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ABSTRACT. The paper gives a class of permutations such that a semicircular
matrix is free independent, or asymptotically free independent from the semi-
circular matrix obtained by permuting its entries. In particular, it is shown
that semicircular matrices are asymptotically free from their transposes, a re-
sult similar to the case of Gaussian random matrices. There is also an analysis
of asymptotic second order relations between semicircular matrices and their
transposes, with results not very similar to the commutative (i.e. Gaussian
random matrices) framework. The paper also presents an application of the
main results to the study of Gaussian random matrices and furthermore it is
shown that the same condition as in the case of semicircular matrices gives
Boolean independence, or asymptotic Boolean independence when applied to
Bernoulli matrices.
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1. INTRODUCTION

A recurrent theme in the study of non-commutative probability is describ-
ing analogous results to the classic (commutative) framework (see, for example,
[5], [14], or [2], [4]). One of the basic results in this topic is that semicircular,
respectively Bernoulli distributed elements are the analogue (in the central limit
theorem sense) of the Gaussian random variables in the framework of free (see
[14], [22]), respectively Boolean independence (see [3], [20]). The connection be-
tween Gaussian and semicircular distributed variables is even stronger, since
Gaussian random matrices with independent entries are asymptotically free and
semicircular distributed. As detailed below, this paper addresses mainly results
concerning asymptotics of matrices with entries in a non-commutative algebra,
topic that was investigated since the 1990’s (see, for example [16], [17]).
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A particular case of the results presented in [10] is that a Gaussian random
matrix is asymptotically free from its transpose. The present work is describing
some generalizations of this result in the framework of non-commutative proba-
bility relations. More precisely, it describes a class of permutations of the entries
of a square matrix (the matrix transpose or the partial transpose from [1], [11]
are just particular cases) with the following property: a semicircular, respectively
Bernoulli matrix is (asymptotically) free, respectively (asymptotically) Boolean
independent from the matrix obtained by permuting its entries. There is also a
brief application of the results to the study of Gaussian random matrices and a
detailed investigation of the second order relations between a semicircular ma-
trix and its transpose, in the spirit of [7], [9] and [10], although the results are
significantly different (see the more detailed description below). The methods
employed are mostly combinatorial, heavily relying on the properties of permu-
tations and non-crossing partitions.

Besides the Introduction, the paper is organized in five sections as follows.

Section 2 presents some needed definitions and preliminary results in com-
binatorics of free and Boolean independence.

Section 3 is devoted to the main results, namely Theorem More pre-
cisely, if 0 is a permutation on the set {(i,j) : 1 <i,j < N} and Aisan N x N
matrix with entries in some algebra A, we denote by A” the matrix with the (i, j)-
entry equal to the o (i, j) entry of A. If Sy is an N x N semicircular matrix and o,
as above, commutes with the transpose and satisfies

{(i,j,k) € NP :0(i,j) = (i,b)} = @,
then S and S are free, while if

i H01K) € NP son (i) = (1) _
N—c0 N2 ’

then S and 57 are asymptotically (as N — o) free.

Section 4 applies the main theorem to obtain some asymptotic freeness re-
sults concerning Gaussian random matrices, in particular showing that a Gauss-
ian random matrix is asymptotically free from its left-partial transpose (see also
[11] for more results on partial transpose and asymptotic freenes).

Section 5 presents a Boolean independence version of the main theorem.

The last part of the paper, Section 6, describes the second order indepen-
dence relations between a semicircular matrix and its transpose, in the spirit of
[7], [9] and [10]. We mention that the main results of this last section (see Theo-
rem [6.7) are still different in nature from both the formulas in the commutative
framework (see [10]) and the case of ensembles free semicircular random matrices
(see [7]).
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2. PRELIMINARIES

2.1. NONCROSSING AND INTERVAL PARTITIONS. For 7 a positive integer, we will
denote by [n] the ordered set {1,2, ...,n}. By a partition on [n] we will understand
a collection w = {V1,Va,...,V,(7)} of mutually disjoint subsets of [n], called
blocks of 7t, such that Vi UV, U - - U V() = [n]. If V is a block of 7, the notation
V = (v1,0y,...,v,) will mean that the set V had the elements v; < vy < -+ < vy,.

We will use the notations P(n), respectively P,(n) for the set of all parti-
tions, respectively pair-partitions, i.e. partitions such that each of their blocks has
exactly 2 elements, on [n]. The set P(n) is a lattice with respect to the refinement
order (i.e. o is less that 7 if each block of ¢ is included in some block of 7).

A partition 7t on [n] is said to be non-crossing if whenever 1 < a < b < ¢ <
d < n are such that g, ¢, respectively b, d are in the same block of 7, then a,b,c, d
are all in the same block of 7r. The sets of all non-crossing partitions, respec-
tively non-crossing pair-partitions of [n] will be denoted by NC(n), respectively
NCy(n). If n is odd, then, by convention, NCp(n) = @.

The terminology corresponds to the fact that a non-crossing partition ad-
mits a planar representation (linear and circular), i.e., in which the arcs or chords
intersect only at elements of [n]. We can put the points 1,...,7 on the line (or
circle), and connects each point with the next member of its part by a fold line
(or an internal path). Then, the partition is non-crossing if this can be achieved
without fold line (or arcs) crossing each other. See the Figure 1 below.

2 3 ¢4 9 6 2 3 4 9 8

@u LU ]

Figure 1. Non-crossing (left, (1,4), (2,3), (5,6)) and crossing (right, (1,5), (2,3),
(4, 6)) partitions on the set [6].

In the next sections, we will use the following two results concerning non-
crossing partitions (see [8], respectively [14], Lecture 22).

LEMMA 2.1. Let n be an even positive integer, 7y be the permutation on [n] with
single cycle (1,2,...,n), and o € Py(n). We will identify o with a permutation by
letting o (k) = | whenever (k,1) € o. Then there exist a positive integer (o) such that

f(yo) = g +1-2¢(0),
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Moreover, g(o) = 0 if and only if o is non-crossing. (By #71 we understand the number
of cycles of the permutation 7t.)

LEMMA 2.2. If n is a positive integer and = € NC(n), then there exists at least
a block of 7w whose elements are consecutive numbers. In particular, if n even and 7t an
element of NCy(n), there exists some k € [n — 1| such that (k,k+1) € 7.

A non-crossing partition of [n] is called interval partition if each of its blocks
contains only consecutive elements from [n]. The set of all interval partitions
on [n] will be denoted by Z(n). The subset of Z(n) consisting only of pairing
partitions will be denoted by Z,(n). If n is odd, then Z,(n) = @; if n is even then
T>(n) has only one element, namely the partition of blocks {(2k—1,2k): 1<k<%5}.

2.2. NON-COMMUTATIVE PROBABILITY SPACES AND INDEPENDENCE RELATIONS.
Throughout the paper, by a non-commutative probability space we will mean a
pair (A, ¢), where A is a complex, unital x-algebra and ¢ : A — C is a unital,
linear, positive map.

For r a positive integer we define the r-th free cumulant, respectively the
r-th boolean cumulant associated to ¢ as the multilinear complex maps from A"
given by the recurrences:

(2.1) p(may---ay) = ) 11 k¢ (Ao, Aoy, - - -, v,

neNC(n) Ve, V=(v1,0,...,0r)

(2.2) = Z H bs(av,, a4y, - - -, Ao, ).

neZ(n) Ver, V=(v1,v,...,05)
For t € NC(n), we will also use the shorthand notations

Kﬂ[a11a21'-'/an] = H Kr(ﬂvlravzr---ravr>
Vemn, V={vy,05,...,0:}

and by[ay,a,...,a,] defined analogously.
A collection of unital *-algebras {A;}1<j<, of A is said to be free if

p(araz - am) =0
whenever a; € A;(;) with i(j) € [n] such that i(j) # i(j + 1) and ¢(a;) = 0.
A collection of *-subalgebras {A; }1<j<, of A are Boolean independent if
@@ - -an) = (@) (@) - - - ¢(@n)
whenever a; satisfy @; € A;(j) with i(j) € [n], i(j) # i(j +1). An equivalent
condition (see [18]], [20]) for free, respectively Boolean independence is
km(@1,@, ..., am) =0 (respectively b,,(@1ay---a,) = 0)

whenever 2; € A, ;) such that not all €(j) are equal.
The central limit distributions (see [19], also [3] for a more general setting)
corresponding to free, respectively Boolean independence are the semicircular,
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respectively Bernoulli distributions. A selfadjoint element X € A is said to be
semicircular of mean 0 and variance v > 0 with respect to ¢ if

0 if n =odd,

go(Xn) = L(Zm) 2 NC(2 L A2m ifn=2

a1 G )y™ = ENC(2m) - ™™ if n = 2m, even.

X is said to be Bernoulli distributed mean 0 and variance v > 0 if
0 if n =odd,
P(X") = { o e
0% if n = 2m, even.
The following result (see [5], [7]) is a non-commutative version of the Wick for-
mula (see [6]) and will be utilized in the next sections.

THEOREM 2.3 (The free/Boolean Wick formula). (i) If {s; }1<i<m is a family
of free semicircular non-commutative random variables of mean zero, and x; is a complex
linear combination of s; foreach j =1,...,n, then

plrixz-xg) = Y. ] exx).

neNCy(n) (ij)en

() If {bi }1<i<m is a family of Boolean independent Bernoulli distributed non-com-
mutative random variables, and x; is a complex linear combination of b; for each j =
1,...,n, then

0 if nis odd,
P(x1x27 - xp) = e
e(x1x2)@(x2x3) - - - p(xy—1Xn) if 1 is even.

We will use the notation My (.A) for the the algebra of N x N matrices with
entries from A, i.e. My (A) = My (C) ® A. The elements of My (.A) will be called
random matrices with entries in A. If A € My (.A), we will denote the (i, j) entry

The algebra My (.A) has a non-commutative probability space structure in-
duced by (A, ¢). More precisely, the x-operation given by [A*];; = ([A];;)* and
the unital positive map is given by ¢ o tr, where tr, respectively Tr denote the
normalized, respectively non-normalized matrice traces.

Two sequences (Ayn)nen and (By ) nen such that Ay, By € My (A) for each
N are said to be asymptotically free, respectively Boolean, independent if there
exist a x-probability space (D, @) and two free, respectively Boolean independent
non-commutative random variables a,b € D such that for any polynomial with
complex coefficients p(x1, X2, X3, x4) in the non-commuting variables x1, X, X3, X4
we have that

lim ¢gotr(p(An, AN, BN, By)) = ©(a,a”,b,b").

N—oo
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3. ASYMPTOTIC FREE INDEPENDENCE FOR SEMICIRCULAR MATRICES

DEFINITION 3.1. A matrix S € My(A) is said to be semicircular if S =
[Cij]zzjjjzl such that

(i) cij = cj; for all i, j € [N];

(i) {c;ii : i € [N]}U{Rc;j, Sc;;: 1 < i < j < N}isafamily of free independent
éemi'circular elements of mean 0 and variance ﬁ if i # j, respectively ﬁ if
i=j.

In particular ¢(c;j - cjx) = %‘5(1‘,]‘),(&1) foranyi,j, k1 € [N].

We will generalize the notion of matrix transpose as follows. Let S([N]?)
be the set of permutations of [N] x [N]. If A is a matrix from My(.A) and ¢ €
S([N]?), we will denote by A” the matrix from My (A) such that [A%]i; = [Alo(i)
(that is, the i, j-th entry of A7 is the (i, j)-th entry of A). In particular, the map ¢
given by t(i,j) = (j,i) is in S([N]?) and A! is the matrix transpose of A.

With the notations from above we shall prove the following theorem.

THEOREM 3.2. (i) If S is a semicircular matrix from My (A) and o € S([N]?) is
such that t o o = o o t and that

(3.1) {(ijk) € INP:o(if) = (i,k)} =@

then S and SY are free with respect to @ o tr.

(i) If (SN)NeN is a sequence of semicircular matrices such that Sy € My(.A) and
(0(N))Nen is a sequence of permutations such that, for each N, o(N) is an element of
S([N)?) that satisfies c(N) ot = t o ¢(N) and

(3.2) Jim #{(i,j, k) € [N]? :Z\(ITZ(N)(i’j) = (K} _,

then Sy and Sy N) are asymptotically free.

Proof. To simplify the notations we will omit the index N when dealing with
the sequences (Sy)n and (0(N))y with the convention that only matrices of the
same size are multiplied.

Since too = o ot, all S are semicircularly distributed of mean 0 and vari-
ance 1. Hence it suffices to show that mixed free cumulants in S and S7 vanish,
respectively vanish asymptotically (as N — c0), if o satisfies property (3.1), re-
spectively property (3.2).

Let M be a positive integer and 7 = (01,...,00m) with o € {1,0} for
1 < k < M. Denote

NG (M, @) = {r € NC;(M) : 0; = o for all (i, ) € }.

Free cumulants of order not 2 in S or in S” are equal to 0 (since S and 57 are
semicircular). Henceforth the moment-free cumulant expansion (2.1) gives that
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the vanishing of mixed free cumulants in S and 5Y is equivalent to the equality

) 11 ke(S71,..,8%) = ) [ x(5%,8%).

TENC(M) Ve, V=(vq,0,...,0r) TENGy(M,?) (ij)en
Since x3(S,S) = x2(57,57) = 1, we have that

Y [T x2(5%,8%) = tNC2(M, 7).

TENG(M, ) (ij)en

Therefore it suffices to show that, for any 7,

0 if 77 satisfies property (3.1),

3.3) (S718% .- SM) —ENCy(M, 7') =
(33) 9 ) —ING( ) {0(1) if 77 satisfies property (3.2).

%
Denote i = (i1,ip,...,iy) € [N]M. Then

P(S718%2 ... §7M) = tro ¢(SU18% . . . §7M)

1
= 52T 157 als s - [M]ii )
16[N]M

Applying Theorem 2.3(i), we obtain that ¢(S71572 - - - M) can be expressed as
1

Y N X I1 (1M, [SM i) = YL o(m @),

TENCy (M) N ?E[N]M (Lk)em, ipa1=i1 TENCy (M)

where we denote 0(71?,7) =4 ¥ w(m 7 ) for

TelNM
7 i — Y] Ok
W(ﬂ, ;1 ) - H 4’([5 ]i1i1+1 [S ]ikik+1)'
(Z,k)ETC, iM+1 =i
We will organize the rest of proof in several steps as follows.
First, we shall show that
1 ifreNGM, T
B4  o(m,T)=30 ifrg NG(M T
0(1) ifr ¢ NCo(M, @

)s
) and c satisfies property (3.1),
) and ¢ satisfies property (3.2).

7

For M = 2, we have that ¢(S?) = ¢((57)?) = 1, while

$(S-S%) _NZIG" :Nz 2‘511)0(11)
i,j ij=1

so (3.4) is trivial.
For M > 2, we will use an inductive argument. For a given m € NCy(M),
according to Lemma there is some k such that (k,k + 1) is a block of 7. Let
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(k) € NC(M — 2) be the partition obtained by eliminating the block (k,k + 1)
from 7t and let 7(k) =(01,...,0%_1,0%42,-..,0Mm). Then:

o(m )=y L TT @18 87s5)
i (qj)en
1 ,
(3:5) :N_)Z [ H qo([S‘Tﬂ]iqqu [ng]ifijﬂ) .,Zq)([SUk]ikikﬂ [SUk+1}ik+1ik+2)]'
N\ig1 (@)ET() Bt

If 0y = 0%1q, then

1 :lé

Ok]. . Ok+1]. . = ) . . . .
o([S ]lklk+1 S ]lk+llk+2) - N(Sffk(lk+1,lk),tfk+1(lk+1/1k+2) N lkdkra’

so, with the notation i k) = (i1,..-,ik_1,1ks2, .- -,ip), the equation 1) be-
comes

1 _ 1
o @)= ¥ | TT o05iialSin) - X 5]
Tigss @DETR ikt
1 .
“NL P i [S)i) = 20700, 7 1)

i1 (af)€mp

and property follows.
If 0 # 0311, then T ¢ NCy(M, @ ). Suppose first that o satisfies property

(i). Then, for any values of i, iy 1, i1, according to equation (3.1), we have that
Ok (ik11, i) # Oky1(ik 41, 7k12), hence
1

Ok]. . Ok+1]. . - . . . . —
o([S ]lklk+1 S Lk+1lk+2 N‘Sﬁk(lkﬂ,lk)ﬁkﬂ(1k+111k+z)

so equation gives v(71, @) = 0, and property follows.

Next, we shall show the following auxiliary property (see also Figure 2 be-
low): If T € NCy(M) with (1, M) € m and if the triple (i1, ip, ip) is given, then

0

(3.6) 6{(is ia, ... ipg1) s w(rr, 1) # 0} < N(M-2)/2,

(71,187, - 1577], L, 871,

Figure 2.

We shall prove by induction. If M = 2, the property is trivial. For
the induction step, suppose that 77 \ (1, M) has exactly r exterior blocks denoted
(q)+1,9(I14+1)) withl <I<randgq(l) =1,9(r+1) = M — 1 (see Figure 3.
below).
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Note that it suffices to show that

B.7) 8{(g01)+1/ig(1) 42 1g2)r - - -+ Tg(r) 41 Tg(r) 27 g (r41)) = W(TT, 7,7 ) #0} <N’

and will follow applying the induction hypothesis to the restrictions of 7 to
each of the ordered sets {q(I) +2,4(I) +3,...,q(I + 1) — 1} (i.e. on the elements
“under” each of the exterior blocks of 7t \ (1 M)).
To prove (3.7), remark that w(7r, @) # 0 implies that, for each

q,
q)([s q(l)+1]iq(l)+1iq(l)+2 [S W(1+1)] Lg(1+1)t q(l+1 +1) ?é O
that s, o5y 11 (1)1, Ig(1)+2) = 5041 (ig(141),1g(141)+1), which is equivalent to

(3.8) (iga1), Eg(1)41) = sy © Tty gy 11, fg) +2)s

that is each couple (i g(1+1)7 Ig(141) +1) is uniquely determined by the values of the
couple (iy(1)41, q(l)Jrz) So given the r + 1-tuple (iy(1)41, ig(1) 12/ Ig2) 42/ - - -1 Eg(r)+2)
there exists at mosi)one 3r-tuple (iy(1)41,ig(1)+2-ig(2)r - - -+ bg(r) 417 Tg(r)+2 Tq(r+1))
such that w(r, @, i ) # 0. On the other hand, i, = Ig(1)+1 is fixed. So the
right hand side of equation (3.7) equals

. -
8 (ig1) 42/ 1g2) 12, - igpry ) 1 0(7, @, 1) £ 0} < N

that is (3.7). Hence (3.6) is also proven.

Remark that is equivalent to the following property:

Suppose 1 € NCp (M) and k € [M] is such that (k,k + 1) € 7t and that the triple
(ix, ix41, 1k 2) is given. Then:

(3.9) (PR PR PPN ) V) I ¢ l)#o} ~2/2,

To see the equivalence between and (3.9), let 7 be the circular per-
mutation of [M] given by (p) = p — k(mod M) with the convention #(k) =
M. Define 5(m) the pairxartition of [M] given by (i,j) € n(m) if and only if
(771(0),n7'(j)) € mand | = (j1, fa,- -, jm) givenby jp =iy 1.

Since 7 is a circular permutation of the ordered set [M] and the partition 7t
is non-crossing, it follows that 7(7) is also non-crossing (7t and #(7) have the
same circle diagram, see Figure 4 below, with the elements from the codomain of
17 represented by 1, ..., M).
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Figure 4.
For each (ky,ky) and (ky, k3) belong to m € NCo(M), (M — k+ ki, M — k + ky)

and (M — k + ko, M — k + k3) are non-crossing.

Take & = (w1,...,wpn) such that wy = 0y-1(k)- Then the definitions of
7) and give that w(r, ?,7) = w(iy(n),?,a). Moreover, (ji1,j2,jm) =
(ix, ix+1,1k12) (which is fixed) and (k,k 4+ 1) € 7 is equivalent to (1, M) € 5(m),

so property for 7 is equivalent to property for n (7).
Suppose now that there exists a block (k, k + 1) of 7t such that o} # 0}, and

that o satisfies property (3.2).
To simplify the writing, for each triple (i, ix;1,ix12) € [N]3, let

Z(ix g1 i) = { 1 ) 1 w(, 7, i) #0}

S7tki)] is a factor in the

Since (k,k+1) € 7, we have that ¢([S%]; ;. [ ivaricss)
—
product w(7, 7 , i )and, from Deﬁnition its value is either 0 or %, therefore

v(m, 7) = %;w(n, 7, 7))

;[(P([SUk]ikik+l [Sg<k+l>]ik+1ik+z) ~w(r, 7, ?)]

N
-
- 2 [(P([Sgk]ikikﬂ [SU(kH)]ikHin)' 2 w(r, ?’ ! )]
lk/lk+lrlk+2:1 ?(k)GI(l'k,l'k+1,l'k+2)

_>
Bach w(r, @, i ) is product of M factors of the form ¢([S7];;,.,[S7®];,i., ), each
of which equals either % or 0. So the equation above becomes

N
o(m, @)= Y (@S iy (ST i i) NTM2 AT iy i, ).

ik gy 1ik2=1
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Property gives that #7 (i, iy41, irs2) < NM=2/2 for each (i, i1, ixs2), thus
N 1 i
o(m, 7)< ) N?([Sgk]ikikﬂ [S7E D] i)
ik g1l =1

< (iR € NP1 0(i ) = (,0)) = o(1).

and the proof of is complete.

Remark that
4)(5‘71 ...S‘TM): Z U(ﬂ.’,?): E U(T[,?)—i— Z U(ﬂ.’,?)
TeENCy (M) TENGC, (M, ) nENCy (M, 7)
and gives

ENCy (M, 7) if 77 satisfies property (i),

(P(S‘Tl . SUM) —
ENC,(M, @) 40(1) if 7 satisfies property (ii),

thatis (3.3). 1

An immediate consequence of the result above is the following corallary.

COROLLARY 3.3. Let Sy = [cijli<ijen € Mn(A) be a semicircular matrix.
Then {Sn '} and {SY;} are asymptotically free with respect to ¢ := tr o ¢.

Proof. We have that S}, is given by the permutation ¢(i, j) = (j, 7). Since

i g k) 16, ) = Gk} 1

N? N
we get that f satisfies property (3.2), hence the conclusion. 1

4. AN APPLICATION TO GAUSSIAN RANDOM MATRICES

Let (€2, P) be a (classical) probability space. We denote by E the expectation

E(-) = [-dPand L™®°((,P) (N LP(€,P). Remark that (L®((,P),E) is a
0 1<p<oo
non-commutative probability space in the sense of Section

DEFINITION 4.1. By an N x N Gaussian random matrix we will mean a self-
adjoint element G = [gi,j]fj-:l of MNxN(L™®(Q,P)) such that {g;; : 1 < i <
N} U{Rg;;,3gi;: 1 <i<j< N} form an independent family of normally dis-
tributed random variables of mean 0 and variance 7N if i = j, respectively T
ifis#j.

The next result is a refinement of Proposition 22.22 and Exercise 22.25
from [[14].
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LEMMA 4.2. Suppose that (A, ¢) is a non-commutative probability space, m is
a fixed positive integer, and that S = [c;|!"_, is @ m x m semicircular matrix from
My (A).

Let G = [gl-j]?]?fl be a mN x mN Gaussian random matrix and, for k,1 € [m], let
Gy be the N x N random matrix given by

Lj=

(Gkplij = Skm+iim+j

i.e. G equals the block matrix (G|}

Then, for any ] =(j1,j-1, -+, jns j—n) € [m)?", with the notation from Lemma
we have that

Eotr(Gj; ,G

joj 2 Glnjon) =P (i 1 Chajn* Clnjin)

=m "2 ) ( B0 TT 6 k )

el (n)\NCy(n) ke(n]

]/] 1

where we identify w € NCy(n) to a permutation on [n] via 7t(k) =1 whenever (k,1) € 7t

Proof. Let 7 = (i,i2,...,in) € [N]" and denote by g(/k] 9 the (itis)-entry

of G; With this notation, Wick’s formula gives that

JkJ—k*
Eotr(Gi ; Gpi,--Gii )= Z E( (1j-1) ,(j2i-2) . (jnj- n))
i1 Yj2ji—2 njn) = 8iriy  Sinis " 8iniy
i €[N]"
_ (xi=k) o Grji1)
- Z Z H glkfwf glﬂllil )
7T€P2( ) i G[N]” (k I)ETL’

1 1
=N 2 2 T om0t

meP;(n) ?e[ N)r (kher

=m "2N-(/2F) Y [(H(s]k]k ) (in( Jn<>)) ( L H(sik’i’”“‘))]

7T€P2( ) ?E[N]n ke[n]

The product H J;
keln

same cycle of 7t’)/ Hence Lemma[2.T|gives that

2 [T 4. _Nt(m) N1+n/2-2g(m)
Ak
ZE[N}” kE ]

it (i) is nonzero if and only if iy = i; whenever k, [ are in the

therefore

_ /2 -2
Eotr(Gj i, - Gjj,) =m™" 2 (N 8(m) H 5(jk/j—k)/(j7r(k)fj—7r(k)))'
mEPy)(n) k€([N]
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On the other hand, ¢(cj; ,c;j ;) = %%k,j i) SO Theorem.glves

P(Ciyj1Chaj g " Clujn) = Z H P(Cixj 1)

neNCy(n) (kl)en

=m"/? ) (H‘Smk(]g ok ))

ﬁENCz( )

Butd; i ) , and, from Lemma g(m) = 0 for

A rnydre) = 5]'k']'77r(k)5jn(k)j77r(n(k))
7T € NCy(n), hence the conclusion. 1

For ¢ a permutation in S([m]?) and G a mN x mN Gaussian random ma-
trices seen as a m x m block matrix G = [Gi,]-]?;.:l, we will denote by Gl7l the
random matrix with block entries [Gm]i,j = Gg(jj)- For o = t, the matrix Glolis
the left-partial transpose of G (see [11]).

The following result is an immediate corollary of Lemma and Theo-

rem

THEOREM 4.3. Let G be a mN x mN Gaussian random matrix. With the nota-
tions above, we have that:
(i) If m is fixed, 0 € S([m)?) is such that t oo = o o t and

{(i,j,k) € [mP 2 o(i,f) = (i,k)} = ©,

then G and G171 are asymptotically free as N — oo.
(ii) The random matrices G and G't| are asymptotically free as both m — oo and

N — cc.

Proof. Consider a positive integer n and a mapping ¢ : [n] — {(1),(—1)}.
To simplify the writing, we denote by GV = G and G-V = G[71.

Let S = [Cijmzl be a m x m semicircular matrix and denote $(1) = §, re-
spectively §(-1) = s,

Then [GI71];; = [Gl,(;j) and [SI]];; = [Sly(i ), 50, for j_g = jisq if k € [n]
(we identify, as before, n + 1 to 1), Lemma [4.2|gives that

Eotr([G*M]j,j [G* sy - [G]j5) = (5" - 15 i)
(4.1) e Y (N—Zg( ) IT e
el (n)\NCy(n) (kher

where 0y (i,j) = (i,]) if e(k) = (1) and 0y (i, j) = o (i,]) if e(k) = (—1).

Suppose first that m is fixed and ¢ satisfies the properties from (i). From
Theorem S and $!°] are then free with respect to ¢ o tr. Hence it suffices to
show that for any n and any mapping ¢ as above,

Ok Gkrfie+1)01 G i) ) ’

(4.2) Jlim Eo tr(GEVGE?) ... GEMY) — g otr(sFM) ... 551y = ¢
—» 00
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But, since m is fixed and g(7r) > 1if © € Py(n) \ NCp(n), equation (4.1)
gives that
Eotr(GMGH@ ... GEM) — potr(sM) ... 55M) = O(N?).

Thus (4.2) holds true.
Suppose now that ¢ = ¢. From Corollary . we get that S and Sl are
asymptotically free as m — oo. So it suffices to show that

(4.3) Jlim Eo (GG ... Gy — g o tr(sFM) ... 55(M)) = 0.
— 00

For 7) = (j1,J2,---,jn), equation gives
Eo tr(Gs(l)Gs(Z) . GE(n)) —go tr(Se(l) L Ss(n)>

- )y [N_zg(n) ' ( S/ Z H k kodks1),01 (i1 ]1))}

nePz(n)\NCZ(n) E[m]” kl)e

- 1
(44) < N2 Z [ Z H aéak(]‘kr]'kﬂ)/Ul(jl+1rj1):|'

nEPZ( ) ]e[m] n(kl)emr

Now let X = X() be an m x m Gaussian random matrix. Denote by X(~)

()

the transpose of X and let x; ./, respectively xf]._l) be the (i, j)-entry of X(1), re-

spectively of X(=1). Then, w1th e(k) and oy as defined above, we have that
1 _E® 0

aéﬁk(jk,fkﬂ)ﬂz Grerdt) = =Yg i1’
Thus
Eotr(Gf(l)GE(Z) . GS(")) —@o tr(SE(l) . Sﬁ(ﬂ))
e(k) e(l) -2 e(1 e(n
w Lz [ X TT B, )] = N2 Eotr(xM ... xe),
j E[m] nePy(n) (kl)en

But, as shown in [10]], the random matrices X and X are asymptotically (as
m — o) free and semicircular distributed. Hence E o tr(X¢(1) . . . X¢(")) converges
as m — oo, and therefore is bounded over m. It follows that

lim N7 2E o tr(x¢™W ... x5(W) = 0.
N—co

Remark that the right-hand side of the equality in equation (4.4) is positive, there-
fore the proof of (4.3 is complete. 1

5. ASYMPTOTIC BOOLEAN INDEPENDENCE AND BERNOULLI MATRICES
DEFINITION 5.1. Let (A, ¢) be a non-commutative probability space and N

be a positive integer. An N x N Bernoulli matrix (over A) is a matrix B = [b,-]-]%:1
such that
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(i) bij = bj; forall i, j € [N];

(i) {bii : i € [N]} U{Rb;,Sb;; : 1 < i < j < N} is a family of Boolean
independent Bernoulli-distributed elements of mean 0 and variance \/ZW ifi #j,
respectively ﬁ ifi =j.

In particular ¢(b;j - bix) = 6(;,5) 1) for all i, j,k,1 € [N].

An immediate consequence of Theorem [2.3(ii) is that Bernoulli matrices are
Bernoulli-distributed with respect to ¢ = ¢ o tr. More precisely

0 if misodd,
¢(B") = {

1 if miseven.

Indeed, if m is odd, we have that

1
<P(Bm)_ﬁ Y (b iybiyiy - biiy)

?[]m

and Theorem [2.3[ii) give the conclusion since all the terms from the right-hand
side of the equation above cancel.
If m = 2p is even, then applying again Theorem [3.2(ii) we get that

1
4)(3217) = Z N H ¢(bi2k—1/i2kbi2ki2k+1)
7€[N]2P ke[p]

— 1 _ 1
Z N~ H d(izk—lfiZk)/(izki2k+l) - 2 N+ H Oy 1241
?G[N]ZP ke(p] T eINp ke(p]

We shall show that the following analogue of Theorem [3.2| holds true for
Bernoulli matrices.

THEOREM 5.2. (i) If B is a Bernoulli matrix from My(A) and ¢ € S([N]?)
satisfies equation and too = o ot, then B and B” are Boolean independent with
respect to ¢ o tr.

(ii) If (BN)Nen is a sequence of Bernoulli matrices such that By € My(A) and
(0(N))Nen is a sequence of permutations such that, for each N, o(N) is an element of
S([N]?) that satisfies equation and 7(N) ot = to o (N) then By and By"™N) are
asymptotically Boolean independent.

Proof. We need to show, for any wy € {1,0} such that wy # wi,1 and any
positive integers py, ..., pm, that

0 otherwise.

(P((Bwl)pl . (sz)p me Pm ﬁ Bwk Pk _ {1 if all Px are even,
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LetM:p1+p2+~~-+pmand7: (01,...,0Mm) such that 0; = wy when-
ever py1+ -+ pr—1 <j < p1+ -+ pr. Then

P((BU1)PL . (B€2)P2 ... (B¥m)Pm) = p(BT1B% - . . B'M)
1
= X N PUB i (B2 ligis -+~ [B™ iy )-
—
i €[N]M
If M is odd, then Theorem [2.3[ii) gives that each term of the summation

above equals zero. Hence the conclusion.
If M is even, Theorem 2.3(ii) gives that

1
q)(BUl o BM) = ﬁ Z [1 k%/2¢([B02k71]i2k71i2k [BUZk}izkiZkJrl)}.
€[N]M <k<

If all py are even, then oy _1 = oy forallk =1,2,. .., % Thus

1

1
p((BE)PL-- - (Bm)Pm) = N Z [ I1 Néazk—l(izk—lrizk)rUZk(iZkHri2k):|
?G[N]M 1<k<M/2

— n—(M/2+1) Z [ H 5i2k—lri2k+l:|

?G[N]M 1<k<M /2
= N~ (M/2+1) ﬁ{l eNMiij=iz=-- =iy} =1

For the last part of the proof we will use an auxiliar};result. Let R be an odd
positive integer, 7= (01,...,0) withoy € {1,0},and i = (iy,...,ig) € [N]R.

For a, € [N], define ¢z (a, B) = . Y. cz(ap, ?), where each ¢z («, B, 7)
i €[N]R
equals

@([B™]aiy [B™]i,iy) - @([B%]inis [B™]isiy) - @([B7R i ,in [BR Jig,p)-

We shall show by induction on R that ¢z («, ) < 1 for all &, B, and 7 as
above. For R = 1, we get

cz(wB) = ) o([Baj[B7]jp) = Z O (j),02(76)
]E[N] ]6[
*ﬂ{] €[N]: oytorm(ja) = (j,B)} <1

_>
IfR >3,let @ 3 = (03,04,...,08) and i (3 = (i3, is,...,ig). Then

co (@B, T) = (B [B)i 1) - ¢ (ia, B, T (1)
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Therefore
0 —
C?(“’ﬁ) = Z (P B 1 11 ]1112) C?(ZZI,B/ 1 (1))
T e[N|R
. -

= L [eon @B Ta) L (B B:)]
T ) e[NJR i1€[N]

= Y [C7(1)(12’ B i (1) Cloym) (@, i2)] < c7(1>(12,,8).
T>(1)6[1\1]1{_1

Finally, suppose that M is even but at least one py is odd. Through a circular
permutation of (commutative) factors of the form ¢ ([B7- 1]12k vige [ BT iging 1) we
can suppose, without losing generality, that p; = 1, that is o7 # 0p. With the

notations from above we have that
1

@(B1...BM)= Z N?’([Bgl]zl,lz [B” ]12,13) C? (13’ i)
i1,ip,i2€[N]
1 1 ... .. .o
S L [N](Sal(il,iz),m(ig,z‘z) =z il iz i3) s 0(in,i2) = (i3, 12)}
11,19, €

hence the conclusion. 1

6. SECOND ORDER FLUCTUATIONS FOR SEMICIRCULAR MATRICES
AND THEIR TRANSPOSES

6.1. FREE CUMULANTS OF ORDER HIGHER THAN 3. In this section, we always
suppose Sy = [cjj]1<ij<n € Mn(A) is a semicircular matrix, as defined in Sec-

tion 3. As before, we denote Sg\}) = Sy and Sg\l_l) = S}\,, the matrix transpose of
Sn. To simplify the notation, we will again omit the index N with the convention
that we multiply only matrices of the same size.

LetI1,1...,1; be positive integers and M = I; + - - - + ;. Let My = 0 and,
inductively, Mgy1 = M; + ;. Suppose ¢ is a mapping from [M] to {(1), (—1)}.
Foreachj=1,2,...,rlet

e(M(; 1+1))55(M]-_1+2) ] e(M;)
N

W, =Sy sy,

and denote E = Tr(W;) - Tr(W;) - - - Tr(W;).

For Iy,1,...,1, as above, let 7y be the interval partition on [M] with blocks
By, By, ..., B, of lengths respectively Iy,..., I, (i.e. By = [Mg] \ [My_1]). We will
identify a partition on [M] with a permutation of [M] by identifying each block
with elements p; < pp < --- < pg with a cycle (py, pa, ..., py). Furthermore, for
o a permutation on [M], we define ¢ to be the permutation on [+M)] given by
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(1) = —o(l) and o(—1) = o(I) for each | € [M]. For example, if -y is as defined
above, then

v=(-12),(-23),..., (=M, 1), (M — 1, M1 +2),..., (M, M, 1 +1).

For 7} = (i1,i-1,...,im,1-p) a 2M-tuple with components from [N] and o
a permutation on the set [+M] = {1,—-1,...,M,—M},note i = i ocifis =1,
whenever r and s are in the same cycle of ¢.

Finally, denote c,i(l] ) the (k,I)-entry of Si(/ ) ie. it equals ¢y if €(j) = (1),
respectively ¢y if e(j) = (—1).

With these notations, we have that

N

1) &2 M
potr(E) =¢o tr(se(l) ... SE(M)) - y Zl: 1 (p(cﬁl(iZ)sz(iS) N 'CZS'A(Ail))
1427/ tm=
1 M
= Z_} . (P(le(i,)l"'cff/[i_)M)'
PeNPM, T =T oy
Further, Theorem [2.3(i) gives that
-
p(E)= ), woEm= Y, w(E, 7, i)
TENCy (M) meENCy (M) 7 e[NM, T =T o7
for o(E, 1) = )y w(E, 7T, ?) and w(E, 7, ?) = 11 GD(C?(?() W,
- - - Kl—k Ul-]
i G[N}ZM, i=1o%y (kl)en

In particular, with the notations from Section[2.2}

-
ZU(E, 7T, 1 ) = Kﬂ[cil,L]'Ciz,Lz’ e /CiM,i,M]-

We will identify 7w € NCp(M) to a permutation 77 on [+ M] via 7t(k) = —I if
(k,1) is a block of 7.

LEMMA 6.1. Let € be the permutation on [£M] induced by the mapping € via

e = [ ek = ),
& ife(Ik) = (-1).

Then, with the notations above,

- _
w(E, T, 1 ) =N M/2§7> ?oeﬁe

and

_ —M/2 _ \t(Fver)—M/2
v(E, ) = R Y. N 0% To(gvere) = N .
i €[N]ZM
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ek) _

Proof. The definition of the mapping € gives that Ciri = Ciegoyie( g - TIENCE
- 1
wEm i)= T] P(Ciyicp Cicie ) = I1 N‘Sie@rie(—n‘5ie<—k>fie<1>
(klenr (k1)er
-M/2 . _NM2
N H 5Ze(k)/leﬂ(k) =N~ 57,?oen€
ke[£M]
. -
Hence, the equation v(E, 1) = w(E, 7, i) gives
- - =
i €[NIM, {'= {0y
— -M/2 _ M/2
U(E,?‘[) - - Zﬁ - N 5?,?067‘[6 - 2 N~ 5?,?07 5?,?067'[6
7 e[N2M, T =T o7 Te[NpM

e ~ ~
But i is constant on both the cycles of 7y and of e7e if and only if it is constant
on the blocks of 7y V e7te. So

o(E, 1) = N"M/2 407 ¢ [N]PM . o (FV ete)}.

Hence the conclusion. 1

LEMMA 6.2. With the notations above, suppose that 1 € NCy(M) contains the

block (k,k + 1) such that k and k + 1 are in the same block of 7y (i.e. Si(]k) and S;(,kﬂ)
are factors in the same W]-). Let 7y be the noncrossing partition on the ordered set
{L2,...,k=1,k+2,..., M} obtained by deleting block (k, k + 1) from 7t and let E

be the product obtained by deleting the factors S I\(, ) and SE(kJrl from the development of
E. Then:

o(E, ) = {”(E<k)”(k)) ife(k) = e(k+1),
No(Bwye) ife(k) #e(k+1

Proof. Since (k,k+1) € rr, we have that w(E, 7t, i ) = 0 unless

(6.1) (P Y %0

ik e E (k1)

If e(k) = e(k+ 1), the equation implies that iy = i_(,q) and thati 4 =
iyt Furthernl(;re, s_)ince k and k + 1 are in the same block of -y, we get that (k) =
k+1. Hence i = i o7 givesthatiy 1) =ik =i (x41) = i5(_(k+1))- Therefore,
for iy = (i,i-1,- ik—1,7(k—1) k12,1 (k42),- - -, i-m) and for () obtained
from 1 by deleting the elements k, k + 1 we get that w(E, 7r, i ) = Ounless i ) =

?(k) o ’A);(k) Hence

o(Em)= Y wEm )= Y w(E, 7, 7).

oF T o= 1 g0 K- (k+1) =T (1) Zix(-k-1)
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e(k) e(k+1)

c
Ik By 1l (k1)
—
i (k) therefore

— -
Butw(E, 7, i ) = w(Ey), Tr), i ) (¢
%6 5

) and the last factor equals

i_pigs1- AlSO, i5_;_q) is a component in

1 —-
oEm) = Y Y NOEw Ty i)

(0T () K= kr)

Il (k1)

—-
= Y. w(Ew, Ty, i) = o(Ewm)-

If (k) # e(k+ 1), then eiuatlon 1) implies that iy = i1 and i =

i_(k41)- Then vk)=k+1land i = i o% g_l\;e thatzl (k)7 ber T B 1 2 T (k1)

I5(—k-1) are all equal Hence the condition 7 () = 1 () Y(x) is equivalent to

_>
equatlon and 7 = 7 o 7y, s0

1 —-
U(E, 71') = Z *W(E(k),ﬂ'(k), 1 (k))
— = N
Foo= 1 00°7

Hence the conclusion. 1

COROLLARY 6.3. Suppose that (v +1) = e(v+2) = --- = ¢e(v+ p) for some
v and p such that M; 1 < v < M; — p. Let D(v, p) be the set of all 7 € NCy(M) such
that the set {v+1,v+2,...,v+ p} is a union of blocks of 7 (in particular, p must be
even). Then

Y ooEm = L w(Eey0)- ¢S5,
neD(v,p) ceNCy(M—p)

Proof. Note that each 7w € D(v, p) is uniquely determined by its restriction
to {v+1,...,v+ p} (which is an element of NCy(p)) and by its restriction to
M]\ {v+1,...,v+ p} (which is an element of NC,(M — p)). Moreover, given
01 € NCy(p) and 05 € NCo(M — p), there is a unique 7w € D(v, p) such that its
restrictions to {v +1,...,v + p}, respectively [M]\ {v+1,...,v+ p} equal 7y,
respectively 0.

Thus, applying Lemma we obtain

2 U(E, 7T) = 2 Z v(E(v,p),al).

neD(v,p) 1 ENC(M—p) 02€NCy(p)

But Sy and SY; are both semicircular matrices, so ¢((S (UH))”) = #NCa(p),
hence the conclusmn 1

Let B, respectively 7t be an interval partition, respectively non-crossing pair
partition of [M]. Two blocks By and B, of 8 are said to be connected by 7 if there
exist some i € By and j € B; such that (i,j) € 7. A block of B is said to be left
invariant by  if it is not connected by 7t to any other block of . We will denote
by NCy(M, B, s) the set of all elements of NC,(M) that leave invariant all blocks
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of B. Also, we will denote by NC,(M, B, c) the set of all elements 77 of NC(M)
such that for any two blocks By, By of B there exist a sequence D1, D, ..., D) of
blocks of B such that D; = By, that D, = B and that 7t connects D; and D; for
each 1.

LEMMA 6.4. With l;, M;, M as above (1<j<r)letey,..., cp beelements of A
such that {Rc;, Sc; : 1 < i < M} is spanned by a family of free, centered, semicircular
variables. Take C; = CM; 1 +1CM; 142" CM; and let B be the interval partition of [M]
with blocks of lengths 11,15, . .., I, in this order. With the notations above, we have that

Kr(C1,C2,...,C7) = Z H (P(CiC]').
neNCy(M,Bc) (i,j)en
Proof. For r = 1, the relation is a particular case of Theorem [2.3[i) (i.e. the
free Wick formula). Suppose now that the result holds true for r < R. Then
Theorem [2.3[i) gives that

¢(C1---Cr) = p(c1c2- - - cm)

= ). IT ¢(cicj) + ). IT ¢leicy),

meNCy(M,B.c) (i,j)emn neNCy(M), t¢NCy(M,B,c) (ij)em

while the moment-free cumulant recurrence (2.1) gives that

go(clcp):Kp(Cl,,Cp)“I‘ Z KT{[Cllﬂ'GC}
neNC(p), m#1y

and the induction hypothesis gives that the last terms from the right-hand sides
of the two equations above are equal, hence the conclusion. 1§

THEOREM 6.5. With the notations above, if v > 3, then
I\}im % (Tr(Wh), Te(W3), ..., Tr(W,)) = 0.
—00

Proof. As before, let B be the interval partition on [M] with blocks denoted
By,By,...,B, where By = (My_1+1,Mg_1+2,...,My) for each k € [r]. We
will denote by £By the set {g € £[M] : |g| € Bx}. Also, as before, let E =
Te(Wq) - Tr(Wy) - - - Tr(W;) and let 7y be the permutation on the set [£M] with
cycles {(=k,k+1) : k # M;1<j< r}u {(—M]',Mj,l +1):1<j<r}

With this notation, Lemma [6.4{ gives that

& (Te(Wy), Te(Wa), ..., Te(W,)) = Y. o(En).
NGNCZ(M,‘B,C)
Hence it suffices to show that I\llim v(E, ) = 0 for each 1 € NCy(M, B, c). Fur-
—00

thermore, utilising Remark it suffices to show the result for partitions 7t that
also have the property that do not pair consecutive elements from the same block
of B. Since 7t is non-crossing, the last property is equivalent to 7t not pairing
elements from the same block of .
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Consider then 7 € NCy(M) that connects all blocks of v, but do not pair
elements from the same block of <. Since, from Lemma/6.1

U(E, 7T) _ Nt(’y\/eﬁe)—M/Z

it suffices to show that £(v V e7te) < ¥ for all 7 as above.

For p € [£M] and ¢ a partition of [ M], let us denote by p,,, the block of
that contains p.

Note that the relation i = 7 o 7 gives thatif By is a block of y and |p| € By,
then p,, has at least two elements in +By. Indeed, if p > 0, then y(p) = —p — 1
if p # My_1 + 1, respectively y(p) = —My if p = Mj_1 + 1 (see also Figure 5
below). The situation is similar for p < 0.

/4
Y Y
M_+1 -(M_+1) M_+2 o .:(.MK -1 M, -M,
Figure 5.

-
If (v,u) € nlvith v € Byand u € Bysuch that! # k, then i = i oeTe
gives that w(E, 7, i ) # 0. Indeed

e(v) e(u) \ 1 ] ) ) )
0 # qo(ciyi,vciui,u) = Néle(k)fle(l)516(—}()'16(—1)'

Hence i, = i_ if e(u) # e(v) or iy = i, if e(u) = &(v), thatis v/., has elements in
both +By and +B,. Analogously, same is true for —v . (see also Figure 6 below).

|\ EnE

Figure 6.

Since v/, and v /7. are subsets of v,y ¢z, it follows that the each cycle of y V e7te
has at least 4 elements. Since the set [£M] has 2M elements, it suffices to show
that there exist a cycle with strictly more than 4 elements.

The permutation 7t connects all blocks of B, so at least one block is connected
to at least two other distinct ones. Since 7t is noncrossing and does not connect
elements from the same block, we can suppose that there exist some v € By and
some t € By and s € By such that v + 1 is also an element of By and (v,t, (v +1,5)
are blocks in 77 (see Figure 7 below).
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E £ E E | ete ‘

D~ A

5- —t t+1. E E -y v+]. ; E —(s-1) s i

e
Figure 7.

As seen before, (v,t) € mimplies that v/.z€ and —v .z€ have elements in both By

%
and B;. Similarly, v + 1.5 has elements in both By and B,,. But z = i ogives
thatv+1,, =v,yorv+1,, = —v,, thatisv +1,,y.7 has at least 6 elements,
(at least two in each +By, £B;, and +B)). Hence the conclusion. 1§

6.2. SECOND ORDER FREE CUMULANTS.

LEMMA 6.6. Let s, r be two positive integers and w : [s +r] — {(1),(—1)} bea
mapping such that is such that w(p) # w(p+1) forp € [s+r—1]\ {s}.

Foreach 1 < i < s+, let T; be a polynomial in Sy! with complex coefficients
and denote Wy y = T; y — ¢(Ti n). Then

I%iinoofl)(WLN o Wsn - Wspn - WspN) = 5er hm 47 s+1-jN - WsijN)-

Proof. As before, we will simplify the notations by omitting the index N,
From Corollary W; and W, are asymptotically (as N — oo) free, unless
i=s.

If ws # ws41, then the definition of free independence gives that the left-
hand side of the equation cancels, as well as the factor corresponding j = s in the
right-hand side.

If wg = wsy1, then

(62) lim p(Wi---Weyr) = lim @(Ws- W) - (Wi -+ Wory - Wap -~ W)

because, for f = W; W1 — ¢(WSWS+1), we get that
(P(Wl T Ws+r) = (P(Ws : Werl) : ‘P(Wl o Wsg - Wagq - - Ws+r)
Wy Wo - B Wasg - Wagy)
and the second term of the right-hand side from above cancels asymptotically
from the definition of free independence and Corollary[3.3]

If s = r, the conclusion follows from (6.2) and an inductive argument.
If s = r + w with w > 0, then (6.2) gives

lim 4’( WS+7) - hm 4’ Ww H‘P s+1—j s+])

N—o0

and, applying again Corollary the first factor of the right-hand side cancels
asymptotically. The case r > s is analogous. &
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The main result of this section is the following theorem.

THEOREM 6.7. Let s, r be two positive integers and w : [s +r] — {(—1),(1)}
be a mapping such that w(p) # w(p+1) forp € [s+r—1]\ {s}.
For each k € [s + r|, suppose that Py is a polynomial with complex coefficients and
denote a\N) = P (590 — p(P(551)).
() Ifw(s) = w(s+1), then

. N (N)
I\}lg})o;cz(Tr(vcg Vo™ TN s+r =6 Hhmgb

Xsg1” TN=oo s+r+1 ])

(i) If w(s) # w(s+1)and s # rors,r = 3, then

. N N
z%linoo"Z(Tf(ﬁ Vo ( )) Tr(a gd : "‘£+2)):0-

Proof. Since the free cumulants are multilinear, it suffices to prove the result
for P, monomials; that is

= (59— p((s“M))

for Iy, 1y, ..., ls+r some positive integers.

As before, let Mg =0and M; = M; 1 +liforj€[s+r]. Letm =1+ -+
Iy = M, letn =Ilg1 4+ -+ sy = Msqp — Mg and M = m +n = M;y,. Define
e: [M] — {(1),(—1)} viae(p) = w(k) whenever My_1 < p < M. Also, denote

Wy = (s . (s@w@hh ... (5wl = gt ge?) ... gelm),
W, = (Sw(ls+1))ls+1 o (Sw(5+r)>ls+r — ge(m+1) ge(m+2) . ge(m+n)

7

E = TI'(W])TI‘(WQ), and F = TI'(W1W2>.

Let B be the interval partition on [M] with blocks By, ..., Bsy, of lengths
I1,1p,...,ls+, in this order. The definitions of Wy and W, give that if k,I € B(i),
then ¢(k) = ¢(I) = w(i). Corollary[6.3|gives that

6.3) @oTr(w - asyy) = Y. o(F, 7).
TeENCy(M)\NCo(M,y,s)

Let y be the interval partition on [M] with two blocks D1, D, of lengths m
and # in this order. In particular, if k € D;, then $¢(k) is a factor in W;. We will
prove by induction on M the following property:

6.4) v(F,m) = O(N) forall m € NC(M)\ NC(M,7,s),
' o(F, ) =0(1) if r & NCo(M,v,c)\ NC2(M,B,s).

If M is odd, the property is vacuously true. If M = 2, the first equation
follows from ¢ o Tr(S?) = N while the second is again vacuously true. For the
induction step, first note that, from Lemma we can suppose that 7 does not
pair consecutive elements from the same block of 8, henceforth, since 7t is non-
crossing, it does not pair any elements from the same block of B. Then, applying
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Lemma[2.2} 7t does pair two consecutive elements k, k + 1 of [M] that are in differ-
ent blocks, B; and B; 1 of 4. If T ¢ NCy(M, v, ¢), then B; and B, ;1 are in the same
block of 7y, so w(i) # w(i+1). Then the induction hypothesis and the second part
of Remark 6.2 imply that v(F, 1) = §O(N) = O(1). If 1 € NC,(M, 7, ¢), from
the argument above it suffices to show the property for 7 pairing only elements
from different blocks of B, thatis form = nand 7 = {(j M —j+1) : j € [m]}.
Then we apply Remark [6.2|to the block (m,m + 1) and note that, with the nota-
tions from Lemma Tms1) € NC2(M, v, ¢) \ NC2(M, B, s). Hence the conclu-
sion follows from the induction hypothesis.

Equation and property give that

1 1
(6.5) lim —@oTr(ay - assy) = lim Y —o(F, ).
N—oo N N=e e NGy (M 7,0)\NC2 (M, 5,5)
On the other hand, Remark 6.4 and Corollary [6.3give that
(6.6) Ko (Tr(ag - ag), Tr(as 1 @syr)) = Z v(E, 7).
meNCy(M,y,c)\NCy(M,B,5)

Let us first consider the case w(s) = w(s + 1); that is e(m) = e(m + 1).
According to Lemma 6.6} it suffices to show that

. .1
I\%lirloxz(Tr(m cetg), Tr(fggq - - sqr)) = I\%gnw N?° Tr(ag - - Xstr)-

Hence it suffices to show that

(6.7) v(E, ) = %‘U(F, 7T)

forall T € Ncp(M, B,¢c) \ NC2(M, 7,s).
We shall prove by induction on M. If M = 2, thens = r = 1 and
m=(1,2). Also ¢(1) = €(2), hence

o(F,m)= Y oDy = N2. 1 _y

=y N
while
1) e(1 1
oEm)= L gl =N =1
i]G[N]

For the induction step, suppose first that if 7t pairs two elements, k and [
from the same block of B. Then the restriction of 7 to the set {k,k+1,...,1}
is a noncrossing pair partition, hence contains a block consisting on consecutive
elements. Then follows from the application of Remark [6.2] in both sides,
and from the induction hypothesis.

We can suppose though that all blocks of 7t contain one element from each
block of 7, that is one element from [m] and one from [M] \ [m]. Then m must
equal n and, since 7t is non-crossing, we have that w = {(j, M +1—j) : j € [m]}.
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— —

Denoteby i the M-tuple (i1,iy,...,ip). Also,let j = (i1,i2, im, im+1,im+2)

and denote by i, the (M — 6)-tuple obtained by eliminating the indices i1, i3, i,
im+1, im+2 and ipg from i . The definition of v(F, 7t) gives that

Z 1—[ e(M+1—k) )
lklk+1 1M+1 kAM+2—k

zemwkl

- M) e(m)  e(m+1) \ e(M+1—k) }
Z’ [ 1112 1M11 )(P(Clmlm+1clm+11m+2) N Z H lklkH 1M+1 kM2 k)

T enpe j e[NM-6k=2

On the other hand, since e(m) = e¢(m + 1), we have that
1
Ce(m) Ce(erl) ) _

QD( iy 1 im2 N Im 2
Hence, denoting
L . e(M+1—k)
Enlin, iy, i i
(i iy imt2, 1) = Z H 9lc lklk+1 Cintir—pina k)
7 (N6 k=2

we have that

N N
1) e(M 1 L .
U(F, 7-[) = Z ¢(C§fiz)cf1$4i1)) ’ Z N(SimierZ ’ 57"(12’ by tm+-2, lM)
iq,ip,ip=1 im A +1Am+2=1
N N
1) &M 1 L.
= Z (p(CZfZZ)CfIE/m)) Z N’ Enliz iy ims i)
iq,ip,ip=1 imim+1=1
S e(1) e(M)
=N- Z (p(clll2 ingin )+ En iz, im, im, im).
iinipm=1

With the same notations,

o(Em) =Y, q,(cfl(il)c?(M) )go(ce.(@c‘?(’”ﬂ) ) Exin, imy ims2,in)-

N 2 IMIm+1 Imll  Um+1tm+2
j eIN]®
Since e(m) = e(m + 1), we have that ¢(c; elm) elm+1) )= 16 .6 i . Hence
pic [ l,n+1im+2 N "1l +1 " tmlm42°
N N
_ (1) e(M) 1 Lo .
oEm) = ) 9, G ) X N - Exli2dm sz, inn)
i1,iz,ip=1 lr}1,1rrt+2:l
N
_ e(1) e(M
- Z (P(Ci]iz CiMl] Z 57'[ Z2/ IWl/ l}’Vl/ lM)
i1,i2,ip=1 lm—l
N
_ (1) &(M) L
= 2 (P(Ciliz Civin ) - Exin, i, im, im)-

i1,p,ip=1

Hence (6.7).
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Suppose now that e(m) # e(m + 1). We shall show first that
O(N~Y) if (k1) € mwithe(k) # e(l) and k,!
in the same block of 7,
(6.8) w(E,m) = ¢ O(N~!) if i has at least 3 blocks with elements
from different blocks of 7,
0(1) otherwise.

We will prove by induction on M. If M = 2, the first two relations are
vacuously true, while the last one follows from

(s = o () - (i) = 2 oleuey) = 3 o =1
i= j= ij= ij=

For the induction step, let (k, k 4 ) be a block of 7r. Then the restriction of 7t
to [k + 1] \ [k — 1] is noncrossing. Hence 7t contains a block of the form (p, p +1).
If k and k + [ are from the same block of v, then so are p and p + 1. Therefore
applying the first part of Lemma we get that v(E, ) = v(E(,), 7(,)). Since
TT(p) isin NC(M, B,¢) \ NC2(M, 7, s), the conclusion follows from the induction
hypothesis. If 71 does not connect elements from the same block of -, then p
and p + 1 are from different blocks of -y, but from the same block of B so e(p) #
e(p +1). The second part of Lemmagives then v(E, t) = %U(E(p), 7(p)) and
the conclusion follows again from the induction hypothesis.

We can suppose then that 7r contains only pairs from different cycles of
B, thatis m = {(j,M+1—j) : j € [m]}. Denoting now i the multi-index
(i1,i_1,--.,im,i_pm), with the notations from Section and according to Lem-
mal6.1} we have that

U(E, 71,) _ Nﬁ('YVe:fr)fM/Z.

As shown in the proof of Theorem 6.5} each cycle of 7 V €77 has at least 4 elements,
hence v(E, 1) < 1 for all 7t as above. It only remains to show that 7 V €77 contains
a cycle with strictly more than 4 elements if 77 has at least 3 blocks with elements
from different blocks of . In this case m > 3, so (1,M), (m —1,m + 2) and
(m, m + 1) are distinct blocks of 7t (see Figure 8 below).

ngg 4
I -1 —(m=1) m  -m | mtl—(m+l) m+2 ~(m+2) M M
Figure 8.

Ife(m) = (1) and e(m + 1) = (—1), we have that
erte(m) = ent(m) =e(—(m+1)) =m+1.
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Similarly, if (m) = (—1) and ¢(m + 1) = (1), we have that
erte(m) = ent(—m) =e(—(m+1)) =m+1,

so m and m + 1 are in the same block of e7re.
On the other hand, y(—(m — 1)) = mand y(m + 1) = —M, while

lete(—(m—1))| = |m(m—1)| =m+2.

Therefore —(m — 1),m,m +1,—M and e7mte(—(m — 1)) are 5 distinct ele-
ments of the same cycle of ¢ V €7, hence the proof of is complete.

Last, we shall show that property implies Theorem [6.7(ii). Suppose
though that w(s) # w(s+1) ands # rors,r > 3. Let 1 € NCo(M,,¢) \
NCy(M, B, s). Tt suffices to show that ]\%iinwv(E, 7t) = 0. Since w ¢ NCo(M, B, ¢),

each block of B must be connected to at least one other block of .

If 77 connects two blocks of  from the same block of v, then, since 7 is non-
crossing, 7t also connects two consecutive blocks By, By;1 from the same block of
7. But w(k) # w(k + 1) and the first part of property implies that v(E, r) =
O(N—1).

Suppose that 7t connects only blocks of § from different blocks of . If 5,7 >
3, then v(E, 7) = O(N~!) from the second part of property . If s =1and
r = 2, from the first part of Lemma we can suppose that 8 has 3 cycles, first
with 2 elements and the others with one element. Then

N
1) w(3 1) w(3 1 . 1
U(E/ 7T) = Z q)(cfl)l(z )Ci.:ii ))q)(czl(l )C;:Zg )) — Z N5i1i4512145i1i3 i2i3 = N
?E[N]‘} i1,4,13,i4=1

The case s = 2 and r = 1 is similar. &

REMARK 6.8. Since SI(\}) = Sy and 55\,71) = SY, are asymptotically free, if
w(s) # w(s + 1) we have that

(N)

lim 4>(zx§N)¢xs+1

N—o0

) =0.

So the formula from (i) also holds true under the assumptions from (ii).
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