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TAYLOR ASYMPTOTICS OF SPECTRAL ACTION
FUNCTIONALS
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ABSTRACT. We establish a Taylor asymptotic expansion of the spectral ac-
tion functional on self-adjoint operators V +— T(f(H + V)) with remainder

O(If ™ |leo||V||") and derive an explicit representation for the remainder in
terms of spectral shift functions. For this expansion we assume only that H
has T-compact resolvent and V is a bounded perturbation; in particular, nei-
ther summability of V nor of the resolvent of H is required.

KEYWORDS: Spectral action, perturbation theory.

MSC (2010): 47A55.

1. INTRODUCTION

Let M be a semifinite von Neumann algebra acting on a separable Hilbert
space H and let T be a normal faithful semifinite trace on M. Let H be a self-
adjoint operator affiliated with M and assume its resolvent is T-compact. Ex-
amples of such operators include differential operators on compact Riemannian
manifolds (see, e.g., Chapter 3, Section B of [2], Chapter 3, Section 6 of [§]). For f
a sufficiently smooth compactly supported function and V a self-adjoint element
in M, we consider a spectral action functional V — 7(f(H + V)) that was intro-
duced in [3] to encompass different field actions in noncommutative geometry.
Applications of the spectral action functional and its expansions can be found in,
e.g., [5], [7], [13]; its conceptual advantages over particular quantum field actions
are discussed in [4]. We establish an alternative, Taylor asymptotic expansion of
the spectral action functional with an accurate estimate and description of the
remainder.

We prove the asymptotic expansion

n—1 1 dk
A1 TfHV) = L g (GEfH+ Vo) + OUF e VI,



114 ANNA SKRIPKA

forn € N, f € C"1(R), and derive an explicit upper bound for O(||f" || || V||")
in Theorem This result is a counterpart of the estimate O(|| f") | ||V ||}) with
nth Schatten norm of V that was established in Theorem 2.1 of [9] in the case of
noncompact resolvents. The form of the approximating term in improves the
previously derived one in the case of a noncompact resolvent. In Theorem[4.3} we
derive an explicit integral representation for the remainder of the above approx-
imation, which is analogous to the representation obtained in Theorem 1.1 of [9]
via spectral shift functions. The result of Theorem {4.3[for H having a compact
resolvent was previously known only in the case n =2 (see Theorem 3.10 of [10]).

The asymptotic expansion provides a significant improvement of the
dependence on f in the bound for a remainder obtained in [10]. Namely, when
M is the algebra B(#) of bounded linear operators on # and 7 is the canonical
trace Tr on the trace class ideal, it was proved in Theorem 3.2 and Remark 3.3 of
[10] that

n—1

1) WEHV) = ¥ (S s)l) + 0, (V1)
Sk \dk - f ’

(n

where, in the case f > 0 and leongZ = C'1(R),

VI =0 max I/ fle  max {1 FIEIVIY)

1<m<1+|log, (n 0<m<1+|log,
1<p<n
and
V2
(1.3) Iglle, = ?(Hg(”)nz + 18P+ Vl2).

We note that an asymptotic expansion of Tr(f(H + V)) without an estimate for
the remainder was derived in Theorem 18 and Corollary 19 of [12] under the
additional summability assumption Tr(e’tHz) < oo, with t > 0, for V satisfying
6(V)|| < oo, ||62(V)|| < oo, where (-) = [|H|,-], and f a sufficiently nice even
function.

The structure of the paper is as follows: preliminaries are collected in Sec-
tion 2} our main technical estimate is established in Section [3} the asymptotic
expansion is proved in Section 4}

Throughout the paper, C! (R) denotes the space of n times continuously dif-
ferentiable compactly supported functions and C((a, b)) the subset of functions
in C*(R) whose closed supports are subsets of the finite interval (a,b). We use
the notation Ay M for an operator A affiliated with M, My, for the subset of
self-adjoint elements of M, and HyMs, for a closed densely defined self-adjoint
operator H affiliated with M. The symbol Ep denotes the spectral measure of
HyMsa,.
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2. PRELIMINARIES

Let ¢(A) denote the t™ generalized s-number ([6], Definition 2.1) of a -
measurable ([6], Definition 1.2) operator Ay M. An operator A € M is said to
be T-compact if and only if tlim ut(A) = 0. We will work with operators whose

—00

resolvents are T-compact. Note that if the resolvent of an operator is T-compact
at one point, then it is T-compact at all points of its domain.

PROPOSITION 2.1 ([1l, Lemma 1.3). If HyMs, has t-compact resolvent and
W € Ms,, then H + W also has t-compact resolvent.

The next result follows from combining Lemmas 1.4 and 1.7 of [1].

PROPOSITION 2.2. Let HynMg, have t-compact resolvent and let V. € Msg,.
Then, for all a,b € R, a < b, the projection Eryw((a,b)) is T-finite and there exists a
constant (2, j, i v such that
(2.1) sup T(Em4v((a,0))) < Qopny

tel0,1]
and
1
(14 max{a?, b2}) (1 + [ V] + [|V[]*)’

Let £LF,1 < p < oo, denote the noncommutative LP-space associated with

(M, 7), that is,

MOy (1+H?) T <

LP = {ApM - ||Allp = (T(|A]P))P < oo}
Let || - ||oo denote the operator norm and let £ denote the algebra M.

PROPOSITION 2.3. Let HypMs, have t-compact resolvent and let f € C.((a,b)).
Then, f(H) € LP, for every p € N, and

(2.2) IF(H) 1 < T(Eu((a, b)) || flleo-

Proof. 1t follows from the spectral theorem that |f(H)| < || fl/c Eg((a,b)).
Hence, f(H) € LP for every p € N. Applying Proposition 2.2] completes the
proof. 1

Below we work with multilinear transformations whose symbols are di-
vided differences of smooth functions. Recall that the divided difference of or-
der p is an operation on functions f of one real variable defined recursively as
follows:

FOl(Ag) == f(Ao),

e A i A_q £ Ay,
o 0y) = N P17 A
(Ao, Ay, )Py if A1 =Ap.
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DEFINITION 2.4. Let HpMsga, n € N, Wy € L%, ap € [1,00], k = 1,...,n.
Then, for f € C/T1(R),

Tﬁ,;j"'H(WL W)

- b i1
@3) =lim lim Y (0 SE WA Wa e WaEr g

n
m—00 N—yc0 m' m’ " m

|10|r"-/‘ln‘<N
L : 1_ 1 1 _
where the limits are evaluated in the £*-norm, | = ottt and Ey ), =
EH([%", lk%)), for k = 0,...,n. Existence of the limits in (2.3) is justified in

Lemma 3.5 of [9]. We call the multilinear transformation Tﬁ;]'"'H defined in

a multiple operator integral and write T when there is no ambiguity which
element H is used.

As a consequence of Theorem 2.8 in [10] adjusted to the context of a semifi-
nite von Neumann algebra, we have the following result.

PROPOSITION 2.5. Let HyMsa, n € N, n > 2, Vi € L%, ay € [1,00], k =
1,...,n. Let o € [1,00] be such that al—l +- 4 ﬁ = 1. Then, for f € C**1((a,b)),

o

n ﬁ n
1T (Vs Vil <UL fllG, T TVl < W(b—a“)a/zllf(”“) lloo T Tl Villay.-
k=1 : k=1

When all entries in (V3, ..., V},) belong to £*, with n < a < oo, the estimate
in Proposition can be substantially improved. The following estimate is a
consequence of Theorem 5.3 in [9]. The case n = 1 is well known,; it can be found
in, e.g., Theorem 2.9 of [10].

PROPOSITION 2.6. Let HyMsa, n € N, Wy € L2, k = 1,...,n. Then, there
exists ¢, > 0,c1 = 1, such that

n
(24) 1T pg (Wi, Wadll2 < e |F ™ oo TTIWill2n,
k=1

for f € CIL(R).

We need the following algebraic properties of a multiple operator integral
derived from Theorem 2.11 of [10] and Definition 2.4}

PROPOSITION 2.7. Let HyMsga, n € N, Wy € L%, with a € [1,00], k =
1,...,n. The following assertions hold:
Q) If f, 9 € CITY(R), then
Tyt (Wi, Wa) = 3 Trig (Wi, oo, Wie) - T (Wit -, Wa),

where T o) denotes f (H).
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(i) Let f € CIY(R) and ¢1, ¢, : R — C be bounded Borel functions. Then,
1(H) Ty (W, -, Wi )2 (H) = Ty (1 (H)W1, Wa, ..., Wiy, Watpo(H)).

PROPOSITION 2.8. Let HyMsa, n € N, Wy € L%, with a € [1,00], k =
1,...,n, satisfying % +ot o L — 1. Assume that aj, = 1forsome1 < jo < n. Then,

for f € CETH(R),
T(Tf[n] (er ey Wn)) = T(Tf[n] (W . Wn, Wl/ Wz, ey W,_1>),
foreveryi e {2,...,n}.

Proof. The result follows upon applying (2.3), continuity of the trace 7 in the
L'-norm, and cyclicity T(AB) = t(BA) for A € £L!,B€ M. 1

3. MAIN ESTIMATE

Leta,b € R,a < b, e > 0and denote
a.=a—¢, b.=b+e.

Let ¢, be a smoothening of the indicator function of (4, b) satisfying the properties
Ve € CE((ae, be)), (pg\(a,b) =1,0 < ¢, < 1. More precisely, let ¢, be defined by

(3.1) e (x) = (h1(x) — hp(x))*,
where
St —ac)p(a—t)dt Cfl et —b)p(be — ) dt
"= g aetanar =Y T i e nar
(x) = e /Y ifx >0,
plx) = 0 ifx <0

We utilize the function ¢ to create summable weights and make known results
for summable perturbations applicable in our unsummable setting.

THEOREM 3.1. Let Hy Mg, have T-compact resolvent, n € N, Vy,...,V,, € M.
Leta,b € R, a <b,and e > 0. Then, there exists C,, ;, . g > 0 such that

(3.2) [T(Te (V1 -, Vi) < Coapent IF" |00H||VkH

for every f € C"1((a,b)), and

(3:3)  Cuapen <(2"(n+1)+c4) (b —a+1)" (1+7(En((a,b))))
(k+1)
X (T(EH((ae, bs))) + \/E(bg —a. + 1)3/2 max Hq’e B

o0
1<k<n k! )’
where c;, satisfies (2.4) and . is defined in (3.1).



118 ANNA SKRIPKA

Proof. Define v, 1 and v, o recursively by
G4 v1=1 m1=2
m_l V2 m+1
Ym1 = Z Yk + o Ym0 = {TJ Z Y1t Cm, m= 2,...,n.
k=0 m: k=0
Note that forn > 2,

—1
’rn,1=2”*1(§+xﬁt.i,+ v2 ) <2" 1\62 <2V 2e.

2 S 2!

Hence, forn € N,
n+1
(3.5) '}'n,()g\‘ > J'}'nl"’cn\Z(”"’l)‘i‘cn-
Denote
— xk
Benis = max {[lpe(H)[l, max I o : M* s M},
where
IT s M* s Ml = sup  |IT (Va,..., Vi)l

Pe Vi eem P
By Proposition[2.3)
(3.6) loe(H)ll1 < T(En((ae, be)))
and by Proposition[2.5,
(3.7) IT g = Mo MY < el
where | - ||, is defined in (L.3). It follows from and that

(k+1)
1/2,, ||<Pe ot ll@e” " lloo

48) P <max{T(En((ac b)), V2(be—ae) *max | }

Hence, to prove (3.2), it suffices to prove

(3.9) IT(T

i (Viyo s Vi) )l < Opapeh,

n
Nleo TT Vi
k=1
where

O,a,be,H0 = Vn,0 (b—a+1)" (14 (Eu((a,b)))) BenH-
Along with proving (3.9), we will also prove

(3~10) HTf[n] (V1, vy Vn) Hl < @n,u,b,s,H,l

n
Meo TT VAL
k=1
where

@n,a,b,s,H,l = Tn1 (b —a-+ 1)n+1 (1 + T(EH((ulb)))) IBS,H,H'
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Note that f = fge, so flH = (f qog)[k] for every k = 1,...,n, where ¢ is
defined in (3.T). We will prove (3.9) and (3.10) for n = 1 and then for every n > 2
by induction on n > 2.

Casel.n =1.

By Proposition[2.7]i),
(3.11) Tem (V1) = fFIE)T 1 (Va) + Te (Vi) e (H).-
By Proposition2.7ii),
(3.12) Ty (V1) @e(H) = Ty (Viy/@e(H)) v/ @e(H).

Applying (8.11), (3.12), Holder’s inequality and Propositions 2.3|and [2.6|implies
ITem (Vi)lle < Wl flleo 7(E (@, 0) 1T,y (V1) |

(3.13) + 1 oo 1Viv/@e(H) 2 [l /@ (H) |12
Since
(3.14) IV@e(H)II3 = llpe(H) 1,
combination of (3.13), (3.14), and Holder’s inequality implies
(3.15) 1T (Vi)lla < (b —a+1) (1+T(En((a,0)))) [ leo [IV2 Bea,mall,
ensuring (3.10) and forn =1.
Case2.n = 2.

By Propositions[2.3|and [2.7/and Holder’s inequality,
ITper (Vi V2)ll < Ml flleo T(ER (2, 0)) 1T (V1 V2)I + 1T (VI 1T, g (V2

(3.16) F 1 Tp (V1 V) [ [l e (H) [l
By Proposition 2.5
V2
(3.17) 1T (Vi V)l < 5= (0 —a+ 12" |eo V2] [Vl

Combining (3.14)-(3.17) and (3.10) for n = 1 gives (3.10) for n = 2.
By Propositions[2.3/and 2.7(i) and Hélder s inequality,

7(Ty (Vi V2))l < N flleo T(Epi((a, D)) T, o (Va, V2)I + T (VO NIT, iy (V)|
(3.18) + 1 T(Tpa (V1, V2) 9 (H)) |-
By Proposition[2.7(ii) and Holder’s inequality,

[T(Tyy (V1, V2) @e (H)) | = |T(Ty) (/9 (H) V1, Vai/ 9e(H) ) /9 (H))|
(3.19) < T g (/e (H) VA, Va/9e(H)) |12 ||/ @< (H) [|2-
By Proposition[2.6|and Holder’s inequality,

1T e (/e (H) Vi, Va /@e(H)) 12 < c2 |l f” oo IVAIL V2] ] /e (HD (13-
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Combining the latter with (3.19) gives

(3.20) T(Tya) (Vi, Va) e (H)) | < ca || f"lleo [V [ V2| [l pe (H) 1
Combining (3.18) and (3.20) with (3.15) gives forn = 2.
Case3.n > 3.

Assume that (3.10) and hold for every n < p — 1. We demonstrate be-
low that in this case (3.10) and also hold for n = p. Applying Proposition[2.7]
and the inductive hypothesis implies

p—1
ITe (Vi - Vo)l < Opapein 1F P lleo TT VA
k=1

(3.21) N Tp (V- Vi)l e (HD 1
By Proposition[2.5, Holder’s inequality, and (3.14),

ﬁ 14
(3.22) 1T (Vi Vo) < 5 (b—a+1)32 | fP D) TT IV

Combining (3.21) and (3.22) completes the proof of (3.10).
By PropositionP.7/and the inductive hypothesis,

p
(T (Vi Vo))l < Opapea ILf P lleo [T IIVAN
k=1

(323) + |T(Tﬂp](V1,...,Vp)(ps(H))|.
Denote
Vi=Vivoe(H), k=1,...,p.
By Propositions ii) and
G24) (T (Vi V) gelH))| = 1T (Va, o Vs, Ty, Vi VD).
Applying the reasoning like in (3.22) and (3.24) | (p + 1) /2] — 2 times more gives

+1 P
(3:25) [1(Ty (Vi Vo)) < Opapeia (|55~ | =1) 17 TT1Vell + X,

where
_ |T(Tf[p] (Vp_l, 17,,, \71*, ..., Vp_4, \7;73, Vy—2))| if piseven,
(T (Vs Vi V3, Vi, V1)) if p is odd.

If p is even, then arguing as above ensures
P
Xp < OpapeH A TT vl
k=1

(3:26) + |T(Tp) (Y@e(H) Vi1, Vi, Vi, Viea, Vs, Voo /e (H)) /9 (H) )|
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and
T (T (/9 (H) Vpt, Vo, VI, Vo, Vi3, Voo /e (H)) Ve ()|
p
<cp IFPlleo TTIVil I1/@e(E 3, | Ve (EDIB, * Ily/@e(ED) 2
k=1
p
(3.27) < cp IFP o lge ()11 TT Vil
k=1
If p is odd, then

P
F Pl TT VA
k=1
(3.28) [Ty (Vo Vi, Vs, Vi, V1)@ (H))|
By Proposition[2.6/and Hélder’s inequality,

|T(Tf[;7] (Vp/ ‘71*/ Ry fo?a/ ‘7;—2/ Vp—l)\/ ¢e(H))|

XP < @p,a,b,a,H,l

p
<ep 1P o H IVill [1v/@e (D13, |/ (F) 12

p
(3.29) <y F P oo lpe(H) I TT VA
k=1

Combining (3:25)-(3.29) completes the proof of (3.9). 1

4. ASYMPTOTIC EXPANSION

Given HyMs,, V € Mgy, n € N, and f € C*1(R), denote

n—1 1 dk
(41) Rifn(V) = fIHAV) =} 5 g f(H+5V)ls=0,
k=0 ™"

where the Gateaux derivatives are evaluated in the operator norm. It follows
from, e.g., Theorem 2.6 of [10] (see also references in [10]) that the above deriva-
tives exist and can be represented in the form

1 df H+4V,.., H+tV
k times

It is proved in Theorem 3.2 of [10] that these derivatives are elements of £! when-
ever H has T-compact resolvent.
In the next theorem, we establish the bound (T.) for the trace of (4.1).
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THEOREM 4.1. Let Hy M, have t-compact resolvent, V. € Mgy, n € N, and
e > 0. Then, for f € C"*1((a,b)),
TR (VD] P oo VI (241 +1) +ea) (b= a+1)" (14 Qg v)

(k+1)

B 3/2 lge lleo
3 x (oag,bg,H,vm(be e+ Y2 max HEe),

where Ry, s, (V) is defined in @.1), Q. 1,v satisfies 2.1), cu satzsﬁes ,and ¢ is
defined in (3.T).
Proof. It follows from, e.g., Theorem 2.7 of [10] that
1
44 Ripgn(V) = — 1- 0 sVt
@4) il >—MO/< — 0 f(H sVl i,

where the integral is evaluated in the strong operator topology. We note that by
Proposition 2.1, H + sV has T-compact resolvent for every s € [0,1]. By (#2) and
(3-2) in Theorem 3.1}

1 d”
@5 (g fH A+ V)mt) | < Cuamerraer I o VI,
where Cn,a,b,e,H+tV satisfies (3.3). The estimate (@.3) follows from ([@.4), (£.5), and
Proposition[2.2] 1

The spectral action functional has the following asymptotic expansion es-
tablished in two steps, forn = 1and n > 2.

PROPOSITION 4.2 ([1], Theorem 2.5). Let HyMs; have t-compact resolvent
and V € Ms,. Then, for f € C3((a,b)),

T(f(H+V)) = t(f(H)) + /f'(/\) T(En((a,A]) — Epsv((a,A])) dA.
R

THEOREM 4.3. Let Hy M, have T-compact resolvent, V.€ Mgy, n € N, n > 2,
and € > 0. Then, there exists a unique real-valued locally integrable function 1, g v such
that

n—ll dk
@6 T +V) = ¥ 7 (S fH+sV)l0) / FO ) v () i,

for f € CIY(R). The function 11, v satisfies the bound

[ W01 < VI @ (n-+1) 4 60) (b—a+1)" (14 Dy ir0)
[a,b]

(k+1)

3/2 [pe " lloo

X (Qag,bs,H,V + V2 (be —a: +1) 1212(;1 T )

where Q_p,. 1 v satisfies @.1), ¢, satisfies @A), and ¢ is defined in (3.T).
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Proof. The result follows from Theorem the Riesz representation theo-
rem for elements of (C/*1(R))*, estimate (.5), and integration by parts. This
method is standard in derivation of trace formulas and can be found in, e.g., the
proof of Theorem 3.10 in [10]. 1

Analogs of the trace formula have a long history in perturbation theory,
and we refer the reader to [11] for details and references.
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