorem [2.14). This notion
can be seen as a generalization of the notion of /* sequence of projections intro-
duced for the (SP) case in [20], thus providing a bridge between the approaches
in [20] and [17].

If Ais separable, or if A has the (SP) property and the dimension semigroup
of Murray-von Neumann equivalence classes of projections is countable, then a
thin sequence exists, and hence A # Ini,. This includes the case of type II;
factors.

Except when A = K, we do not have examples when A = I,jn. A natural
test case is the nonseparable simple C*-algebra with both a nonzero finite and an
infinite projection studied by Rerdam in [27]. But it still yields A # Inin (see last
paragraph of Section [4).

In the case when A has a nonempty tracial simplex 7 (.A), another natu-
ral ideal inspired by the approaches in [16] and [24] is I.ont, the ideal generated
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by positive elements with continuous evaluation function over 7 (.A) (Defini-
tion . We show that A C Ieont (Proposition . If in addition, A has strict
comparison of positive elements by traces, then Iyyin = Icont, and hence, A # Iin
(Theorem [£.6). This result can be seen as a generalization of Perera’s construc-
tion [24] of the minimal ideal in the case that all quasitraces of A are traces (e.g.,
A is exact), while the weak unperforation of the K, group is equivalent to strict
comparison by quasitraces, and hence, to strict comparison by traces.

What happens when there is no strict comparison by traces? In the case of
the AH-algebras without slow dimension growth studied by Villadsen, which are
known to have perforation, we prove that Iyin 7 Icont (Theorem. In addition,
we show that if .4 has flat dimension growth, every positive element not in Icont
must be full (Theorem , and hence, Iont contains every other proper ideal of
M(A). If however the dimension growth is very fast, then this is no longer true
(Proposition[6.12).

Finally, we prove that if A has strict comparison of positive elements, then
so does Inin. This result extends our previous result obtained when A is separa-
ble and has real rank zero ([11], Proposition 3.1). The methods used are inspired
by the techniques used in Theorem 6.6 of [12] to prove that M (.A) has strict com-
parison of positive elements if so does A and A has quasicontinuous scale in the
sense of [14].

1. PRELIMINARIES

1.1. CUNTZ SUBEQUIVALENCE. Cuntz subequivalence in a C*-algebra B is de-
noted by =, thatis, if a,b € B4, then a < b if there is a sequence of elements
X, € B such that ||x,bx;, —a|| = 0. Ifa < band b < 4, then a is said to be equiva-
lent to b (a ~ b). It is well known that for projections subequivalence in this sense
coincides with Murray-von Neumann subequivalence.

We will use the following notation:

0 forte [0,
(1.1) fe(t) := ¢ =2 fort € (g,2¢],

€

1 fort e (2¢0).

For ease of reference we list here the following well known facts (see for
instance [5], [26]).

LEMMA 1.1. Let B bea C*-algebra, a,b € B, x € B,6 > 0. Then
(1) xax* < a;
(ii) xx* ~ x*x;
(iii) ifa < bthena X b;
(iv)if |ja—b|| < 6, then (a — &)+ < b;
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(v)ifa <b, then thereisr € B and &' > 0 such that (a — 6)4 = r(b—&')4r*; there
isalsor’ € B such that (a — 6)4 = r'br'*;
(vi)ifa < a andb <V, thena+b <d ®b';
(vii) ifab =0, then (a+b—06)y = (a—90)4 + (b —0)4;
(viii) ([12], Lemma 2.3) ifa < b, then (a —6)4+ = (b—6)4;
(ix) ([12], Lemma 2.4.(iii)) (a+b—051—02)+ =< (a—061)4++(b—02) 4+ for 61,62, >0.

LEMMA 1.2. Let B be a C*-algebra, a,b € By, and ||a — b|| < 6. Then for all
€20, (a—e—0)y 2 (b—¢e)4.

Proof. Since ||a— (b—¢)4|| < |la—=Db|| + ||b — (b —¢€)+]|| < e+, the conclu-
sion follows from Lemmal[L.1{iv). 1

LEMMA 1.3. Let B be a C*-algebra and a € B. For every ¢ > 0 thereisy € B
such that ||a — a'/?yay*a'/?|| < eand ||yay*| = 1.

Proof. Choose g(t) := fs—y) and set y = g¢(a). Then yay* = f¢(a) and
@~ ayay"a/? = a(1 - fi(a)),
hence both conditions are satisfied. &

We need the following results for which we have no handy references. A
related result is Lemma 2.3 of [17].

LEMMA 1.4. Let B be a simple C*-algebra and 0 # a,b € B. Then there is
0 # ¢ € By such that c < aand c < b.

Proof. Since B is simple, there are elements xy, i € B such that

Then f; xeayb # 0, and hence, there is some k such that xzay b # 0. Then also
k=1

]:lekayk — bH < HZLH

¢ := (xpayib)" (xpayeb) # 0, d := (xpayib) (xxayib)” # 0.
First notice that
d < ||DI[?[lyxl|? lallxeaxi < a,
whence d < a. Since ¢ ~ d by Lemma ii), it follows that ¢ < a. On the other
hand,
¢ < llall?lllllyx 1011,
hence c < b, by scaling if necessary ¢, which preserves the relationc < a. 1

For the convenience of the readers, we give the proof of the following well
known results.
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LEMMA 1.5. Let B be a simple, non-elementary C*-algebra. Then for every el-
ement 0 # a € By there is an infinite sequence of mutually orthogonal elements

0 # ay € B such that Z ay < aforall n.

Proof. Choose § > 0 such that (@ — )4 # 0. Then her((a — §) ) contains a
positive element b with infinite spectrum (e.g., 1.11.45 of [18]; in fact it contains an
element with spectrum [0, 1] by p. 67 of [2])). Since b < H La, to simplify notations,
assume that b < a. Now choose by compactness a convergmg sequence of distinct
elements f; € o(b), and by passing to a subsequence assume that the sequence
{tx} is monotone and that {|t; — f;;1|} is also monotone. Let ¢ := Tt — tepal-
Then the intervals [t; — 2¢y, t + 2¢] are disjoint. Let ¢x be the continuous function
with

0 t e [O,tk—ZSk] U[tk+2£k,00),
() = ;k—sk t € [ty — ek, b + €k,
inear € [t — 2, tr — €],
[

linear € [tk + e, tr + 2¢1].

=

Let ak & Then 0 # a; < & < % and a;a; = 0 for i # j. Thus we conclude

]

that Z aj<a. 1
j=1

LEMMA 1.6. Let B be a C*-algebra and let a,b,c € By and x € B. Then
(i) xax* ~ xa®x*
(ii) b/2ab /2 ~ bab;

(iif) if b < ¢, then bab = cac.

Proof. (i) First we see that xa x* < ||lal|xax* and hence xa®x* < xax*. For
every 6 > 0, 0 (a—0)+ < Z5a® and hence x(a — &) 1x* < xa’x*. Thus

xax* = lim x(a — 6), x* < xa’x*

6—0
(ii) We have:
b'/2ab'/? ~ a'/2pa'/?  (by Lemma [L1]ii))
a'2b%a/2 (by (i)
~ bab (by Lemma [1.1[ii)).
(iii) We have:

bab ~ b'/2ab?  (by (ii))
~ a'?pa'’?  (by Lemma [L.1Jii))
=< al/2cql/2 (by Lemma iii), since a*/2bhat’? < al/zcal/z)

~ cac (by the same two equivalences above). 1
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1.2. THE TRACIAL SIMPLEX AND STRICT COMPARISON. Given a simple o-unital
(possibly unital) C*-algebra A and a nonzero positive element ¢ in the Peder-
sen ideal Ped(.A) of A, denote by 7 (.A) the collection of the (norm) lower semi-
continuous densely defined tracial weights T on A, that are normalized on e.
Explicitly, a trace 7 is an additive and homogeneous map from A into [0, ]
(a weight), satisfies the trace condition T(xx*) = 7(x*x) for all x € A, the cone
{x € Ay : 7(x) < oo} isdensein A, (7 is also called densely finite, or semifinite),
satisfies the lower semicontinuity condition 7(x) < lim 7(x,) for x, x, € A4 and
|l — x|| = 0, and t(e) = 1 (7 is normalized on ¢). We will assume henceforth
that 7 (A) # @, and hence A is stably finite.

When equipped with the topology of pointwise convergence on Ped(.A),
T(A) is a Choquet simplex (e.g., see Proposition 3.4 of [30] and [9]). The col-
lection of the extreme points of 7 (A) is denoted by (7 (A)) and is called the
extremal boundary of T (A). For simplicity’s sake we call the elements of 7 (A)
(respectively, de(7 (A))) traces (respectively, extremal traces.) Tracial simplexes
T (A) arising from different nonzero positive elements in Ped (.A) are homeomor-
phic; so we will not specify which element e is used. A trace T on A is naturally
extended to the trace T ® Tr on A ® K, and so we can identify 7 (A ® K) with
T (A). For more details, see [9], [30], and also [10] and [12].

Recall also that as remarked in 5.3 of [10], by the work of F. Combes ([4],
Proposition 4.1, Proposition 4.4) and Ortega, Rerdam, and Thiel ([22], Proposi-
tion 5.2) every T € T (A) has a unique extension, (which we will still denote by
T) to a lower semicontinuous (i.e., normal) tracial weight (trace for short) on the
enveloping von Neumann algebra .4**, and hence to a trace on the multiplier
algebra M (A).

DEFINITION 1.7. Given a convex compact space K,
(i) Aff(K) denotes the Banach space of the continuous real-valued affine functions
on K with the uniform norm;
(ii) LAff(K) denotes the collection of the lower semicontinuous affine functions on
K with values in RU {+co};
(iii) Aff(K)44 (respectively, LAff(K)) denotes the cone of the strictly positive
functions (i.e., f(x) > 0 for all x € K) in Aff(K) (respectively, in LAff(K)).

For every A € M(A),, denote by A the evaluation map
(1.2) T(A) 31— A1) := 1(A) € [0,00],

o~

and denote by [A] the dimension map

o~

(1.3) T(A)> 1 — [Al(7) :=dr(A) € [0,00]

where
dr(A) = lim T(AY™)

is the dimension function.
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Then it is well known that A € LAff(T(A)),, and [A] € LAff(T (A)), .
for every A # 0. By definition of the topology on 7 (A), if a € Ped(A), then
ae Aff(T(A)).

As shown in Remark 5.3 of [22],

(1.4) dr(A) = Tt(Ra) where Ry € A™ is the range projection of A.

We will also use frequently the following well known facts. If A,B € M(A),
and T € T (A) then

(1.5) A<B = A(t) < B(1),

(1.6) A 2B = d(A) <d(B),

(1.7) AB =0 = d(A+B) =d(A) +d.(A),
(1.8) T(A) < [|Alld-(A),

(1.9) de((A~0)1) < 37(A) Y550

We will use the following notions of strict comparison.

DEFINITION 1.8. Let A be a simple C*-algebra with 7 (A) # @. Then we
say that
(i) A has strict comparison of positive elements by tracesifa < bfora, b € Ay
such that d(a) < d-(b) for all those T € T (.A) for which d.(b) < oo.
(i) M (.A) has strict comparison of positive elements by traces if A < B when-
ever A,B € M(A),, A belongs to the ideal I(B) generated by B, and d.(A) <
d(B) for all those T € T (.A) for which d(B) < co.

Notice that strict comparison is often defined in terms of 2-quasitraces. In
Theorem 2.9 of [10] we proved that if a unital simple C*-algebra of real rank zero
and stable rank one has strict comparison of positive elements by traces (equiva-
lently, of projections, due to real rank zero) then all 2-quasitraces are traces. Re-
cently it was shown that in a simple stable C*-algebra with strict comparison of
positive elements by traces all 2-quasitraces are traces ([21], Theorem 3.6).

Notice also that if A is not unital and hence M (.A) is not simple, A < B
still implies that A € I(B), but this condition does not follow in general from the
comparison condition. Indeed if there is an element B € A with d(B) = co for
all T € T(A) (and this is certainly the case when A is stable) then the condition
d-(A) < d¢(B) for all those T € T (A) for which d-(B) < oo is trivially satisfied
forevery A € M(A); and yet A A B.

1.3. CONES AND IDEALS IN C*-ALGEBRAS. Let B be a C*-algebra and let K C
B+. Set

(1.10) L(K):={x e B:x*x € K},
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(1.11) L(K)*L(K) := { Y xtyi g,y € LK), n e N}.
=1

DEFINITION 1.9. Let B be a C*-algebra and K C B...
(i) Kisaconeif x +y € Kand tx € Kwhenever x,y € Kand 0 < t € R; K'is
hereditary if x € K whenever 0 < x <y € K.

(ii) A subalgebra C C B is hereditary if the cone C is hereditary.

(iii) A cone K is
(a) invariant if axa* € K whenever x € Kand a € B;
(b) strongly invariant if x*x € K whenever x € B and xx* € K;
(c) weakly invariant if axa* € K whenever x € K and a € B.

Hereditary cones are also called order ideals. It is well known and immediate
to see that if K is a hereditary cone, then L(K) is a left ideal of B, L(K)*L(K) and
L(K)* N L(K) are *-subalgebras of B, and L(K)*L(K) C L(K)* N L(K). Further-
more, if K is a hereditary cone, then

(1.12) L(K) is two-sided if and only if K is invariant.
(1.13) L(K) = L(K)™* if and only if K is strongly invariant.

THEOREM 1.10. Let B be a C*-algebra and K C B be a hereditary cone. Then
(i) the norm closure K of K is a hereditary cone ([7], Theorem 2.5);
(i) L(K)*L(K) = spanK (the collection of complex linear combinations of K) and
(L(K)*L(K))+ = K ([29], Proposition 3.21);

(iii) if K is closed, then L(K)*L(K) = L(K)* N L(K) and the mappings B — B,
K — L(K), and L — L* N L define bijective, order preserving correspondences between
the sets of hereditary C*-subalgebras of B, closed hereditary cones of B, and closed left
ideals of B ([7]], Theorem 2.4 and [23]], Theorem 1.5.2).

We collect here some properties of hereditary cones in C*-algebras that we
will use in this paper.

LEMMA 1.11. Let B be a C*-algebra and K C B be a cone.
(i) The (norm) closure K of K is a cone.
(ii) If K is weakly invariant, then K is invariant.
(iii) If K is invariant, then
K={xeBs:(x—6)y €eKVé>0}
(iv) If K is closed and invariant, then it is hereditary and strongly invariant.

Proof. (i) Obvious.
(ii) Let x € K, a € B and let {x, } be a sequence in K converging (in norm)
to x. Since ax,a* € K for every n, it follows that axa* = lirrln axpa* € K, that is, K
is invariant.
(iii) Let
K:={xeBi:(x—6)+ €KVs>0}
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Since liné (x = 6); = x forall x € B, it follows that K’ C K. Conversely, let

x € K, 6 > 0, and choose y € K such that ||x — y|| < g Then (x —0)+ =ryr* € K
for some r € B by Lemmal|l.1] llV) and (v). Thus x € K/, which proves that K’ = K.

(iv) Let x < y, with x € By and y € K. By Lemma [L.1{iii) and (v) for
every § > 0 there is an r € B such that (x — )4 = ryr* € K (because K is
invariant). Thus x = }ir%(x —0)4+ € K (because K is closed), which proves that K
is hereditary. H

Now let x*x € K and x = v|x| be the polar decomposition of x. By Lem-
ma 2.1 of [, v|x|'/" € B for every n € N, hence (v|x|"/")x*x(v|x|"/")* € K .
Since |x|1/"|x| — |x| in norm, it follows that also

xx* = vx*xo* = lim(v|x|"")x*x(o|x|/")* € K,
n
which proves that K is strongly invariant. 1

In the course of the proof of (iv) we have shown that
(1.14) if Kis invariantand 0 < x <y € K then (x —d)4 € Kforall § > 0.

From Example 2.5 and Corollary we will see that the condition in (iii)
that K is invariant cannot be replaced by condition that K is weakly invariant.

COROLLARY 1.12. Let B be a C*-algebra and K C B a weakly invariant hered-
itary cone in a C*-algebra B; then L(K) = L(K), L(K) is a two-sided ideal, and
L(K), =K.

Proof. B Lemma ll) (ii), and (iv), K is a strongly invariant hereditary
cone. By (1.13), L(K) = L(K)* and by Theorem [1.10} u1) and (ii), spanK = L(K).
Since K is hereditary, L(K) is a left ideal, and hence, so is L(K). Moreover, K C

L(K), hence spanK C L(K), and hence L(K) C L(K). On the other hand, L(K) C

),
L(K), and hence L(K) C L(K), and thus L(K) = L(K). 1

1.4. APPROXIMATE IDENTITIES. When B is a o-unital C*-algebra, and {e, } is an
approximate identity, we will always assume that

(1.15) {en} is strictly increasing (0 < e, < e,,1) and that e, 116, = e, V.

It is also convenient to define ¢y = 0. Notice that e, € Ped(A) and ||e,|| = 1 for
alln > 1.
Notice that
(1.16) (eme1—en_1)(em—en) =em—e, Vm>n,
and hence,

(1.17) em —en < Repy—e, <1 —ey1 Vm>n.
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REMARK 1.13. We can always pass from an approximate identity satisfying
the above conditions to a subsequence { f, } satisfying the following two stronger
conditions assumed in [17]:

(i) Let gn := fu — fu—1 (fo := 0), then ||g,|| = 1 for all n and gn,gm = O for
|m —mn| > 2.

(ii) There are a, € By with ||a,|| = 1 such that a, < g, angn = gnan = a, and
angm = 0 for n # m.

Proof. Let f, := es,. Clearly, (fu — fu—1)(fm — fm—1) = 0 for |m —n| > 2.
Set ay, := es,_1 — e5,_4. Then f;, — f,_1 > a, by the monotonicity of e, and

(fn _fnfl)an = an(fn _fnfl) = ap

by (1.16). Furthermore, ||a,|| = 1 since by (1.17), a5 > Res, ,—e5, 5 7 0; in partic-
ular, [[fu — fuo1ll = 1. 0

2. THE MINIMAL IDEAL AND ITS HEREDITARY CONE

DEFINITION 2.1 ([16], Lemma 2.1). Let A be a simple, o-unital, non-unital
C*-algebra with an approximate identity {e,}. Then we define the following set
of positive elements in M (.A):

Ko({en}) ={XeM(A);:VO£ace AL ANEN
Sm>n>=2N= (em—en)X(em—en) 2 a}.
REMARK 2.2. (i) By Lemmal|T.6{iii),

Ko({en}) ={X e M(A);:VO#aec A, INeN
> m>N= (e, —en)X(em —en) =S a}.

This equivalent formulation will also be used in the paper.

(ii) If A has the (SP) property, (i.e., every nonzero hereditary subalgebra of A
contains a nonzero projection), then for every 0 # a € A there is a projection
0 # p = a. Thus in the defining property of K,({e,}) we can replace “for all
nonzero elements a € A" with “for all nonzero projections p € A”.

LEMMA 2.3. We have:
(i) X € Ko({en}) ifand only if X1/2 € Ko({en});
(ii) Ko({en}) is a hereditary cone of M(A) if and only if A is non-elementary.

Proof. (i) Immediate from the definition and Lemma i).

(i) It is also immediate to verify that K, ({e, }) is always hereditary and that
if X € Ko({en}) then tX € Ko({en}) for every t > 0. Assume first that A is non-
elementary and that X, Y € Ko({e,}). Let0 # a € A, then by Lemma we
can find two elements 0 # a’,a” € Ay witha'a” = 0and @’ + 4" < a. Let N
(respectively, N”) be such that for all m > n > N’ (respectively, m > n > N"), we
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have (e, — en)X(em — en) = a’ (respectively, (e, —en)Y (e —en) = a”). Hence,
forall m > n > N := max(N’, N”) we have by Lemmal[l.1vi)

(em —en)(X+Y)(em —en) = (em —en)X(ewm —en) + (em —en)Y (e — €n)
<ad 44" <a.

Thus K, ({e, }) is a cone.
Assume now that A = K, and hence M(A) = B(#), and let {e,,} be an
increasing sequence of rank # projections. Then it is easy to verify that

Ko({en}) = {x € B(H)+ : 3n > rank(1 —e,)x(1 —e,) < 1}.
Let {7, } be an orthonormal basis of H such that span{#y,..., 7.} = R.,, and let
¢i= il %172]- and ¢’ := 'i %172]-“. Thenboth ¢ ® ¢ and ¢’ ® ¢’ belong to Ko ({ex})
since];hey have rank orjlg, but (1—e,)(®@&+¢& ®@¢&)(1— e,) has rank two for
every n,and hence @ ¢ + &' @ &' & Ko({en}). 1

COROLLARY 2.4. Let A be a simple, o-unital, non-unital, non-elementary C*-
algebra with an approximate identity {e, }. Then L(Ko({e,}) is a left ideal and

L(Ko({en}))+ = Ko({en}).

That L(Ko({en}) is a left ideal, is an immediate consequence of the fact
that Ko({en}) is a hereditary cone. The equality Ko({e,}) = L(Ko({en}))+ was
suggested by H. Lin (private communications). L(K,({e,})) was denoted by I,
in [17] where Lin was primarily interested in the continuous case scale where
L(Ko({en})) is two-sided. However, the following example shows that K,({e, })
is in general not invariant, i.e., the ideal L(K,({ex})) is not two-sided.

EXAMPLE 2.5. Let A, be a simple, unital, finite, non-elementary C*-algebra
and let A := A, ® K. Let {¢;;} be the standard matrix units in K, then e, :=

n
1® Y ey is an increasing approximate identity of projections of A. Let
k=1

Vi=1® Y 2752,
k=1

Then VV* =¢; =1®e11 € Ko({en}), 1e, V¥ € L(Ko({en})). Let

P:=VV=1g Y 270Hh/2
hk=1

Foreveryn > 1and 0 # a € (Ao)+ with a % 1 we have
(en —en—1)P(en—en1) =1@2 "eyn ~1®e1; Aa®@er.

Thus P & Ko({en}), i.e., V. ¢ L(Ko({en})). This example shows that the cone
Ko ({en}) is not invariant, and, equivalently, that L(K,({en})) is not a two-sided
ideal. It also shows that K, ({e,} ) does not satisfy the conclusion of Lemma iif)
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since P € Ko({en}) and yet 1P = (P — 1), & Ko({ex}). Furthermore, if we

n o]
choose an approximate identity f, = 1® Y. fix with fi; = Y. 270072,
k=1 hk=1

we see that P € Ko({fx}), which shows that K,({e, }) # KO({fn})

We notice that the proof of Lin’s main results (e.g., Corollary 3.3 of [19])
did not use I, or I,. In Corollary 3.3 we will see that K,({e,}) is always weakly
invariant, and hence, K,({e,}) is strongly invariant and that K,({e,}) does not
depend on the approximate identity {e,}. Meanwhile, the next lemma shows
that refinements of an approximate identity do not change the cone K.

LEMMA 2.6. Let A be a simple, o-unital, non-unital, non-elementary C*-algebra
with an approximate identity {e,}. Then Ko({en}) = Ko({en, }) for any strictly in-
creasing sequence ny of integers.

Proof. Let X € Ko({en, }) and 0 # a € A,. Then there is an L € N such
that if k > L then (e,, — ey, )X(en, —en,) < a. Let m > np and choose k such that
1y > m. Then ey, — ey, < ey, — ey, and hence, by Lemma iii)

(em —eny ) X(em —en, ) = (en, —eny ) X(en, —en,) = a.

Thus X € Ko({en}). The opposite inclusion is obvious. 1

Given any approximate identity {e, } of A, it is clear that e,ae, € Ko({en})
foreverya € A, and n € N. Since e,ae,;, — 4, it follows that

21) Ay C Ko({en}).

The inclusion A4 C Ko({e,}) is however equivalent to the condition that A has
continuous scale. Recall that A is said to have continuous scale if for some (and
hence, for every) approximate identity {e, } and for every 0 # a € A there is an
N € Nsuch thate,, —e; <aforallm >n > N.

LEMMA 2.7. Let A be a simple, o-unital, non-unital, and non-elementary C*-
algebra with an approximate identity {e, }. The following are equivalent:
(i) A has continuous scale;

(i) Kol{er}) = M(A)-;

(iii) Ko({en}) = M(A)+;
(iv) AL C Ko({en}).

Proof. (i) = (ii) For every x € M(.A)4 and every m > n we have
(em —en)x(em —en) < ||x||(em —en) = em — e
(ii) = (iii) and (ii) = (iv) are obvious.
(iii) = (ii) Since 1 € Ky ({en}), thereis an x € Ky ({en }) such that ||x — 1| <
1. Thus x is invertible, and hence, p1 < x for some scalar p > 0. Since K ({e,})

is a hereditary cone, it follows that 1 € Ky({e, }), hence M(A); C Ko({es}) and
thus (ii) holds.
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[ee]
(iv) = (@) Letb:= )} %(ekﬂ —ey) where the convergence is in norm, and

hence, b € A1 C K. Then for every 0 # a € A, there is an N € N such that if
m >n > N+1 then (ey11—ey—1)b(en11—ey—1) < a. But then by (1.16) we also
have

Em = En ™~ 1_ 1 (em —en) = %(emﬂ —en—1)(em — en)(emi1 — €n—1)
m—1 1
= (em+1 —en—1) —1 (ex+1—ex) (ems1 — en—1)
k=n
m—1 1
< (em1—en-1) ), 7 (e — ) (emir —en1)
k=n

< (em+1 - enfl)b(eerl - 6,/,,1) =a.
Thus the scale is continuous. 1
The implication (iii) = (ii) is essentially the “only if” part of Theorem 2.10
in [17]. The following notions have appeared in various forms and various names

in the literature (e.g., [20], and 4.3.11 of [3]) and for ease of reference we present
them by the following formal definition.

DEFINITION 2.8. Let B be a C*-algebra.
(i) A sequence of elements 0 # s; € B is called order dense for B if for every
0 # a € By there is an integer n for which s, < a.
(ii) A sequence of mutually orthogonal elements 0 # t; € B is called thin

m

for B if for every 0 # a € B, there is an integer N such that ) t; < a for all
i=n

m>=n > N.

Recall that a thin sequence of projections is called an ¢! sequence in [20].
Clearly, thin sequences are order dense; also if {s’} is an order dense sequence
for Band 0 # s; € B, with s; < s/ for every i, then {s;} is also order dense for B.
Similarly, let 0 # s;,s! € By
(22)  if {s}} is thin, s;s; = O for i # jand s; < s} Vi, then {s;} is thin.
m m

This follows from Lemma vi) since ). s; = ) s/ for every m > n. Itis also
i=n i=n

immediate to see that

(2.3) if {s}} is thin, s; = a;s] for some a; > 0, then {s;} is thin.

In separable C*-algebras, it is easy to construct order dense sequences (see
also the construction in Lemma 2.4 of [17] and [34] for projections).

PROPOSITION 2.9. Every separable C*-algebra has an order dense sequence.

Proof. Let Bbe a separable C*-algebra and let {b,, } be a sequence of positive
elements dense in the unit ball of B.. Let {s, } be an enumeration of the nonzero
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elements in the collection { (b — 3) . :m € N}. Forevery 0 # a € B there is
an m € N such that H”Z—H — bl < % Then || by || > %,hence (b — %)+ # 0, and
thus (b, — %)Jr = s, for some n. Then s,, < HZ—H ~ aby Lemmaiv). Thus {s, }
is an order dense sequence. I

Another case when order dense sequences are immediate to obtain is the
following. For every C*-algebra A, denote by D(.A) the (possibly empty) dimen-
sion semigroup of Murray—von Neumann equivalence classes of projections. We
say that D(.A) is order separable if there is a sequence {p,} of nonzero projec-
tions of A such that for every projection 0 # p € A thereis a p, < p. Of course,
if D(\A) is countable, it is also order separable, but type II; von Neumann factors
are examples of (non-separable) C*-algebras with a dimension semigroup D(.A)
that is order separable but not countable.

PROPOSITION 2.10. Every C*-algebra B with (SP) property and with order sepa-
rable dimension semigroup D(BB) has an order dense sequence of projections.

Proof. By the (SP) property, for every 0 # a € B, there is a nonzero projec-
tion g € her(a), and hence, g < a. Since p, < g for some n, we have p, < a. Thus
{pn} is order dense for B. 1

Starting with a thin sequence, we can construct an order dense sequence.
For future use in this paper, we will prove a slightly stronger version than needed
in this section. When s,t € B and n € N, we will denote by ns an n-fold direct
sum of s with itself. Then ns € M, (B+) and the subequivalence relation ns < t
is understood to hold in M, (B). In particular, if s < f; for 1 < i < n and ¢; are
n
mutually orthogonal, then by Lemmavi), ns X Y ;.
i=1
LEMMA 2.11. Let B be a simple non-elementary C*-algebra. Then for every se-
quence {s; } of elements 0 # s; € B, there is a sequence of mutually orthogonal elements
m
0 #t; € Bysuchthatn Y, t; < s, for every pair of integers m > n.
i=n
Proof. Let {a;} be a sequence of mutually orthogonal elements 0 # a; € B
(e.g., see Lemma . By Lemma there are elements 0 # s} € B with s} < g

and s, < s;. For every i, use Lemma to find an infinite sequence {s’ ]-} of
n

mutually orthogonal nonzero elements 0 # s;; € B such that '21 s;j < s for
]:

every n. For every j, set s1; = s i Applying Lemma find an element 0 #

S2,j S sé i such that s, ; < s1 ;. By iterating the construction, find sequences {si,]-}

of elements 0 # s; ; < s;,j such that

Sij 28i-1,; 228 Vi, ]
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Now apply again Lemma(L.5]to find mutually orthogonal elements 0 # t;; € A,

such that Z tij < s;;. By Lemma we can assume again that for every i,
=1
tzzjtu 1 4"'jti,1-

Lett; := t; ;. Notice that the sequences t; <'s;; < sf < a; are mutually orthogonal.

Thus for everyn <i €N

n
Z Sl 17

and hence,
m

nZt<Zs”jZSij C<sh sy

The followmg consequence is now 1mmed1ate.

COROLLARY 2.12. Let B be a simple non-elementary C*-algebra. If B has an
order dense sequence {s;}, then it has a thin sequence {1t;} with t; < s; for every i.

If A is a simple, o-unital, non-unital C*-algebra with an approximate iden-
tity {e,}, and two sequences of positive integers {m;} and {n;} such that n; <
m; < nj;q for every j, and {d;} is a sequence of bounded elements d; € A
for which d; < Mj(emj — enj) for some M; > 0, then the elements d; are mutu-

ally orthogonal and the series }_ d; converges strictly. We will call the sum D of
j=1
such a sequence diagonal with respect to {ey, }. Furthermore, D € A if and only if
lim | d;| = 0.
]

LEMMA 2.13 Let A be a simple, o-unital, non-unital C*-algebra and assume that
the element D := Z d; is diagonal with respect to an approximate identity {e, }. Then
j=1
D € Ko({en}) if and only if the sequence {d;} is thin.
Proof. Let {n;} and {m;} be sequences of positive integers such that n; <
mj < njq for every jand d; < Mj(em; — en;) for some M; > 0 and all j. Assume
first that the sequence {d; } is thm Smce for every p > L € N we have

(1—ey,) Z di=0 and ey, ) dj =
j=1 j=p+1
it follows that )
(em, —en,)D = (em, —en,) Y dj.
j=L

Now let 0 # a € A4 and L € N be such that if p > L, then Zd =< a. For
=L

every m > N := np choose p such that m;, > m. Then by Lemma Im) and
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Lemmal(L.I(i), we have

P P
(em—en)D(em—en) = (em, —en)D(em, —en) = (em, —en ZLd] em, —eN) gdjja

This proves that D € Ko({ex}).
Assume now that D € K,({ex}) and let 0 # a € Ay. Then there is an
integer N such that (e, — eN)D(em —eyn) = aforevery m > N. Let L be such that

>N+landp > LSmceZd M(em, — en; ) and

(emp+l - eanl)(emp - enL) = emp - enL’

P 4
it follows that (emp+1 —ep, 1) X dj= ) d;. Butthenmp +1 > N, and hence,
=L j=L

p P
Z dj = (emy+1 —en,—1) 2 dj(emy+1 — en 1)
j=L j=L

< (emp—&-l - enL—l)D(emp—&-l - enL—l) = (em,,—H - eN)D(emp-H —en) 2 a.

This proves that {d;} is thin. &

THEOREM 2.14. Let A be a simple, o-unital, non-unital, non-elementary C*-
algebra with an approximate identity {e, }. Then the following are equivalent:

(i) Ay # Ko({en});
(ii) A has an order dense sequence;
(iii) A has a thin sequence;

e}
(iv) A has a thin sequence d;j such that D = Y d; converges strictly to an element

j=1
D € Ko({en}) \ A

Proof. As usual, set K, = Ko ({e,}).
(i) = (ii) A+ # K, if and only if there is an element X € K, \ A. Then for
every k, (1 —e;)X(1 — ex) # 0, hence there is some integer m; > k such that

Sk = (e"ﬂk - ek)X(emk —ex) # 0.
By the defining property of Ko, for every 0 # a € A there is an integer N such
thatsy < a.
(ii) = (iii) by Corollary 2.12}
(iii) = (iv) Assume that {t;} is a thin sequence for A. By Lemma for
every j we can find 0 # él; € Ay such that 151; =< tjand d~] < ey —ej1. Let

d; =

E HZ H and D := Z dj. The sequence {d;} is mutually orthogonal and thin by

2.2) and 2 , and by constructlon D is diagonal with respect to {e, }. Then by
Lemma 3D €K\
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(iv) = (i) Obvious. 1

Immediate consequences of Theorem Proposition and Propositi-
on and Lemma are the following ((i) was obtained in Lemma 2.4 of [17]).

COROLLARY 2.15. Let A be a simple, o-unital, non-unital, non-elementary C*-
algebra with an approximate identity {e,}. Then Ay # K, in any of the following
cases:

(i) A is separable;
(ii) the Cuntz semigroup is order separable;
(iii) A has the (SP) property and its dimension semigroup D(.A) of Murray—von Neu-
mann equivalence classes of projections is order separable;
(iv) A has a continuous scale.

We will see in Section@]that another case when A #K, is when A has strict
comparison of positive elements by traces (see Proposition[4.4and Theorem [4.6).

3. THE MINIMAL IDEAL

We proceed now to prove that for every approximate identity {e, }, as usual,
satisfying (L.15), Ko({es}) is weakly invariant and to obtain properties of
L(Ko({en})). In order to do that, we need first to strengthen a result obtained in
Theorem 4.2 of [12]. Diagonal series have proven to be very valuable in working
with multiplier algebras, starting with [8] and then [15], [25], [34] among many
other. It is well known that a Weyl-von Neumann decomposition of selfadjoint
elements into the sum of a diagonal series plus an element in A of arbitrarily
small norm is possible only under additional conditions on K;(A) (e.g., if A has
real rank zero, the Weyl-von Neumann theorem holds precisely when M (A)
has real rank zero [35]). However a decomposition into a tridiagonal series plus
remainder was obtained and used in [15] and [34]. A refinement of that construc-
tion, but with fewer hypotheses on .A, was obtained in [12] where we proved that
if Ais o-unital, then every positive element T € M (.A) can be decomposed into
the sum of a selfadjoint element in A of arbitrarily small norm and a bidiagonal

series. A bidiagonal series D := }_ dj is a strictly converging series with sum-
k=1
mands dy € A such that dydp = 0 for |k — k’| > 1. In particular, D = De + D,
e} [e9)

where De := Y dypand Dy := ) dy_1 are diagonal series.
k=1 k=1
If T € Ko({exn}), the original proof in [12] can be modified to show that

the bidiagonal series can be chosen in K, ({e,}). Also in order to obtain some
further enhancements that will be needed later in this paper, and for the readers’
convenience, we will present here a self-contained proof.
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THEOREM 3.1. Let A be a simple, o-unital, non-unital, non-elementary C*-alge-
bra with approximate identities {e,} and {fn}, and let X*X € Ko({e,}) for some
X € M(.A). Then for every € > 0, there exist an element t = t* € A with ||t|| < ¢, and

o
a bidiagonal series D := Y. dy such that XX* = D +tand D € Ko({fm}).
k=1

Proof. Without loss of generality, assume that || X|| = 1 and assume also
that XX* ¢ A as the conclusion is trivial when XX* € A (e.g., see (2.1)). By
Theorem there exists a thin sequence {t;}. By the definition of K,({e,})
there is an increasing sequence { Ny }, such that

(em —en, ) X" X(em —en,) = tip1 Vm > Ni.
Since Ko ({en}) = Ko({en, }) by Lemma 2.6} to simplify notations assume that
(3.1) (em —en)X*X(em —en) S tpp1 Vm > n.

Fix ¢ > 0 and construct two sequences {my} and {n;} of strictly increasing inte-
gers as follows. Set my = ngp =n_1 =0,n; = 1and ¢y = fp = 0. Since {f, } is an
approximate identity, we can find m; > 0 such that

2
€
len X (1= fup)l| < 55-

Then choose n, > n1 = 1 such that

2
€
(1 = en)X* ol < 55-

By iterating, construct strictly increasing sequences of integers {my} and {n;}
such that
lew X* (1= fu) | < gz fork>1,

2
&
||(1 — e”k—l)X*fmk—ZH < ﬁ fOI' k 2 3

When A, B, C are bounded operators, ||C|| < 1,and 0 < A < B, then
|AY2C||* = [Ic*AC|| < ||[C*BC|| < ||BC]|.
Using the fact that || X|| = 1 and || fu, || = 1 for all k, we can apply this inequality
to A := (e, —ep, ,)and
B:=e, and C:=X*(1- fu,)
and also to
B:=1-ey , and C:=X"fy, ,.

Thus we obtain

€

(e, = eme )/ 2X5(1 = fan )| < ok+2 fork >1,
€

|| (en, — enk_l)UzX*fmk_2 | < fork > 3.

2k+2
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By the triangle inequality,
e = em )M 2X" = (ene = em )X (fong = fone )|
€
= (e —en )2 X (1= fon )+ (em =)V 2X" fun || < -

From the inequality ||[A*A — B*B|| < (||A]| + ||B]|)(||A — BJ|) and the fact that
|X|| =1and |ey,|| = || fm, || = 1, we thus have

(32 (X (e, — en )X = (g — fin-2) X(ew = en )X (i, — 2| < -

Set
C 1= (ka _fmk—Z)X(enk - e”kfl)X*(fmk _fmkfz), p= ki‘iCk.

Since f, is an approximate identity for A and the sequence

Ck < ||X||2(fmk —fmk72)2 < fmk _fmkfz

is uniformly bounded, it is clear that the series converges strictly. Furthermore,
[e9)
XX* =) X(en, —en ,)X*
k=1
where the series also converges strictly. Set
o0
t:=XX*—D =) (X(en, —en_,)X* —ci).
k=1
It follows from (3.2) that this series converges in norm, hence t = t* € A. More-
over
e}
16 < 3 1X(en, — en )X — el <
k=1
Thus we have the decomposition XX* = D +t. We need to verify that D is

a bidiagonal series and that D € Ko({fn}). We will use now (3.1), which is a
consequence of X*X € Ky({e,}) \ A. For every k > 1

cx = X(en, —en,_)X*  (by Lemmal[L.1i))
~ (en, — en, )V/2X*X(en, — en, ,)"* (by Lemmal[L1[ii))
~ (en, — e, ) X*X(en, —en, ,) (by LemmalL.6ii))
=t (by D).
Set dj. := coi + cor—1. By Lemma[L.I|[vi),
(33) dp =ty + b1
Furthermore,

(3.4) die < 20X (Fny — finy_s)
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whence we see that D is bidiagonal. In particular, the even and odd sequences

d2k < 2||XH2(fm4k _fm4k73)/ d2k+1 < 2||X||2(fm4k+z _fm4k71)/

are both mutually orthogonal, satisfy the intertwining condition of Lemma [2.13]

and are thin by and (2.2) since

doe = tap +tak—1,  dopg1 = taggo +tag

and both sequences {f4 + t4x_1} and {t4 2 + tar 11 } are thin. But then their sums

De = Z d2k and DO = Z d2k71
k=1 k=1
are both in Ko ({ fin }), and hence, D = De + D, € Ko({fm}), which concludes the
proof. 1

REMARK 3.2. If in Theorem [3.1] we start with an element B € M (A)4 and
drop the hypothesis that B € K, ({e,}), the same proof yields the decomposition
B = D + t where D is a bidiagonal series. Furthermore, if { f,,, } is an approximate
identity, then we can choose D to be the sum D = D. + D, of two diagonal series
with respect to {f, }. In fact to obtain this result we only need to require that A
is o-unital (see Theorem 4.2 of [12]]).

COROLLARY 3.3. Let A be simple, c-unital, non-unital, non-elementary and let
{en}, {fm} be two approximate identities for A. Then
(@) Ko({en}) = Ko({fu}):
(ii) Ko({en}) is weakly invariant, hence Ko({e, }) is hereditary and strongly invari-
ant;
(iii) L(Ko({en})) is a two-sided ideal and

L(Ko({en})) = L(Ko({en} ) = span{Ko({en})}-
Proof. () If T € Ko({en}), thenby applying Theoremto X := T2 we see

that T € Ko({fm}), thatis, Ko({ex}) C Ko({fin}). Thus Ko({ex}) C Ko({fm}).
By reversing the role of the approximate identities we obtain equality.

(i) If X € Ko({en}) and A € M(A) then

(Xl/ZA*)(Xl/ZA*)* — Xl/zA*Axl/z < HAHZX c Ko({en})/
hence by Theorem
AXA® = (XM247)" (X2 A7) € Ko({en)).

Thus K, ({e,}) is weakly invariant, and hence, by Lemma ii) and (iv), we
obtain that K,({e, }) is hereditary and strongly invariant.
(iii) Follows immediately from Corollary and Theorem[T.10] &
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The independence of L(K,({ey })) on the approximate identity was obtained
in Remark 2.9 of [17]. From now on, we will denote

(3.5) Imin = L(Ko({en}))-
The following result sheds additional light on the relation between I,i, and
L(Ko({en})).

PROPOSITION 3.4. Let A be simple, o-unital, non-unital, non-elementary and let
{en} be an approximate identity for A. Then Inin = A+ L(Ko({en}))-

Proof. The inclusion A+ L(Ko({en})) C Imin is obvious, and to prove equal-
ity it is enough to verify that if D € (Iymin)+ = Ko({en}), then it follows that
D e A+ L(Ko({en})).

Without loss of generality, ||D|| < 1 and by Remark 3.2 we can assume
that D is diagonal with respect to {e,}. By further decomposing if necessary

[e9)
D =} d; into a sum of at most three diagonal series, we can assume that there
j=1
is a sequence my such that (ey, — em, ,)dx = di for all k. To simplify notations,
assume that
(3.6) (ex —ex—1)dx = dy Vk

(setting eg = 0). By Theorem A has a thin sequence {t;}. For every k find
by € Ko({en}) such that ||D — b|| < { and an integer 1y such that
(em —en)br(em —en,) 2t VYm > ny.

Since
1
| (em — en, ) D(em — en,) — (em — e )bx(em — en) || < [[D — byl < %

it follows from Lemma 1.1{iv) that for all m > ny,

((em — enk)D(em - enk) - 1>+ = (em — enk)bk(em — enk) = tg.

k
By G.8),

(- ewotea- D), = (4D, = £ -,

103 1—1

Set §; := %for g < j < ngyq. Thus forall k € N, +Z (dj — 0j)+ = tr. Then
J=1k

k
for every 0 # a € A thereisa K € Nsuch that }_ t; < a forall k > K. For all
j=K
m > ng, choose ng > m. Then
[eS) m ng
(em — enK)( Y (dj— 5j)+) (em —ene) = Y (dj =)+ < ) (dj =)+

j=1 j=nk J=nk
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H—-1 141 H-1
<Y L@=6)s= ) te=a
k=K j=n =

which proves that

Y (d; — 57)+ € Ko({ea}) C L(Ko({en))).

=
Finally,
=Y (dj =)+ =) (dj—(dj—)+) € Ax
=1 =1

since 0 < d] - (d] - (5])+ < (5j(€]‘+1 — ej) |

We proceed now to justify the notation Ini,. The natural “minimal ideal” is
the intersection J, of all ideals (not necessarily proper) properly containing A4, in
symbols

(3.7) Jo={T < M(A),AC J}.

Obviously A C J,, but we do not know whether 4 # 7, holds in general.
However, we will prove now that I,in = Jo (see Theorem . A key tool in
that proof, and used also throughout this paper, is the following result obtained
in [12].

PROPOSITION 3.5 ([12] Proposition 4.4). Let B be a non-unital C*-algebra and

let A = Z A, B = Z By, where Ay, By, € M(B)+, AwAm = 0, ByBy, = 0 for
n=1 n=1
n # m and the two series converge in the strict topology, and A, = (B, — 8) for some

& > 0and for all n. Then for every ¢ > 0and 0 < &' < & there is an X € M(B) such
that (A —€); = X(B —¢') 4 X*, and hence, A < (B—¢')+ < B.

If the sum of a positive diagonal series in M (B) is subequivalent to another
strictly converging series in M (B) (not necessarily diagonal) then we can deduce
the following relations between the summands.

PROPOSITION 3.6. Let B be a non-unital C*-algebra, let A= Z apand B= Z by
k=1
be two strictly converging series with ay, by € By and with the elements ay mutually

orthogonal. If A < B, then for every 6 > 0 and M € N there is an N € N such that for
every n > N there is an m > M such that

n

Y (ax—0)4 Zbk

k=N
Proof. By Lemma V), there is an element X € M(B) such that (A —
g) L= XBX*, and hence, by Lemmathere isaY € M(B) such that

1/2 1/2
oo (a-g), - ((a-5).) Trmxv((a-g) ) 7] <
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and ||[YXBX*Y*|| < 1. Because of the mutual orthogonality of a;, and hence, of
(ax — §) ., we have for every n

o (e E e,
If a, b, ¢ are positive elements in a C*-algebra C with a < b and ||c|| < 1, then
(3.10) la —a'Zca 2| = [|a"(1 = c)a' 2|l = || (1~ ¢)"2a(1 — )2

< 10— /201 — )12 = b — B2 2.
Thus from (3.8), 3.9), and we have for all n
e () ~(ag),) rxexr (S (wg) ) <5

k=n k=n
Since YX Z b X*Y* € Band Z (ay — %)

N such that

(3.12) H( ( k- )+)1/2YXA]:1_211 Xy Y (e - g) )UZH <2

k=N
As a consequence of (3.1T) and (3.12) we thus obtain

613 || o) - (ki(ﬂk—§>+)1/2YXk§ka*Y*(Z(ﬂk—) ) <%

, — Ostrictly, we can find an integer

k=N
and hence
o) 35 o) 5 1/2 o) * 0 K 1/2
£ (o ¥) < (5 (-9 Ewer(£ (n-9).)
2V b
k=M
A fortiori, for every n > N, we have i (ar — ﬁ) + = E b. Then again by
k=M

k=N
Lemmal(l.1(v), there isa Z € M (B) such that

n

y (k—f) ibkz*.

k=N

(o]
Choose e € B such that HZ Y bZt —eZ Z byZ*el| < %, and then choose m >
k=M k=M

M such that HeZ Y bZte
k=m+1

n m
‘k;N (ak - %)+ - eZkgAka*e

‘ < g. Then
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and hence
n

Z (ap —0)4 R eZ i bZ*e < i br. 1
k=N k=M k=M

The inclusion Inin, C Jo in the following theorem has been obtained in
Theorem 2.8 of [17], but for completeness’s sake we include its proof.

THEOREM 3.7. Let A be a simple, o-unital, non-unital, non-elementary C*-alge-
bra. Then Ipn = Jo.

Proof. To prove that Inin C Jo, it is enough to show that given an approx-
imate identity {e,}, an element D € K,({e,}) and an element C € M(A)4 \ A4,
then D € I(C). By Theorem [3.1]and Remark[3.2) C = Ce + C, + t for some t =
t* € A and two positive diagonal series Ce and C,, (with respect to {e, }), at least
one of which, say C,, does not belong to A. Then, I(C.) C I(Ce + C,) = I(C),
thus it is enough to prove that D € I(Ce). To simplify notations, assume that
C= OZO; cy itself is diagonal with respect to {e,, }. By Theorem3.1land Remark

k=1

we can also assume that the series D = Y dj is diagonal with respect to {e,}.
k=1
Since (lsin(l)(C —0)+ = C ¢ A, there is some § > 0 such that (C—9);y & A.
—

Since (C —0)+ = Y (cx — 6)+, we can assume without loss of generality that
k=1

(cy —6)+ #0for eve_ry k.
By Lemma the sequence {d;} is thin, hence for every k there is an inte-
ger ny such that

m
Z di < (cx —6)y Vm=mng, keN.
j:nk+1
Choose the sequence {n} so to be strictly increasing. Then in particular

k41
Z d] = (Ck—(S)_A,_ Vk €N,
j=i’lk+1
and hence, by Proposition 3.5}
> )
Y, 4=(c-3) <c
j=m+1 2/+
Thus D € I(C), which shows that Iiyin C Jo.
Now to prove that J, = Inin, we need to consider only the case that A4 #
Jo. We will prove that then 7, contains a thin sequence, which by Theorem
implies that A # Iy and hence that Jo C Iinin. Equality then holds by the first
part of the proof.
Choose D € (Jo)+ \ A and by invoking Theorem [3.1)and Remark[3.2)as in

the first part of the proof, assume that D := Y dy is diagonal with respect to {e, }.
k=1
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Let 6 > 0 be such that (D —0)4+ ¢ A. We claim that the sequence {(dx — )}
is thin. Since 2 (dp —6)x = (D—96)+ ¢ A, we can assume without loss of

generality that (dk —0)y # 0forallk. Let0 # a € A;. By Lemma applied

to the stationary sequence s; = a, there is a sequence of mutually orthogonal
m

elements 0 # t; € Ay such that n ¥ f; < a for every pair of integers m > n.
i=n

By Lemma there are elements 0 # a} < ey — epi—1 and a; < t; for every i.

/! [e9)
Let a; := HZ§| . Then the series converges strictly to an element A := )} a; €

M(A) \ Abecause a; < ﬁ(em‘ —epi—1) and ||a;]] = 1 for every i. Furthermore,
for every m > M € N we have

(3.14) MZaZNMZa:j Y ti=a

i=M
Since A C I(A), it follows that J, C I(A), and hence there is some M such that
(D— %) . = MA. By Proposition there is some N such that for every n > N
there is m > M for which

n m m
Z dk - Z i~ M Z a; = a.
k=N i=M i=M

This proves that the sequence {(dy — )+ } is thin and thus concludes the proof. 1

In Corollary 3.3 of [19], Lin obtained that if .4 is non-unital, o-unital, non-
elementary, and simple, then A has continuous scale if and only if M(A)/A is
simple, if and only if M(A)/A is simple and purely infinite. Continuing Lin’s
work we prove the following theorem.

THEOREM 3.8. Let A be a simple, o-unital, non-unital, non-elementary C*-alge-
bra and assume that Inin # A. Then Inin/ A is purely infinite simple.

Proof. By Theorem it is trivial to see that I,in /A is simple. Denote by
7T ¢ Imin — Imin/A the canonical quotient map. Choose a positive element T &
Imin \ A. Given an approximate identity {e,}, by Theorem [3.1and Remark [3.2]

we can find a series D : Z dy diagonal with respect to {e,} and with 0 #

(D) < 7(T). Choose ) > 0 such that (D — ¢);+ ¢ A. By the diagonality of

D,(D-6) = Z (dx — 6)+ and assume that (dy — J)4 # 0 for every k. Apply
k=

Lemma2.11]to the sequence {(dy —6)+} to find a mutually orthogonal sequence
{c/} of elements 0 # ¢ € A, such that nc) < (dg — J) for every n € N and
k > n, where ncj/ denotes as before the n- fold direct sum of cl’c’ w1th itself. Choose

and C := Z Ck-

0 # ¢ < ey — ep—1 with ¢ < ¢}/ for every k. Define ¢y : = 'H
Sk
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Then the series converge strictly and C ¢ .A. Moreover,
ney 2 ney < (dy —98)+ Vk>=n.

By Proposition 3.5
n Z cr =X Z dk.
k=n k=n
But then
nm(C) = nn( ) ck) = 71( ) dk) =n(D)<n(T) VneN.
k=n k=n

In particular, 7(C) < 7(T), thatis, C € (Iiyin)+ \ A.
On the other hand, Iin/ A = J,/ A by Theorem[3.7, and hence it is simple.
Thus for every € > 0 there is an m such that 7((T — €)4) < mm(C), and hence
7(T—e)1) & 2((T - €)1) = 2m7(C) = 7(T).

Since ¢ is arbitrary, it follows that 77(T) & 71(T) < 7r(T) which proves that Iyin /A
is purely infinite. &

4. THE MINIMAL IDEAL WHEN A HAS STRICT COMPARISON

DEFINITION 4.1. Let A be a simple, o-unital, non-unital C*-algebra with
nonempty tracial simplex 7 (A). Set:
() Ke:={X e M(A)y:X e Aff(T(A)};
(i) Leont == L(Ko).

PROPOSITION 4.2. Let A be a simple, o-unital, non-unital C*-algebra with non-
empty tracial simplex T (A). Then
(i) K¢ is a hereditary strongly invariant cone; L(K.) is a two-sided selfadjoint ideal

and hence so is L(K.) = L(K.);
(ii) We have:

(Icont)+ =K = {X € M(A)Jr X e Aff(T('A)) }7
= {X e M(A); : (X—0), €AFf(T(A)) Yo > 0};

(ii) for a projection P € M(A), P € Ioont if and only if P is continuous;
(iv) Icont = span Ke.
Proof. (i) Since the map M(A)y > X — X € LAff(T(A)), satisfies the
conditions X + Y = X + Yand X = tX for X,Y € M(A); and t € R, itis clear
that K. is a cone. Moreover, if 0 < X < Y € K, then

X+Y—-X=Y.

Since Y is affine and continuous and both X and Y — X are affine, lower semicon-
tinuous, and non-negative, it is immediate to verify that both must be continuous.
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Thus X € K., and hence, K. is hereditary. Since X*X = XX* forall X € M(A),
K. is strongly invariant. Therefore, the rest of the conclusions in (i) follow from

(1.13), Lemma (1.12), and Corollary

(ii) By Corollary and Theorem i) and (ii) we have that
(L(Ke))+ = L(Ke)+ = Kc
which is the first equality in (ii). The second equality is given by Lemma iii).
oy (1-90)P 0<6<1,
S P—-4)y =
(iii) Since ( )+ {O 531,
(Icont) + if and only if P € Aff(T (A)).

(iv) Since by (i) and Theorem Ioont = L(K.) = spanK, is closed, it is
immediate to see that span K. = spanK.. 1

we have by (ii) that P €

Notice that if A = I, then K. consists of the positive cone of the trace class
operators, and hence, Icont = K.

It is immediate to verify that A C I.ont. Indeed (a — )4 € Ped(A) for
every § > 0and a € Ay, hence (a/—\é)  is continuous, that is, (2 — )+ € K.
Thus a € K. C ILont. To further relate I.ont to A and to I, we need first the
following lemma.

LEMMA 4.3. Let A be a simple, non-elementary C*-algebra with T (A) # @.
Then for every € > 0 there is an element 0 # ¢ € Ay such that d.(c) < ¢ for all
T € T (A). Furthermore, the element ¢ can be chosen in Ped(.A).

Proof. Let0 # f € Ped(A), and recall that f € AFf(T Choose 6 > 0
such that (f —d)4+ # 0, and an integer M > M By Lemmai we can find

nonzero positive mutually orthogonal elements a; such that Z aj 2 (f —6)+
j=1

By Lemma choose a nonzero positive element ¢ < a; for 1 < j < M. By

Lemmal(L.I[vi) it follows that

Mc<2a] (f —0)+.

j=
Thus for every T € T (A)
Md(c) = de(Mc) (by 1)
<de((f=0)+) (by (LE))

<5t Gy @)
1
<IAl

Thus d.(c) < e. Finally, (¢ — ¢)4+ € Ped(A) for every 6 > 0. Choose § > 0 such
that (c — )4+ # 0. Thend((c —8)+) < d.(c) < eforallt € T(A). 1
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PROPOSITION 4.4. Let A be a simple, c-unital, non-unital, non-elementary C*-
algebra with nonempty tracial simplex T (A). Then A C Icont.

Proof. By Lemma there is an infinite sequence {4y } of elements 0 # 7 €
A such that dr(d) < 5 forall kand all T € T(A). By Lemma 1.4/ we can find

0 # a; < ez — esr—q with @ < @ for all k. Let ay := T ;QH Then
~ 1
T(ag) < de(ay) <de(ay) < de(ag) < o VkandVt e T(A).

Furthermore, a; < Hﬂl'\l (esk+1 — e3k—2) € Ped(A), hence a; € Aff(T(A)),. Let
k

A = Z ar. Then the series converges strictly and since it is diagonal (i.e.,
Ay = 0 for k # k') and does not converge in norm, A ¢ A. On the other

hand, A = Z ay is continuous since the series is uniformly convergent. Thus
k=1
Ac (Icont)Jr' 1

PROPOSITION 4.5. Let A be a simple, o-unital, non-unital, non-elementary C*-
algebra with nonempty T (A). Then Ko({en}) C K. for every approximate identity
{en}. Consequently, Imin C Icont-

Proof. Let 0 # X € Ko({en}) and ¢ > 0. By Lemma [4.3] we can find an
element 0 # ¢ € A such thatd(c) < ”X” for every T € T (A). By the definition

of Ko({en}) there isan N € N such that
(en —em)X(en—em) <c ¥Yn>m2=N.

Now Xl/z(en/—?m))(l/2 € Aff(T(A)), because X1/2(e, — ey)X!/? € Ped(A).
Moreover,

X1/2(ey — em) XV/2(T) = (en — en) 12X (4 — em)V/2(7)
< [ X|ld=((en — em) 2 X (en — em)'/?)
= [[X[|dx((en — em)X(en —em)) < [ X[ldc(c) <e
~ 0 —
Thus the series X = Y X1/2(e,, — e,_1)X'/2 converges uniformly and hence X €

n=1
K. This proves that K, ({ex }) C K¢, and hence, Iyin C Ieont- 1

In general, I, may fail to coincide with I.ont as we will see in section @

THEOREM 4.6. Let A be a simple, o-unital, non-unital, non-elementary C*-alge-
bra with strict comparison of positive elements by traces. Then Iin = Icont-

Proof. By Proposition .5 we need to prove that (Icont)+ C (Imin)+- As in
the proof of Theorem it is enough to verify that if {e,} is an approximate

[ee]
identity for A, D = Y dy is diagonal with respect to {e,}, and D € Icont, then
k=1
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D € Inin. Let § > 0, and by dropping if necessary the zero summands in the
series (D —d8)+ = Y. (dy — )4+, assume that (d, — )4 # 0 for all k. We claim
k=1

that the sequence {(gk —4)+} is thin.
Let 0 # a € Ay. Recall that the function d.(a) is lower semicontinuous,

and hence, min d(a) > 0. By Proposition (D/—\(S)+ € Aff(T(A)) and

€T (A)
since (dy — 6)+ € Ped(A) for all k, also (dy — J), € Aff(T(A)). Since

[e9)

T((D=6)+) = ) ((dx —9)+),
k=1
by Dini’s theorem the series converges uniformly on 7 (A) for every § > 0. In
particular, there is an N such thatif j > i > Nand 7 € 7 (A), then

@4.1) ir((dk—g)J <% min dy(a).

=i 2 teT(A)

By ,dr((dy —6)+) < %T((d - %)Q,andhence,by ,
J
de (kZ:l de—0)1) = Zd (dy — ) <Z§T((dk—g)+> < min dc(a).

=i TeT(A)

By the hypothes1s of strict comparison of positive elements by traces, we thus
have that Z (dx — 6)+ = a, which proves that the sequence {(dy — )} is thin.

But then (D 6)+ € Ko({en}) by Lemma[2.13] Since 4 is arbitrary, it follows that
D € Imin = Ko({en}) which concludes the proof. 1

As a consequence of this theorem, any counterexample for I,in # A, could
only be found among non-separable C*-algebras with no strict comparison of
positive elements. Among such algebras is the C*-algebra A introduced by Rer-
dam to provide an example of a simple unital C*-algebra with both infinite pro-
jections and nonzero finite projections ([27], Theorem 5.6). Recall that A is the
C*-inductive limit A = nlgrolo M(B,), where all B,, are separable C*-algebras. So,

while the algebras M (B,) are not separable and hence neither is A, the order
dense sequences for B, are order dense also for M (,,) and therefore their union
is order dense for A. As a consequence Iy, # A.

5. STRICT COMPARISON IN THE MINIMAL IDEAL

In Theorem 6.6 of [12] we proved that if A is a o-unital simple C*-algebra
with strict comparison of positive elements by traces and with quasicontinuous
scale (e.g., with finite extremal boundary), then strict comparison of positive el-
ements by traces (see Definition holds also in M (.A). In this section we will
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show that if we restrict our attention to comparison between elements in Icont,
then strict comparison holds without requiring the scale to be quasicontinuous.

For the first step we list here a slightly modified version of Lemma 6.2
in [12].

LEMMA 5.1. Let A be a simple, o-unital, non-unital C*-algebra with nonempty
tracial simplex T (A) and let A € (Icont)+, B € M(A)4, and assume that d-(A) <
d(B) for every T € T (A) for which d(B) < co. Then for every € > 0 thereisa § > 0
and o > 0 such that d-((A —¢€)4) +a < d-((B—9)4) for every T € T (A).

The proof being essentially the same, we refer the reader to Lemma 6.2 of
[12]. The only difference is that here we need to replace the condition used in
Lemma 6.2 of [12] that A :g is continuous for some closed subset K of 7 (A), with

the condition that (A — §) , is continuous on the whole of 7 (A), which follows
from Proposition
The next lemma extends the results of Lemma 6.4 in [12].

LEMMA 5.2. Let Abea simple o-unital, non-unital C*-algebra with nonempty
tracial simplex T (A) and let B = Z by be a strictly converging series with by, € Ay
k=
for all k and byby, = 0 for |n —m| > 2 Assume that B € (Ieont)+ and that § > 0. Then
d b, —46 0 uniformly on T (A);
0 d<(( T b= ) LOuniformlyon T(A)
(ii) for every e > 0 and 0 < &' < & there is an n such that for all T € T (A)

HEn ) (Ep )

Proof. (i) The sequence {dT((Zbk — 5) )} is monotone decreasing by
n +
Lemmal(l.1] uvm) and (L.6). Moreover, by Lemma [.1{ix)

(S0 <ol T w2 )ral(( T u-d))

k>n, k even k>n, k odd

The series of the even and odd terms separately are diagonal and dominated by

e}

B, hence they still belong to Icont. Thus it is enough to assume that Y by itself is
k=1

diagonal.

Then (B — §) . € Kc by Proposition ii), hence

—_—

(B-3), = Y (v - g)+ € AF(T(A)), .

k=1
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Since also (b — 3) . € Aff(T(A)), for every k, by Dini’s theorem this series
converges uniformly. But then

((D0-9),) = Dao=0 < F X w((n-3) ) =0

uniformly on 7 (A).
(ii) Again, by Lemma ix), for every 0 < ¢’ < 6 we have

w(Fn-0) ) <al($09) ) ol £ nm6-0),).

By (i), we can choose 1 such that dT(< Y be—(6— (5’)) ) <eforallT. 1
n+1 +

REMARK 5.3. If in the above lemma there is a projection P € I.ont such that
B < ||B||P, then it is easy to verify that the uniform convergence in (i) holds
also for 6 = 0 (see also Lemma 6.4 of [12]). Furthermore, (ii) strengthens to the
statement that

dT((kébk —(5)+) — d7(<1:i1 by —5>+> uniformly on 7 (A).

However, these stronger results do not hold in general as it is readily seen by

considering B := Y 1(ex1 — ex) for some approximate identity {e, } in a stable
k=1
algebra A. Indeed then B € A C Icont, but dT( Y bk) = oo for all n.
k=n
We are ready now to prove that strict comparison holds for I, provided

that it holds for A.

THEOREM 5.4. Let A be a simple, o-unital, non-unital, non-elementary C*-alge-
bra with strict comparison of positive elements by traces, A,B € (Iyin)+ and assume
that B ¢ A. Ifd:(A) < d<(B) forall T € T (A) for which d-(B) < oo, then A < B.

Proof. Lete > 0. By Theorem4.6} Iyin = Icont- Thus by Lemmal5.T]there is a
0 > 0and « > 0 such that

dr((A—¢)y)+a<d((B—40)1) VTeT(A).
By the assumption that B ¢ A, we can reduce if necessary J so to also have
(B—45)+ ¢ A. By Theorem [3.1/ and Remark 3.2, B = Z by + t where Z by

is a strictly converging bi-diagonal series, t = t* € A, and |t < . Then by
Lemmal[l.2]

(.1) (B —40), (i ) < B
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whence by forall T

de((A—e)s)+a< dT((l:ilbk—35)+).

By Lemma 5.2[ii), there is an 1 such that

(5.2) de((A—e)y <dT((§:bk—25) ) VT e T(A).

Since (B —46)+ ¢ A, we have by that ( Z by — 25) ¢ A. But then
- +

(5.3) V13 m > n such that ( 2 by — 25) £ 0.

Otherwise if there was an 7 such that < Y b — 25) = 0 for all m, the strict
— +
m o k=n
convergence ( Y by — 25) — ( Y by — 25) (see Lemma 3.1 of [12]]) would
k=n + k=n +

imply that (k): b, — 26 ) . = 0, and hence, from Lemma ix),
=n

i n—1 o0
<,§1bk_25)+ = k;bk%— (kgbk_25)+ €A,

a contradiction. Now starting with the integer n; just constructed, and by the
same argument, define inductively an increasing sequence {7} of integers nj >
ng_1 + 2 such that

M+1

Y, bj-28) #0 vk

f*"k+2

n
Letd; := le bjand di 1 = Z b;. By construction, dyd,, = 0 for n # m and
j=1 j=ng+2

(5.4) Z@ Zm

By construction (dy —26)4 # 0 for all k and the function d-((dy — 26)+) is lower
semicontinuous and strictly positive. Let

= in d:((dp —20 .
B min, o ((dk )+)

By we also have
(5.5) de((A—e)y) <de((d1 —20)4) VT
Now apply Theorem [B.T| and Remark 3.2 to decompose A into the strictly con-

verging sum of a series ) a; and a selfadjoint remainder a € A witha; € A, for
j=1
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all j, ajar = 0 for |[j — k| > 2, and [[a]| < e. By Lemma i) we can find a strictly
increasing sequence of integers {m; } such that

dT(( y aj—zs) ) < Bry YTET(A).
j=mt+1 +
My
Setmo =0and cx:= )  a;. Weclaim that
j=mg_1+1
(5.6) de((cp —2¢)4) < de((dy —20)+) VTeT(A), k=1

For k = 1 we have
mq o]
(c1 —2¢)4+ = (]gaj—ZS)Jr = (]gaj_2£>+ < (A—¢)y.

where the first sub-equivalence follows from Lemma|[T.I(viii) and the second one

from Lemma([T.2] Then by and (5.5),
de((c1 —2€)+) < de((A—g)4) < de((d1 —20)+),

that is, holds for k = 1. For k > 2, by Lemma [1.T[viii) and we have for
all T € T(A) that

[e0]

del(ce—2e)) <o (1 a]-—2£)+><,8k,

j=me—+1

and hence, (5.6) also holds.
By the strict comparison of positive elements in A4, it follows that

(5.7) (Ck — 2€)+ = (dk - 25)+ Vk>1.
By construction, ) a; = ). ¢, with convergence in the strict topology and ¢, ¢, =
k=1 k=1

(o) (0]
Ofor [n —m| > 2. Thus Ce := ) cpp and C, := Y cpx_q are two diagonal series
k=1 k=1

e
also converging strictly and ), a; = Ce + C,. Furthermore,
k=1

e

(Ce —2€)4 = ) (cox —2¢)4and (Co —2¢) 4 = ) (cok—1 —2¢)+.

T

k

1
By Proposition[3.5|we have

(5.8)  (Ce—3¢); < ( Y dy — 5)+ and (Co — 3¢) < ( Y dy g — 5)+.
k=1 k=1

Therefore
(A—7¢)y < (Ce+Co—6¢)r (by Lemmall.2)
=< (Ce —3e)4 + (Co —3¢)4  ((by LemmalI.T]ix))
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e

N

dop — (5) . &> ( Y doq — (5)+ (by Lemma 1.T[vi))
k=1

»
Il
_

dy — 5) . (by Lemma[[Tvii))

>\~
Il
MR

agh

PN

Il
& — ~
[7e

be—3)  (by GA), Lemma[TTviii)
+
(by Lemma [1.1[iv)).

Since ¢ is arbitrary, we conclude that A < B. 1

»
Il
—

=

6. AN EXAMPLE WHERE I1in # Icont-

From Theorem examples where Inin # Icont can be found only among
“pathological” algebras that do not have strict comparison of positive elements.
In this section we prove that the algebras constructed by Villadsen in [33] provide
such examples. We will largely follow his notations. Let

Xo=D" and X;=X;_1xCP% forieN,

that is,
X; =D" x CP" x CP"™ x --- x CP™.

We will always assume that

1 i=
6.1 n; = o(i) = !
6D iz ol) {i(i!) i>1,
and hence,
i i
(6.2) dim(X;) =2 ) me>2) o(k)=2(+1)L.
k=0 k=0

This condition, together with the appropriate connecting maps, will guarantee
that the AH-algebra A constructed in this process will not have slow dimension
growth, which by Corollary 4.6 of [32] would imply strict comparison of positive
elements. We refer the reader to Villadsen’s definition ([33], pp. 1092-1093) of the
connecting maps

(6.3) Diip1: C(Xi) ® K = C(Xipq) ® K
and their compositions
(pi,j = (D]-_L]- O:+--0 (pi,i-‘rl : C(Xl) ® K — C(X]) & K.

Identifying as usual projections with complex vector bundles, given a complex
vector bundle 1 over X;, @;;11(y7) denotes a complex vector bundle over X;, .
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Denoting by k# (respectively, kq) the k-fold direct sum of the vector bundle %
(respectively, of the projection g) with itself, we then have

(6.4) Diiv1(n) = x ((i +1) rank())Yn;; -

Here -y, denotes the universal line bundle over the projective space CP* (see
below for a key property of 7). Iterating we have for every j > i,

65 ) =y x G k() x G k()
P k() % (s rank() 7
In particular, since for every i and j, rank(7y;) = 1, kjo o(k) =(j+1)!,and
rank(®; (1)) = rank(y) (1 + k_jZ:ﬂ (i(f—i(_kl))! rank(’ynk)),
we then have
(6.6) rank(®;;(17)) = 813: rank(y) Vj>i.

Let 0 be a trivial line bundle over X and set
pi=Ppi(0) fori>0; Ai=pi(C(X;)®K)p; fori=0; A=Iim(Aj, ijit1).

Here ®; ;1 denotes the restriction of &;; 1 to A;. Let @; o, : A; — A denote
the unital embedding A; — A. By Villadsen’s construction, these maps are injec-
tive and we denote by @i : ;o (A;) — A; the inverse map of @; ... As usual,
we will identify .A; with their images in A and focus on the algebraic inductive
limit | A; C A.

For ease of reference, notice that
(6.7) rank(p;) = (i+1)! Vi.

By [6] (see also a short proof in [33]]), A is a simple, unital, AH-algebra and it
has a unique tracial state 7. Villadsen proved that if n; = no (i) for a fixed n € N,

then A has stable rank n + 1. What interests us here is that by and (6.7),
rank(p;)

, > 2 and hence A does not have slow dimension growth, the group

1
Ko(A) has perforation, and A does not have strict comparison of projections by
its trace. The same holds for other choices of n; > o(i) as readily seen from
Villadsen’s construction.

We will show that Iiyin # Icont for the underlying algebra A ® K and that
every element outside I.ont is full if sup U’Z.) < oo (A has flat dimension growth),

while this is not the case for an unbounded dimension growth as n; = ilo(i).
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To prove these results, we will focus on diagonal projections of M(A® K),
i.e. projections of the form S = @ fysx where ty € N, sy is a projection in @y o, (Ay),
k=1

and t;sy is the direct sum of ¢ copies of sy.
To determine if the diagonal projection S is in Icont is easy. Since A has a
unique tracial state 7, and hence, I.ont = I, the projection S is in I.ont if and only
[e)
if 7(S) < oo, ie., Y fT(sk) < oo. If fy = Py k(sk) is the complex vector bundle
k=1

rank(i,) _ rank(ry)
rank(py) (k+1)!

over X corresponding to s, i.e., sy = P oo(k), then T(sy) =

by and hence,

B t rank(77)
(6.8) 7(S) = kgo e

To construct a diagonal projection S ¢ Inin we will make use of algebraic topol-
ogy tools, more precisely, properties of the Euler classes. For a complex vector
bundle # on a compact metric space X, e(#7) will denote the Euler class in the co-
homology ring H*(X). To simplify notations, we will suppress explicit reference
to the base space X. We start by recalling that for the universal line bundles ;,
used in defining the connecting maps (6.4), we have

#0 n<mn,
6.9 )"
(6.9) 6(')’111) {_0 n>n
LEMMA 6.1. Let 1 be a vector bundle over X; and let j > 1.
() If e(y) = O, then e(P; (1)) = 0.
(i) If e(y7) # 0 and rank(n) < (i +1)!, then e(P; (17)) # 0.
Proof. Recall the fact that the Euler class of @; ;(17) is the cup product of the

Euler classes of its components in the Cartesian product in (6.5) (viewed as vector
bundles over X; via pullbacks of the relevant projection maps). That is,

o(i+1 ol
e(@ij(ﬂ)) = 6(77)6( (z(+ 1)') rank(;y)yniﬂ) .. .e((ifi)l rank(;?)%j)
Tt ()
= g(ﬂ)g(r}zniﬂ)%rank(ﬂ) . g(fyn»('TJl)!ra“k(’?)_

Thus if e(y7) vanishes, so does e(®;;(17)). By the Kunneth formula, since the co-
homology groups considered have no torsion, it follows that e(®;;(17)) # 0if and
only if all the factors in the above decomposition do not vanish. By (6.9), a neces-

sary and sufficient condition for that to happen is that n > (;7&)), rank(7) for all
i < k < j. By the assumption (6.1)), a sufficient condition for that to happen is that

rank(y) < (i+1)L. 1

Recall that, in each building block A; ® IC, we are identifying projections
with vector bundles over X;. Thus if a projection p belongs to A; ® K for some i
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we associate with it the sequence {17]-};-"’ of the vector bundles

7j = (Peoj @id) (p)
over the spaces X, and 17; = ®;;(17;) for j > i. In view of Lemma it is conve-
nient to set the following definition.

o
DEFINITION 6.2. Letp € ( U Aj) ® K be a projection. We say that:
j=0

(i) e(p) = 0if e(17;) = 0 for some i for which p € A; @ K (and hence e(77;) = 0
for every j > i);
(ii) e(p) # Oif e(y7;) # 0O for every j for which p € A; ® K.
In order to verify that e(p) # 0, by Lemma [6.1]it is sufficient to show that
e(n;) # 0 and that rank(s;) < (i + 1)! for the smallest i for which p € A; ® K.

COROLLARY 6.3. Let q,r € ( Ej .Aj> ® IC be projections, q < r and e(q) = 0.
j=0
Then e(r) = 0.

Proof. There is an i such that 4,7 € A; ® K, e((Ps; ®id)(q)) = 0, and the
subequivalence g < r holds within A4; ® K, i.e., ¥ = ¢’ & s for some projections
q',s € A; ® K with ¢’ = vv* and g = v*v for some v € A; ® K. But then

(P, ®1d) (7)) = e((Poo; @1d)(q'))e((Poo; @ id)(5))
e((Pooi @id)(q))e((Pes,; @ id)(s)) = 0.

By Definition[6.2}) e(r) = 0. 1

We will construct now two sequences of projections {g;} and {r;} in A ® K
for which e(g;) = 0 and e(r;) # 0 for all i.

By the definition of p; it is immediate to find a trivial complex line bundle
0; < p;iover X;. Let q; := @ (6;) ®e;; € A® K, so that the projections g; are
mutually orthogonal. Then it is clear that

e}

1
T(q;) = Zm < 9,

i=1

e

Il
—_

Q= Dgre MABK \AsK and (Q) =

i=1

and hence,

(6.10) Q € Icont-
Furthermore, by construction,

(6.11) e(gi) =0 Vi.

Next, from the definition of p; and the construction of the maps ®; ;. in (6.3),
we see that there is a complex line bundle p; € C(X;) ® K with p; < p; and
pi ~ 72*(7yn;) where 717* denotes the pull back map from vector bundles on CP"
to those on the space X;. Thus e(p;)¥ = 0if and only if e(7,,)* = 0, i.e., by , if
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and only if k > n;. When there is no risk of confusion, we will write vy, for p; as
well as for the pullbacks to vector bundles over X; for j > i. Set

ri 1= ‘Pi/oo(Pi) Re; e A4RKCARK.
By definition, the projections r; are mutually orthogonal. Set
R := Z ri.
i=1

It is then clear that R € M(ARK)\ AR K,

and hence
(6.12) R € Icont-

LEMMA 6.4. e(nr;) # 0 for all n < min(n;, (i + 1)!). In particular, e(r;) # 0
foralli.

Proof. By and the assumption that n < n; we have

e(nyn) = e(yn;)" # 0.

Moreover, rank(ny,,) = n < (i +1)!, hence e(nr;) # 0 by Lemma6.1]and Defini-
tion[e2l 1

LEMMA 6.5. For all integers j > i

(@) (%)7’] =y

j
i) Y n=ry
ki1

]
(111) Z 187 j 21’1'.
k=i
Proof. (i) By we have @;;.1(p;) = p; x (i +1)7vy,,,, and hence, (i +
1)riy1 = r;. Then (i) follows immediately.

(ii) The proof is by induction on j —i > 1. By (i), ri11 < (i +1)riyzq = 1 s0
the condition holds for j — i = 1. Assume condition (ii) holds for some j —i > 1

j+1
and hence Y, 7y <X rj11. Then
k=i+2
j+1 j+1
Yo e Zrip ® Y re 2 2riq 2 (i Drigg 7
k=i+1 k=i+2

where the last relation in the chain holds by (i).
(iii) Obvious from (ii). 1

LEMMA 6.6. The sequence {r} is order dense (see Definition [2.8).
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Proof. In view of Lemma [1.1{iv) and the density of U D; o(A;j) in A, in

order to show that {ry} is order dense in A ® K, it is enough to show that for
every i,h € Nand 0 # a € p;(C(X;) ® My(C))p; there is some j > i such that
1’]' j (Di,]'(d).

To do that we need to examine more closely the construction of the connect-
ing maps @; ;1 and their iterations ®; ;. We again refer the reader to the definition
in [33] and also to [13]. Disregarding the isomorphism between X ® K and K, we
may view @; ;1 (a) to be in the following matrix form:

A0 TTi41,i
a(ni+l,i(y11+1)) ® r11+1

a(mis,i(yih)) @ ity

k ; are mutually orthogonal projections all equivalent to 7,1, 7,1, de-

where 7},
notes the projection from X;,; onto X;, and the points y}‘ € X; are chosen so
that the collection of their projections {njri(y;?) 1 < k < j,j > i}is dense
in X; for every i. Since a is a continuous, thereisaj > iandal < k < j
such that a(n]«,,’(y;‘)) # 0. But then, 0 < a(nj,i(yf)) ® r}‘ < @;i41(a). By diago-
nalizing a(njri(y;‘ )), we can find a A > 0 and a rank one projection s such that

As ® r;.‘ < @;j(a), and hence, r; < @; ;(a). This proves the claim. 1

COROLLARY 6.7. The projection R belongs to Iin \ A ® K, and hence it gener-
ates Imin.

n
Proof. Lete, :=14® Y. ey then {e,} is an approximate identity of A ® IC.
k=1

By Lemma [6.6} the sequence {r;} is order dense, and hence by Lemma [6.5]it is
thin. But then R € Ky({e,}) C Imin by Lemma Since R ¢ A® K and Iy, is
minimal among the ideals properly containing A ® K, it follows that R generates

Imin- 1
THEOREM 6.8. The projection Q does not belong to i, and hence Lyin 7 Icont.
Proof. Assume by contradiction that Q € Iyin. Then Iy, = I(R) by Corol-
lary i and hence there is an n € N such that Q < nR, i.e., kél Jr = él nr.

Choose i such that n < (i — 1). Then n < min(n;_1,i!) by the a;sumptio;
and hence e(nr;_1) # 0 by Lemma [6.4] On the other hand, by Proposition

there are m,j € N, j > i, such that g,;, < EB nry. By Lemma [6.5(ii), g =< nri_q
k=i

and since e(g,,) = 0, it follows from Corollary[6.3|that e(nr;_1) = 0, a contradic-
tion. 1
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REMARK 6.9. (i) A consequence of Lemmal6.6]is the known fact that Villad-
sen’s algebras have the (SP) property (e.g., see the proof of the (SP) property for
the Villadsen’s type algebras studied in [28]).

(ii) The same argument in the proof of Theorem [6.8shows that g,;, A r; for ev-
ery m,i € N which is an illustration of the well known fact that strict comparison
of projections does not hold in A ® K.

Notice that so far we have only assumed that n; > o(i). We can obtain
dlm(Xl)
rank(p; )
Definition 1.2 of [31]), which are exactly Villadsen'’s finite stable rank algebras

studied in [33].

more if we assume that A has flat dimension growth, that is sup < o, (see

THEOREM 6.10. Assume that A has flat dimension growth, then Ieont is the largest
proper ideal of M(A® K).

Proof. To prove that I.ont contains every proper ideal of M (A ® K), it suf-
fices to prove that if S € M(A® K)_ \Icont then I(S) = M(A® K), namely S
is full. Assume without loss of generality that ||S|| = 1. By Theorem 3.1/ and
Remark[32} S = De + Do +a where a = a* € AQK C Ieont and D, and D,
are diagonal series. Then at least one of the two series must also not belong to
Ieont. To simplify notations, assume that S itself is diagonal, namely S = @ si

k=1

where s; € (A® K); for every k and the series converges strictly. Furthermore,

find 6 > 0 for which 7(S —¢)4 = co. Let M := sup f;rri(éf % and choose an in-

M1
creasing subsequence {m;} such that i T((sj — 6)4) > 4 +2. To simplify
j:karl

notations, assume my = k, i.e., T((sy — 6)+) > Y + 2 for every k. It was proven

in Lemma 2.5 of [13] that for every 0 # ¢ € (A® M,)+ and ¢ > 0, there is

a projection g with |t(q) — klim 7(c/%)| < eand g € ¢(A® My)c, and hence,
— 00

g = c. While the standard assumption in [13] was that n; = (i), no conditions

on n; were used in the proof of that lemma. Moreover, it is routine to extend that

lemma to 0 # ¢ € (A ® K)4+. Thus we can find a sequence {gi} of projections
gk = (sx — 0)4, such that for all k

1

(1) > de((5 = 0)+) = 5 > T((5k—0)2)) — o > 5+ T4 6w

By Definition 2.1 of [31], M > drr(.A) (we refer the reader to [31] for the definition
of the dimension-rank ratio of A) and by Theorem 3.10 of [31] it follows that

Ta®e 2 qr 2 (sk —6)+ Vk
Then by Proposition 3.5 we have that

Tyvask) = Pla®@en < Psi =S
k=1 k=1
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which proves that Sis full. &

Without the flat dimension growth condition, the conclusion of Theorem
no longer necessarily holds. To show that, first we need the following refinement
of Lemmal6.5

j
LEMMA 6.11. Let 5 = @ Dy (tkvny ), where i < j are integers and {t} is a

" > j we have

monotone nOﬂdé’CTeaSlng sequence Of lnté’ge?’s For every |
<D],]I(r]) = Mm;%Yn; X Mit1Yn; 4 XX m]"r)/ﬂj/

where my € N and

t; k=1,
a . .
me < { te(1ell) i+1<k<,
o(k) ; y
t]e(l+1), 1<k
Proof. From (6.5) we have for every j' > j
. (i r(il
@y jr (tivm;) = by Xk TETS?"’":‘H oo X fi (;+(1))v7“' oo o fi ([H(rjlg'%”
!
®1+1,/‘/(ti+17"1+1) = tig1 gy X x tit1 (it oy )>V’Yn' X Xt (it (zgv'yﬂ/
!
Pipajr (tiv2Tniyy) = X i (Hfg))z%t,' X X i (:isgz%]/
@, (i) o b x e x pe)
BT jn i Gy My

Recall that if p; = sy x 1 and pp = spa X ¢ for some complex vector bundles
« and B on spaces X and Y, and integers s1, 52, f1, tp, then

p1® 2 = (51 +52)a X (t1 + t2) B

Thus by summing the integer multipliers of the universal bundles 7, we obtain
that

t; k=i,
k t . .
o) ¥ B i+1<k<],
my = Ch=itl
]
ok) y 1 j+1<k<].
h=i+1

By using the Lagrange remainder of the Taylor series for the exponential function,
k

wesee that Y £ <
T h! (z+1)

the sequence {#; } establishes the claim. 1

This inequality together with the monotonicity of

PROPOSITION 6.12. Let Reo 1= EB k!ry. Then Reo & Icont. If ny = klo(k), then
Q ¢ I(Re)-
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Proof. Clearly Roo € ./\/l (A®K)\ A® K is a projection and Reo & Icont fOl-
lows from T(Reo) = Z (k = 0. To show that Q ¢ I(R«) we reason as in the

proof of Theorem. Por every n € N, choose i such that (i +1)! > 2en and let

]
Jj = i. Let 17 be the complex vector bundle over X; corresponding to ) nk!ry.

k=i
Then y = ké} @y j(nk!yy, ), and hence, by Lemma|6.11
=i
@ (1) 2 Wy, X 01y X X
Since
ni! for k=1,
nmy < { nk!(1 +eg il)) ) fori<k<j, < klo(k) < ny,
m]’!a( ) for j+1<k<j,

we see that e(®; #(17)) # 0 for every j/ > j. Thus e(n EB tkrk) # 0 by Def-

inition 6.2l Reasoning as in the proof of Theorem [6.8, we ‘then conclude that
Q#I(Re). W
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