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ABSTRACT. In this article, we develop a structural theorem for the g-Gaussian
algebras, namely, we construct a Riesz basis for the g-Fock space in the spirit
of Rddulescu. As an application, we show that the generator subalgebra is
maximal amenable inside the g-Gaussian von Neumann algebra for any real

number g with |g| < 3.
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INTRODUCTION

In this paper, we investigate the structure of von Neumann algebras called
the “g-Gaussian von Neumann algebras”, which can be viewed as deformed
free group factors. First of all, let us explain the history of the g-Gaussians.
Voiculescu'’s free probability theory [19] identified the free group factors with von
Neumann algebras acting on the full Fock spaces, leading to many deep results
about the free group factors. One of the vital points in Voiculescu’s analysis is that
the left creation operators of the full Fock spaces satisfy the following equation:

E(n)*L(g) —0-£(5)l(n)" = (¢, m)
forany ¢, 77 € Hp. This equation is similar to the “Bosonic” or “Fermionic” equa-
tions

C)*(E) — (1) - 6(E) ()" = (&, m)-
This similarity raises a natural question: are there operators interpolating
the above equations? Do there exist operators satisfying the following equation:
C)(E) —q-£(E) ()" = (&), forall -1 <q<1?

As an affirmative answer to this question, Bozejko and Speicher [4] constructed
the g-Fock spaces, and the left creation operators on those g-Fock spaces do the
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job. Similar to Voiculescu’s free Gaussian functor, Bozejko-Speicher’s g-Gaussian
functor naturally generates a finite von Neumann algebra to any real Hilbert
space, called the g-Gaussian von Neumann algebras. The g-Gaussian algebras are
currently under intense study, and many interesting properties such as factori-
ality [17], non-injectivity [13], fullness [18], and strong solidity [1] are known.
Furthermore, when the dimension of the real Hilbert space is finite and when |g|
is sufficiently small, the corresponding g-Gaussian is isomorphic to the free group
factors [10].

When g # 0, the difficulty of analysing the g-Gaussian algebras lies in the
wild behaviour of the inner product arising from the trace, making it hard to
estimate the L2-norms of the operators. This situation is in contrast to that of the
free group factor case: when g = 0, given an orthonormal basis of the underlying
real Hilbert space, the set of all finite words of those basis vectors naturally forms
an orthonormal basis of the full Fock space, which behaves well while acted by
the left and right annihilation operators. On the other hand, if 4 # 0, the same
idea fails to give us a well-behaving basis. Therefore, it is natural to call for a new
basis for the g-Fock space.

In this paper, we present a basis. More precisely, the following theorem.

THEOREM A. Let Hp be a real Hilbert space and let q be a real number with
lg] < %. Let e € Hy be a unit vector and let A be the von Neumann algebra generated
by s(e) := c(e) + a(e). Then, there exists a Riesz basis {1’ : i € I,r,s > 0} for the
orthogonal complement of L?(A) in the g-Fock space such that for any fixed i, the vector
a(e)kn! ; is a finite linear combination of the ni.J’s.

Conceptually, our idea comes from Raddulescu’s basis for the radial masa
of the free group factors. Indeed, in [§] the Réddulescu’s basis is used to show
that the radial masa is maximal injective inside the free group factors. One of the
advantages of our basis is that it is compatible with multiplication by the right
and left annihilation operators of e. In particular, the operator s(e) preserves finite
sums of 77\ ;, which turns out to be useful in investigating the g-Gaussian algebras.
As a corollary, we show the maximal amenability of the generator subalgebra.

THEOREM B. With the same assumptions as in the above theorem, A is maximal
amenable inside M. Moreover, if B is another distinct maximal amenable subalgebra of
M, then A N B is atomic.

The above theorem can be viewed as a generalization of Popa’s original
result [15] on the maximal amenability of the generator masa in free group factors,
which corresponds to the case g = 0.

In addition, one can apply the structural result to give another proof of the
fullness of the g-Gaussian algebras (cf. [18]).

The paper consists of 5 sections. Section 1 is on preliminaries for the g-Fock
space and we establish some notations which will be used throughout the paper.
In Section 2 we develop some g-combinatorics for later use. The next two sections
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will take up the majority of our paper: Section 3 includes the construction of the
Riesz basis in the spirit of Rddulescu and Section 4 contains the key estimates for
elements in the relative commutant of A in the ultraproduct. In the last section,
we establish the asymptotic orthogonality property for the inclusion of the gener-
ator subalgebra A C M and finish the proof of the main theorem. We also include
a proof for the fullness of the g-Gaussian algebras using our basis.

1. PRELIMINARIES

Throughout the paper we assume that —1 < g < 1 and let Hp be a real
Hilbert space with dim Hr > 2. Denote by ‘H := Hy ®r C the complexification

of Hg. Define an inner product on @ H®" by
n=0

<el®"'®€nrfl®"'®fm>q = bnm Z q‘0‘<el®"'®enrfa(l)®"'®f¢7(m)>/
oESH

where Sy, is the group of permutations on {1,...,m}, H®? = CQ is the space
spanned by the vacuum vector (2, the inner product on the right-hand side is
the usual one on H®™ and by |o| we mean the number of inversions of ¢ € Sy,
given by

o = #{(i,j) € {1,...,m}*:i < j,a(i) > o (j)}.

The g-deformed Fock space F;(Hg) is the completion of (B0 H*", (-,-)q)
and || - ||4 is the norm induced by this inner product. For simplicity, sometimes
we will suppress the subscript g for the inner product and the norm on the g-Fock
space.

For e € Hg, we define the left creation operator c(e) and the right creation
operator c;(e) on F;(Hr) by c(e)(Q2) = e = cx(e)(Q2) and

cle)(e1® - Qey) =eRe1 @+ Rey,

1.1
(1) Cr(€)<el®"'®en):€1®"'®€n®€,

for n > 1. Both c¢(e) and c,(e) are bounded operators ([4], Lemma 4) and their
adjoints a(e) = c*(e),ar(e) = cj(e) are called the left annihilation operator and
the right annihilation operator, respectively, which are given by a(e)(Q2) = 0 =

ax(e)(Q) and
a(e)(el ® o ®en) = Z q(i71)<elei>el ® oo ®é\l ® [N ®en,
1<isn

a(e)(er® - @en) = Y. 4" e e)er @ ®RER - Den,

1<isn

(1.2)

for n > 1, where ¢; means the letter being removed. Note that c(e) and c;(f)
commute but c(e) and a,(f) do not commute in general.
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The operators c(e), cr(e) satisfy the following important g-commutation rela-
tions [4]:

(13)  ale)e(f) —qe(flale) = (e, Hld, ar(e)er(f) — qer(f)ar(e) = (e, f)Id.

For e € Hp, let

s(e) = c(e) +a(e)
and let I;(Hg) be the von Neumann algebra generated by {s(e) : e € Hg}.
We call it the g-Gaussian algebra associated with Hp. It is known that I;(Hg) is a
type II; factor ([17], Corollary 1) and (2 is a separating and cyclic vector which
gives the trace for I;(Hg) ([5], Theorem 4.3, 4.4). Consequently, each element x €
I';(HR) is uniquely determined by ¢ = x - Q € F;(HR) and we write x = 5({).
This notation is consistent with the above definition for s(e), e € Hp.

One can also define s;(e) = c;(e) + a:(e) for e € Hp and define I}, (HR) :=
{st(e) : e € Hgr}". Then similar to the group von Neaumann algebra case we
have Fq,r(HR) = Fq (HR)/.

Here we record two facts that will be used in this paper.

(o) Let ¢ € H be a unit vector, then
(14) 113 = [n]q,

where [k]; = % and [n];! = [1]; - - - [n]4. We also define [0],! := 1.
(8) [Wick formula [3], Proposition 2.7] Lete; ® - - - ® e, € H®", then

n
s(e1®@--®ey) =) Y q1%c(e1)) - cleni)
(1.5) i=00¢€S,/(S,_ixS;)
X a(etr(n—i+1)) T a(ea(n))/
where ¢ is the representative of S,,_; x S; in S, with minimal number of inver-
sions.

From now on we fix a unit vector ¢ € Hp and we call the von Neumann
subalgebra I;(Re) C I;(HR) a generator subalgebra. It is shown by Ricard in [17]
that this gives a maximal abelian subalgebra (masa) of I;;(HR).

Let T : Hr — Hpg be an R-linear contraction. We still denote by T its
complexification given by T(¢ +1in) = T(¢) +iT(n), V¢, n € Hgr. Then the first
quantization F;(T), is the bounded operator on F;(Hg) defined by

Fo(T) =Idco & P T
n>1

The second quantization of T, is the unique unital completely positive map
I;(T) on I;(HR) defined as

L(T)(s(8)) = s(F4(T)(Z))-
In particular, if T = E, : Hr — Re is the orthogonal projection, then J;(E,) is the
conditional expectation of I';(Hg) onto I;(Re).
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To simplify notations, from now on we will write A := I;(Re) for the gen-
erator subalgebra and M := I;;(HR) for the g-Gaussian algebra.

2. SOME g-COMBINATORICS

In this section we will develop some formulas about combinatorics in
g-Gaussians that will be needed in later sections.
Forn,m € NU{0},n > m, set

n _%_Tl*ml;qn/l{_i
<m)q o mlgtn —mlgt E 1—q

We make the following convention

n
( ) =0 wheneverm >norm <0.
m
q

The following g-analogue of the Pascal’s identity for these g-binomial coef-
ficients (cf. Proposition 1.8 of [3]) can be easily checked.

LEMMA 2.1. Forallm € Zandn > 0,

1) <”;2 1)q =q" (Z)q + (mli 1>q = <:1>q LA <mn_ 1)q'

Continuing the analogy, the g-binomial coefficients ( gl)q can also be seen
to count “number” of weighted paths in the “g-Pascal’s triangle” from (0,0) to
(n —m,m). The g-Pascal triangle is formed from the ordinary Pascal triangle by
putting a weight of ¢’ on each (right) edge from (i, ) to (i,j + 1) , as shown below.
All the other (left) edges will have weight 1. The weight of a path is the product
of the weights on its constituent edges.

(0,0)
SN
(1,0) 0,1)
s N N
(2,0) (1,1) 0,2)
SN N N
(3,0) 2,1 X (1,2) ) 0,3) .
A R L A R
(4,0) (3,1 (2,2) (1,3) (0,4)

For instance, the sum of all weighted paths from (0,0) to (1,2) is 1+ g +
7 = [3l; = (;)q It is clear from the diagram that they satisfy the second recur-
rence relation mentioned above, with the other one following from the symmetry
of the g-binomial coefficient.
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LEMMA 2.2. For ny,ny,m € NU {0} with ny 4+ ny > m, we have the following:

22) (i) m—i) (1 (M2 ) (mitm
' i:oq i) \m—i), mo ).

Proof. Any path from (0,0) to (11 + np, — m, m) will pass through (1 — i,1)
for some 0 V m — np < i < m A ny. This range of index corresponds exactly to the
terms with non-zero contribution in the above sum. Now (") counts the sum of
weighted paths from (0,0) to (ny — i,1). To go from (ny —i,i) to (ny + ny — m, m)
involves travelling along paths counted by (,,2 )

— q'
(0,0)

s

0,i)

However now every right edge in such a path has its weight multiplied by
an extra factor of 4"17'. Moreover there are exactly m — i right edges in such
paths. The result now follows. 1

Let X, Y, Z, W be indeterminates satisfying the following relations:
(2.3) XY =qYX+1, XZ=ZX+W, WZ=qZW, XW=gWX.

For convenience, we make the convention that x° = 1, for all x € {X,Y,Z,W}.

REMARK 2.3. As we will see, in the following we will sometimes use nega-
tive powers of the indeterminates, however their coefficients will all be zero.

We first discuss the commutation relations between powers of X and Y.
LEMMA 2.4. Forn,m € N, we have
m
(2.4) Xmyn — Zq(nfi)(mfi) [i]q! (7’1) (m) yn—ixm—i
. i i
i=0 q q

Proof. We prove it by induction on m and n.
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An easy induction shows that
XY" = g"Y"X + [n],Y"" !, X™MY = ¢"YX" + [m], X",

which are special cases of (2.4).
Now suppose that holds up to m, n. Then

xm+lyn _ iq(nfi)(mfi) [1]0]'<n> <m> Xyn—iyxm—i
i=0 Hg\t/q

=) <q("i)(mi+l)[i]q!<':> (T) yn—ixm+1-i
' q q

i=0

n—i)(m—i)r; n m ; n—1—i~xm—i
g 00 (1) (7F) gy toixn)
q q

m+1
n—iemA1—i ((n—i)(m+1—=i)p;1 (7 m
L [Y X (‘7 [l]"!(i)q(i)q

i=0

—i AT n m .
gt l)[l_l]q!<i—l) (i—l) n+1-1l)]
q q

m+1
_ n—i~rm+1—i _(n—i)(m+1=i) 7 ([ 7 m m+l1—i[ M
L YTXTy m”"(i>q(<i>q+q (i—l q)

i=0

+1
B mZ yri g =) ] (n> (m + 1) ‘
i=0 1 q 1 q

Here in the second equation we used (2.3); the third equality is due to the simple

fact
li— 1}q!(i’_11>q[ni+1}q - [i]q!(':)q,

and the last equality comes from (2.1).
The case for X" Y"*1 is completely similar so we omit the details. &

Now we turn to the relation between powers of X and Z. Naturally, W also
comes into play.

LEMMA 2.5. For m,n € N, we have
d n m P ;
(2.5) X"zm = i '() () ZMTWEXTm
;)Hq 1/ qg\t/q

Proof. Let’s proceed by induction on m and n.
One can easily show that

XZ"=Z"X + [n],Z" "W, X"Z =ZX" + [m],WX""1,
which are special cases for (2.5).
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Suppose that holds up to m, n. Then

Xm+1Zn — - [l]q'(n) <m) infiwixmfi
0 Hg\t/q

I
™=

I
™=

Il
o

[Z]q' (1’[) (Tl’l) (qizn—iwixm-l-l—i + [71 _ i]qzn—i—lwi-l-lxm—i)
q q

3
¥
R

[aniwixn%l*lfi
0

x ([i]q!<’;‘>q(’7)q iy [i—l]q!(i”1>q<iml>q[n—i+1}q)]

— mil[l} ! n m+1 aniwl'Xn’H»lfi‘
! i q i q

i=0
The other case is completely similar. &

PROPOSITION 2.6. Let X = a(e),Y = c(e),Z = c;(e) and W be the bounded
operator on F;(Hr) defined by
W(E) =4q"¢, VZeH™"

Then X,Y,Z, W satisfy the relations listed in @2.3). Consequently, and (2.5) hold
true.

Proof. can be checked by direct computations hence and fol-

low from the previous two lemmas. 1

3. RADULESCU BASIS IN g-FOCK SPACES

In this section we construct the Radulescu basis for F;(Hr), which will
be the fundamental tool to study the generator subalgebra. The construction is
motivated by the original construction of Radulescu in [16].

For each integer k > 0, we consider the following subspace of H®* C

]:q(HR):
(3.1) Tk .= {¢ € H®* : a(e)Z = ac(e) = 0}.

Itis clear that T = C() and each T* is non-zero (for instance, if we choose feHr
with f 1 e, then f®k € TF).
For each ¢ € H®F and for all s, t € NU {0}, define

(3_2) (:S,t — o®s ® €® e®t c H®(k+s+t>.
We also make the convention that ¢s; = 0 if either s < O or t < 0.
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We start with a few important observations.
LEMMA 3.1. For & € TXand s, t > 0, we have the following:
(3.3) a(e)lst = [s]quth +q [t]qgs,tflf ar(e)gst = q [S]qés—l,t + [t]qgs,tfl-

Proof. Since the left and right annihilation operators behave similarly, we
just show the first equation. This is a consequence of the following identity

a(e)(Wy @ Wy @ W3) = (a(e) W) @ Wao @ W3 + g"™1lWy @ (a(e)Wh) @ Wy
+ MMl @ Wy @ (a(e)Ws),

where W;,i = 1,2,3 are basic words and |W;| stands for the length. By linearity,
the equation still holds even if W, is a linear combination of basic words with the
same length. Thus for & € T, we have

a(e)Zsr = a(e) (e @& @)
= (a(e)e™*) @ ¢ ® e + 4% @ (a(e)) @ e + 7™ @ E @ (a(e)e™)
= [S]qgsfl,t +0+gq +k[ ]q‘ss,tfl- |

LEMMA 3.2. For & € TX, we have

s(e)"sr(e)"¢ € span{{ss :s,t >0}, Vn,m =0,
(34) &st € span{s(e)"sy(e)"g :n,m >0}, Vs, t >0
Proof. For the first inclusion,
35) s(e)"sr(e)" = (c(e) +a(e))"(cr(e) +ar(e))™¢

= (ex(e) +ar(e))™(c(e) + ale))"S.

The g-commutation relations imply that we can write (c(e) + a(e))" and (cr(e) +
ar(e))™ as polynomials of the form

(3.6) (c(e)+a(e))" = 'Zoai,jc(e)ia(e)]’, (cr(e) + ar(e) tZ:O bs tcr(e)’ar(
i,j> s>

Thus s(e)"s;(e)™¢ is a linear combination of

ce)a(eer(e)ar(e)'s,
where i,j,s,t € NU{0}. By the previous lemma, all such terms are in span{¢; , :
I, p > 0}, which yields the first inclusion.
We prove the second inclusion by induction on s 4- . When s + ¢t = 0, the
conclusion clearly holds. Suppose now that the inclusion holds for s +t < N. By
Lemma[3.J]we have that

s(e)& s = Esrp + [slgCs—re + 7K [HgCs i1,

Sr(€)§S,t = gs,t+1 + qH_k[s]qgsfl,t + mfags,tfl-
Hence the conclusion holds fors +t = N +1aswell. 1
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Fork > 0, let

be the orthogonal projections from the g-Fock space onto H®* and we define
S*i=H" o T

For notational convenience, we let H®! = {0}, foralli < 0.
We first characterize S* as in the following lemma.

LEMMA 3.3. Forall k>0, S*=span{Qx(s(e)y), Qx(s:(e)y) : € H®!, 1 <k}.
Proof. Tt suffices to show that & € H®* belongs to T¥ if and only if

(6, Qi(s(e)n))q = (&, Qu(se(e)))g =0

forany y € H®,1 < k.
To see this, notice that

(€, Qx(s(e)n))q = (5, Qx(cle)n))q = (ale)Z, 1)q-

Since a(e)& € H®*=1), we have that (¢, Qc(s(e)y7))q = 0 forany 7 € H®!, I < k if
and only if a(e)¢ = 0.
Similarly, (&, Qk(s:(€)))q =0 for any neH*!, 1<k if and only if a,(e)&=0. &

LEMMA 3.4. Forall k>0, H®* Cspan{s(e)"s;(e)"¢ : € T!,1<k,n,m>0}.

Proof. We prove it by induction. When k = 0, the statement is clearly true.
Assume that the lemma holds up to k — 1 and let 7 € H®F. We may further
assume that 77 € SK.

By Lemma 7 is a linear combination of Qi (s(e)¢) and Qi (sr(e)E),& €
H®(k=1), By the induction hypothesis, each ¢ € H®( =1 is a linear combination
of s(e)"s;(e)"&,& € T!,1 < k—1,n,m > 0. Thus 7 is a linear combination of
Qi(s(e)se(e)™&), & € T, <k —1,n,m > 0.

Now, by Lemma (3.2} Qx(s(e)"s:(e)"¢’) € span{¢, s : 7,5 > 0,r +s+ || =
k} but again by Lemma(3.2} each ¢; ; € span{s(e)"s;(e)"&" : n,m > 0}. Therefore,
we are done. 1

LEMMA 3.5. Suppose that ¢ € T and r,s,k > 0 are non-negative integers, then
we have

a(e)e,s = Y [T’]q'! ' [s]q! (k) q(t+r—j)i§r7j157i,
q

L0 [r—jlgt [s—1]yt \i
(3.7) i+j=kjij=

ar(e)kg”'s = Z [r]q'! . [S]q! <k> q(t+57j)i§r7i,s*f'
q

ivjtrbizo P —ilgt [s—jlgt \d

The proof is just an induction via direct computations so we omit the details.
Now we compute the inner products between ¢, .
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LEMMA 3.6. Let &5 € U TF with & L 1, then for any r,s,v',s' non-negative
k>0
integers, we have

(38) <CT,S/ ’77/,S/> = O
Moreover, if r +s # t' + ', then

<§V,S/ gﬂ,y) =0.

Proof. The second statement is trivial so we focus on the first. By Lemma([3.2]
and the fact that s(e)sy(e) = s¢(e)s(e), it suffices to show that

s(e)"sr(e)™¢ Ly
for all n, m non-negative integers. Again by Lemma 3.2} it reduces to show that

Srs L1

for all r,s non-negative integers. This is clear by the definition of TX unless r =
s = 0, but then the assumption ¢ L # leads to the conclusion. 1

PROPOSITION 3.7. Let 1,s,1',s', k be non-negative integers with r +s = r' + s’
and ¢ € Tk of norm 1, then
B9 (& Cr’,s’> _ iq(rfi)(r’fi)+k(r7i)+k(r’fi) . [’,/]q! . [S/]q! ] <7”> ) < ,S > .

= i), \r'—=i/,

Proof. The proof is simply a direct but lengthy computation. However for
the convenience of the readers, we include the details here. For 51mphc1ty, we
write af, ,, 1= [i}q!(?)q( ) for n,m,i > 0. Note that by our convention, «}, , = 0
when eitheri > nori > m.

Now we compute

(s Erg) = (c(e) cr(e)E, c(e) ce(e)* E) = (ale) c(e) ce(e)°E, cr(e)' €)
(
)

5k c(e)afe)” (e erle) )

(
" < q(r—i v —

-

T*l

o) L) W) r(0)2)

; < Z q (r—i) az/rlc(e)rfia:::iscr(e)sf(rui)wruigl Cr(€)5,€>

/

r . .
= Yo g 0gt kel ol (e(e) g, a(e) Ter(e) )

B3 | {q(r—i)(/—i)q(r el ol

r'—i,s
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(i) x ¥ i S AT (N —im]
x (ele) g,]gai,lrs,cr@) Wia(ey=ii)]

/

2 g0

x {ce(e) =" E, cr(e)¥ ~Dg)

-

—

1

is r—i,s

£ Ny (o Np ;s ;
= 2 q(f’fl)(f’ 7l)q(7 7Z)kq(r71)k“;’r,lx;,:z ol [S M i]q!
i=0

S R N RN S (:) '<r’s—i) ,
i=0 q q

where in the equations with (x) we used the fact thata(e) = 0. &

r/

For later use, we define two constants depending on g:

Cl@):=ITy— D@ :=T10+Ilq)
i=1 q i=1
Basic calculus shows that whenever —1 < g < 1, the above two limits exist

unconditionally.
We record a simple but very useful estimate here for later references.

LEMMA 3.8. Forall =1 < q < 1and forall n,m > 0, we have

() | < p@ca.

m
q
LEMMA 3.9. Letr,s,t',s', k be non-negative integers with r+s=r"+s',r >r' and
& T* of norm 1. Then for each —1 < q < 1, there are constants E(q), F(q) such that

(3.10) E(q) g~ r + s]g! < [(Grs, G )] < F(@)]q0=)[r + 5,1
Moreover, we have that

lim E(g) = lim F(gq) = 1.
q—0 q—0

Proof. When 0 < g < 1, we have

(Grs, ) = ) qU D IHETDHE L [ [t () : ( i i)
i=0 g ]

_ Y (' —i r s
<q r)ig”’(r I ]t [8']q (i)q. (r’—i)q
22) r—r' rts
B o= 1,0 15,1 ( w )

q

= sl
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where the last equality comes from the assumption r +s = 1’ 4+ s’. This proves
the inequality on the right side.
For the inequality on the left side, simply note that

v Y . r r S
i;Oq(r i) (r' —i)+k(r—i)+k(r'—i) | [7’%! . [S/]q!' <>q (r/

> i q(r—i)(r’—i)+k(r—i)+k(r/—i) . [r,]q! . [S/]q! . (7> )

i=r' q

_ k(r—r") NIFRR r _ k(r—1") RTINS [F]q! ) [F—i—s]q,
PO () =P .

il

[r = 7']g![r + sg!

_ r—r (1 r r+l) _(1_qr)
o qk( )[T + S] (1 7 +1) (1 _ qr+s)

qk(’ r)[r + s],!

>k(rrr+sl 1_ rr+l __1_r>ik(rfr’)r+s I
q q )q q

Thus if we let E(q) = %, F(gq) =1, we are done.

Cly
Now assume —1 < g < 0. By Lemma[3.8|we have

[r"3!s"]g! < [+ 5'14!D(q)C(Iq]).
Therefore,

/

‘rzq(rfi)(r’fi)+k(r7i)+k(r’fi)_[r/]q!_[sl]q!. <r> < s ) ’
g q

!
i20 1 r 1

< D(q)BC(|q|)3[1’/ + S/]q! Z |q‘(r—i)(/—i)-i—k(r—i)-&-k(r’—i)
i=0

< D@ CUa)l +<Jgt- 197 =

Meanwhile, we have

r—i)(r' —i r—i r'—i ] i
s () (1)
q q

1
i=r

r—r'+1 r
— k=" oty (T — | plk(r=1") ,'(1_[7 +)"'(1_q)
gt 5y ()q a0 sl - =L O

o gl =gy L gl
> k(r—r") r+sl!- ( . >
Pt st g Y @ g © Dl@)eqan

r+ s]q!,
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and

= (r—i)(r' —i)+k(r—i)+k(r' —i) [0 / r s
Y W () () |
i=0 q q

r'—1
<Y |00 D) [ <f> _ ( s )
9 q

i=0

=1 ]
< gl 3 1gl "l +slg!D(9)*C(|ql)?
i=0

1=

<1qr ) DRl sl

Hence by the triangle inequality,

‘Zq(r—i)(r/—i)+k(r—i)+k(r’—i).[r/}q!'[sl]q!. (T> ( s ) ‘
i=0 q q

i ' —1

|q |k(r—r’) |k(r—r/)+1
1—lq

Z D)D)
1 Ll

=10 (et~ 1o g D@ CUa?) I +slyt

48]yt — D(9)°C(|q1)°[r +s]q!

3 3
L1 D(g)3c(l))?, B(q) = 2aPCUD the

Finally, if we let E(9) = 55k -

i
la)  1-1ql

proof is complete. 1
The following corollary will be used multiple times later.

COROLLARY 3.10. Let r, s,k be non-negative integers and let & € T* be of norm
1. Then there is a positive number a > 0, such that whenever |q| < «, we have

1

(3.11) E[r—f—s]q! < ||§r,s||§ < 2[r +s]g!.
REMARK 3.11. Lemmaand Corollary hold when f% <g< i.
To prove the main theorem of this section, we need another lemma.

LEMMA 3.12. Let a € R with || < 1. For any n € N we define

0 —x - —at!
—
Eﬂ( = 7
. . —K
_an_l o — X O
2[a|

then the operator norm ||Ey|| <

T—[al’
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Proof. Clearly we have
0 —af O

= |af*.

n—1 ,
Hence [|Ex|| <2 ¥ |af' < 12—‘Tl|' '
i=1

Take an orthonormal basis {(;‘; :j € Iy} for Ty, k > 1. We may re-order the
set U {C; :j € It} as {¢ : i € I} for some index set I and we set that & = .
ieN
Finally we are ready to state and prove the main result of this section.

THEOREM 3.13. For any real number q satisfying |q| < &, the set

{ 5;:'5 cielrs> 0}
[1¢2 sl

forms a Riesz basis for L*(M) © L*(A), i.e., its linear span is dense in L*(M) © L*(A)
and there exists some constants Ay, By > 0, such that for all A, ¢ € C, one has

, , .2 , .
(12) AL IMLPIG IR < | S Abg| < By T AL Pllg
1,5, 1,5, 1,5,

Proof. By Lemma it suffices to find such Ay, B; > 0 which are indepen-
dentofi € I and k > 0 such that

. . .2 .
A ¥ PGP < | X AL <B T A
r+s=k r+s=k r+s=k

2

2

2127

holds for any /\i,s € C. Fixing ¢ = & € T* for some t € N, for simplicity, we will
omit the superscript i in the rest of the proof. Fix 0 < ¢ < % As explained in
Remark both Lemma|[3.9/and Corollary hold. Then for all g with |g| <,

2
| Tastes| 28 Meslllasl? = 5 Aeshial- [@sos)]
r+s=k r+s=k r+s=r'+s'=k,r#r'
= Z |)\r,s 2||§r,s 2—2 Z |)‘r,s/\r’,s’ '|‘7|t|r771|[k]q!
r+s=k rds=r'+s'=k,r#r'
> Y MsPlasl?=2 Y [Arshegl-lal K]y
r+s=k r4s=r'+s'=k
r#r!

»
SV MsllEsl? =4 X gl gl sl G0

r+s=k r+s=k,r'+s'=k,r#r
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[AkollISkoll
:<(1—|—4E|q‘) , >,

[ Aokl IGoxll [ Aokl [IGokll

where E|; is the matrix defined in the previous lemma. When lg] < é, 1+4E, is

strictly positive since we have that 1 +4E > 1 —4[|E [ > 1—-4- (12"‘1"”) > 0.

Also, notice that the strict positivity of 1 + 4E,| depends on neither i nor k. This
shows the existence of A; > 0 satisfying the first half of (3.12).
Similarly,

2
| Z | <X

Z |Ar,sAr’,s’| . ‘<€r,s,§r’,s’>|

r+s=k r+s=k r+s=r'+s'=k, r#r’
B-10) ) ) t
< Y MslPllGrsl® +2 ). ArsA g - gt iyt
r+s=k r+s=r'+s'=k,r#r'
<Y ArslPlgnsl? +2 ). [Arshp ] - 1= iyt
r+s=k r+s=r'+s'=k, r#r!
€11 2 2 [r—7'|
<Y (sl G2 +4 Yo ArsAwal - gl G s G
r+s=k r+s=k,r'+s'=k,r#£r
[AkolllSkoll Aol ICkoll
={a- | | ]
Aokl 1Goxll | Aokl 1ok

and the existence of B, is obvious.
The completeness is already shown in Lemma 3.4} therefore we are done. &

REMARK 3.14. Recall that ¢ = . If we consider

= o}u ey e nnszal

then this is a Riesz basis of the entire g-Fock space L?(M).

4. LOCATING THE SUPPORTS OF ELEMENTS IN THE RELATIVE COMMUTANT

Throughout this section we will assume that g is a real number with |g| < é
such that the conclusions in Corollary and Theorem hold.
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For N > 0, define the idempotent Ly, Ry : L*(M) — L*(M) by Ln| 7, (re) =
RNl 7,re) = 0 and

LN( Z C;,sgi,s) = Z Clr,sa,sr

i€l,r,s>0 i€1,520,0<r<N
(4.1) - .

Ry ( 2 C;',s g;',s) = Clr,sC;,S'
icl,r,s>0 i€l,r>0,0<s<N

By Theorem Ly and Ry are both well-defined. Moreover, with a little abuse
of notation, sometimes we will also use Ly (respectively Ry) to denote the image
of Ly (respectively Ry ).

Let C C A be a diffuse subalgebra and fix a free ultrafilter w € B(N)\N. Let
z = (zn)n € (M¥ © A¥) N C'. Without loss of generality we assume that ||z|| = 1
and ||z,|| < 1 (the operator norm is bounded above by 1) and z, € M & A, Vn.
Just as in [20], we would like to show that the support of z eventually escapes
both Ly and Ry. To this end, we need some preparations.

The first key step towards our goal is to show that Ly is asymptotically
right-A modular.
Recall that Qy is the orthogonal projection from J,(Hg) onto H k.

LEMMA 4.1. Forany k € N, we have
JE}(}] Qk(zn) = 0.
Proof. Suppose this is not the case, then there exists some k € N with

HEK 5 75 = r}gr{}] Qi(zn) #0.

In particular, z, — y weakly for some non-zeroy € M. Clearlyy € C' N M © A.
However, it is known that the generator masa A is mixing in M (see [2], [21]).
Thus by Proposition 5.1 in [7] we must have that C' " M = A, a contradiction. 1

The next estimate will be essential in order to establish the right-A modu-
larity of Ly.

LEMMA 4.2. Let x € L?(M) © L?(A) whose Fourier expansion along {&._ :i €
I,v,s > 0} is of the form

X = Z )\r,s Cr,s ’

r=>N+1,s>0

where & = &' for some fixed i € I with & € T*. Then we have

42) lILn(ac(e)x)lI3 < 2l1rs3,

4kB,C(|9])°D(q)° Y stk N-D) )
1=k -g*) o ’

forallk, N > 0.
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Proof. Welet A, s = 0forall7 < Nands > 0. By (8.7), we have

Ly (ar(e)k Z )\r,sgr,s)

r>N+1,5>0
[T]q k (t+s—j)i
_ LN( Z Ars Z K . - <l) gltts ])lgr—i,s—j)
FENTLs20  idj—ki >0 9° ]

[r+ilg! [stile' (K s
- Z Crs Z /\r+zs+] [r]q! : 'q <i)qq(t+).

r<Ns20  itj=kr+i=N+1,>0 [s]q!

Note that forall -1 < g < 1,

[r+ilg! s+l o« D@* iy i g
) T F S @ =R

(¢ (), < D(g)C(Jq])-

Therefore, for each r < N,

[V-i-i]q! [S+j]q! k (t+s)i2
’i+._k Lo sy pr i) A
j=kr+i=N+1,j=0 q
1
SR esrsllEsisslh e SUIPE
i+j=krHi>N+1,j>0 ||gr+z,s+]||2 ( _‘7)
<O X PeisiPlgiss3)
i+j=k, r+i>N+1, />0
1 C(lq))*D(q)° q2(t+s)i)
it+j=k r+i>=N+1,j>0 ||§r+i,s+j||% (1-9)
E10)
X ( Z |Ar+i,s+]"2||‘:r+i,s+j‘|%)
i+j=kr+i>N+1,j>0
2 C(lq)*D(q)® y P
[r+s+klg  (1-g)* itj=kHi>N+1j>0
2 C(l9))>D(q)°
< o2 C 12 .
S ( 2 |)\r+1,s+]| ||§r+z,s+]||2) [T+S+k]q! (1 _q)zk

i+j=k,rHi=N+1,j>0
g2(H+s) (N+1-7)
T ()

2C(\q|)2D( ) qz(t+s+rfN71)

< Arsissjl 2 1Ersisiil3 /
\(i+]'_k,r+§N+1,j>O e e )( —)*1—g?)  [r+s+ky!

where in the last inequality we used the fact thatab > a — bforalla,b > 1
Finally, we have

1L (a:(e) )13
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- H 2 Crs E /\r+i,s+j [r[—:]jq' . [S[—:]q]}q' . (k> q(t+5)i 2

r<Ns20  itj=kr+i=N+1,j>0 i), 2
[r+il! [s+]ls! [k 12
<B Tl X At S () 4
r<Ns>0 i-+j=kr+i=N+1,>0 Tlg: Slg: i)y
< By Z {Héns %( Z |)\r+i,s+j|2||‘:r+i,5+]‘||%)
r<N,s20 i+j=kr+i=N+1,j>0

2C(|q|)2D(q)6 qZ(t+s+r—N—l)
A=9*A—g*) [r+s+ky! |

< 2B, ). [[r—i—s]q!( Y \/\r+z‘,s+j|2|\Cr+i,s+j||§>
r<N,s=>0 i+j=kr+i=N+1,j>0

(1—9)(1—¢%) [r+s+ky!

<48, ¥ [( L Pl )
r<N,s20 = " itj=kr+i>N+1,j>0

2C(|q|)2D(q)6 qz(t+s+rfN71)]

% C(l9))’°D(q)° .q2(t+s+r—N—1)}
(1-qg)k(1—4q?)
4kB4C(|q])°D(q)® 2(t+str—k—N—1)
S—+7r /\
a2’ s

where the second last inequality is due to the fact that

21113,

[r+s],!
VT*'?‘M <(L—q)*C(lq]).

PROPOSITION 4.3. For all N,m € N and for any x = (x,) € (L*(M© A))®
such that 7}% Qk(xn) — 0,Vk € N, we have

Tim || Ly (se(e™™)n) — se(e%™) Ly ()| |2 = 0.

In particular, for all unitary u in the C*-algebra C*(s(e)) generated by s(e), N € N and
(zn) € M¥ © A“ N C,

Lim || Ly (zutt) — L (za)ut]l2 = 0.

Proof. Each s;(e®™) can be written as a finite linear combination of products
of the form c;(e)*a;(e)! with k,I > 0 and k + I = m, hence it suffices to show

Tim || Ly (cr(e) ar(e)'xn) — ce(e) ar(e) L (xn)[|2 = 0,

forallk,l > 0,k+1=m.
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Since cx(e)Ln (&) = Ly(ce(e)@) for all & € L2(M & A), it then reduces to
prove

nl% HLN(ar(E)kxn) - ar(e)kLN(xn)Hz =0,

forall0 <k < m.

Suppose that x, = % )\i’ggfils is the Fourier decomposition along the
iel,rs>0

Riesz basis {@ils }, observe that
Ln (ar(e)kxn) _ar(e)kLN(xn) = LN(ar (e)kxn) — Ly (ar(e)kLN(xn))
= Ln(ar(@)f (1—Ln) (xa) =Ly (a: () Y 2722],)

i€el,r>N+1,5s>0
:ZLN (ar(e)k Z Alnérs)

iel r=N+1,5s>0
By Lemma we have

1L (ar(e)*xn) — ax(e) Ly (xu) |3
k in =i 2
= Z HLN (ur (6) 2 Ar’,sér,s) ‘2
iel r>N+1,s>0
4kB,C(|q])°D(q)° i
< q (|¢ | +s+r—k—N-1)
LR T "

iel 7,520

We may assume that for each n, there exists a natural number ¢, such that:
(1)t;, — ccasn — w and (2) /\,s = 0foranyi,r,swith |§;|+7r+s<t,+ N+ 1
Thus

3 6
1 Ln (ar(e)*xy) — ar(e)* Ly (xn)[3 < 4é<1Bq_Cq()|z(|i ?(Z; . g2lnk Z AL

ITS

q
4kB,C(|9/)>D(q)°
S AR - gA,
Asn — w, t, diverges to infinity. Therefore the right-hand side of the above
inequality converges to 0 (uniformly on the unit ball of L>(M“ & A%)).
The case for u € C*(s(e)) and z = (z,) € MY © A¥ N C’ is an easy conse-
quence of Lemma 4.1 and the fact that {s(e®") : n > 0} spans norm-densely in

C*(s(e)).

Our next step is to show that for any x € M © A and for all sequence of
unitary elements (1), in C*(s(e)) which goes to 0 weakly, (uxLy(x) )k is asymp-
totically orthogonal to the subspace L.

2(tn—

el 13-

PROPOSITION 4.4. There exists a positive number G(q) > 0 such that

(4.3) 1Ly (s(e) L, (1)) |2 < G(g) - (m +1)>/2 - || "= N=N) |
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forany N1, N, € Nand x € M & A. The choice of G(q) is independent of N1, N, x.
Proof. By the Wick formula (1.5), one has

L (s(™) L (1)) = 1 () Lo (00" Lo (1),
q

k=0

Also, notice that in the above summation, only the terms with 0 < k < Nj will be
able to contribute something non-zero.

Let us estimate each summand for 0 < k < Nj. Suppose x = Z):/\i,sé‘i,s
irs

be the Fourier decomposition along {¢.}, then Ly, (c(e)*a(e) Ly, (x)) can be
decomposed as a sum over index i. Each summand is of the form:

LNl(C(e)k SRS [7}7! [5]7! (n—k) q(|§i|+r7j2)j1d7j2’57h)
q

r<ps20  jitp—nk jp<r [P R2lat [s=7lgt \ fu

:LNl( YA Y [rlg! [slq! <n—k)
q

r<Np,s=>0 J1tja=n—k, jp<r [7’ - ]2}q| [S - ]1}q| ]1

. q(|C [+r—j2)j1 éiﬂf*jzﬁ*h)

, . [}" +j2 — k] !
= Z {(:;',s Z |: ;’+]'2—k,s+]'1 X =

— |
k<T<N1,320 j1+j2:n—k,j1>n—2k+r—N2 [r k]q

[s+1lq! (n—k i 4r—k)jy
: ?;]Jql!q ( . >qq<¢+ o] .

Now fork < r < Nj,

! -~
kst [y — K]t [s]4! J1

[r+jo —klg! s+ j1lg! (” - k> ) 2
j1+j2:n7k,j1 27’!72](4’1’7]\]2 q

) D( )2 .
< Yy N 1 - CllahD(q) - |q/
jl +j2:n—k,j1>n—2k+r—N2

q)

‘ 2 2
< ( ). Aty —kstin | NErsi—kstn ||2)
j1t+ja=n—k, j1=n—2k+r—Np

2 6
y L C(lal) 5(&12 o)
j1+jp=n—k, j1 >n—2k+r—Ny ng+j2—k,s+j1||2 (1 - ‘7) (n=k)

i 2 2
< PURPRY L[| SPRRN )
j1+ja=n—k, j1=n—2k+r—Ny
5 2 C(lg))*D(q)®  g*" M)
[r+s+n—2klg! (1—q)2n=h 1—q?
< ( ) Arsis—tstiy |Gkt ||%)

jl +j2:}’l—k, jl 21’1—2]{-"—7’—]\]2
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2C(|q])*D(q)® 2(n—N;—Np)

X . .
(1—q)2=0 (1 — g2)[r + s+ n — 2k],! 1
Hence
k n—k 2
[ILn, (c(e)®ale)" L, (x)) 2
j j [r+j2 — klg! [s + jalg!
- Z H )» [a's L Z ks i [r — k]! [s],!
i k<r<Nyp,s>0 j1+ja=n—k, j1=2n—2k+r—Ny q q
. (” - k) UEH-04] ‘2
no/, 2
P2 j [r+j2 — klg! [s + jalg!
<BY ¥ [le )» e (Y R e
i k<r<Np,s20 htja=n—k, j12zn—2k+r—Np q: q:

. (” - k) (i 1+r—h 2}
n o/,

i 2 2
<BY ¥ )y PURPNC TSR )
i k<r<Ny,s20  ji+jo=n—k, j1=2n—2k+r—N;

4C(191)°D(9)°®  2iu—Ny—No)
(1-g)"(1-4%)
4(” + 1)BQC("7|)3D(‘1>6 . 2(n—N1—Np) Hx||2
(=91 -g)4, z
Finally, using the rough estimate (}) ; SC (l9))D(gq) and the triangle in-

equality, we conclude that || Ly, (s(e®") Ly, (x))]||2 can be bounded above by

» 3D ()6
<n+1>c<|q|>D<q>\/4((f_l;f,f(cl('_";zﬁf:) gl M

we are done. 1

2B3/2C(|q))>/2D(q)*

Setting G(g) = 0y (@) 2 A%

Finally, we are ready to prove our main result in the section.
THEOREM 4.5. Forall N € Nand z = (z,)n € MY © AY N C', we have
(@) lim Ly (za)]|2 = lim || Ry (z)]2 = 0.

Proof. The proof is similar to the ones in [15], [20], but for completeness we
include a sketch.

Fix N € N. Let (u,)n be a sequence of unitary elements in C which con-
verges to 0 weakly. Let (u),), be a sequence of unitaries in C*(s(e)) such that
[l — ul |2 < 2% Then as in the proof of Lemma 9 in [20], we further approxi-
mate u), with finitely supported elements in C*(s(e)).

Claim. There exists a sequence (vy) of elements in C*(s(e)) which are linear
combinations of s(e®¥)’s and increasing sequences of natural numbers (1) and
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(My), a positive constant H(g), such that

1
T ILn(ok(Lay,, — L, )(x)) — L (ogx) |2 < H(q)|q*73|x])2
forallx e Mo A.

Proof of the Claim. We choose (vy), (ny) and (M) inductively. Assume that
we have already chosen them up to { My, ny_q,v¢_1}. Since u, — 0 weakly, if
we choose a large 1y, then it is possible to well-approximate u;, in operator-
norm with an element v in C*(s(e)) which is a linear combination of s(e®')’s
with i € [My + N +k+ 1, Ni] for some Ny € N. By Proposition [4.4] we have
| L (ok L, (%)) |2 < G(q)|q/**+1)/3||x||, for all x € M © A, where G(q) is a pos-
itive constant which only depends on 4. If we take My,; > Ny + N + 1 large
enough, then we have || Ly (vx (L, (x) — x))|[l2 < |7|¥. Thus we are done. &

[, = xll2 <

Let us continue with the proof. On one hand, using z € C' N M“ and the
asymptotic right-A modularity of Ly as in Proposition 4.3} we have

Np
) AT
—iV1
Np
- r}g{lu k—ZI\:] (Ln(znttn, ), LN (znttn,))
—iN1
N,
> Jim 3 ((LaCenth, ), LvCensy,)) = [ on(tn =16, ) [3)
k:Nl
5 Ly Pz 2
i ! / N n
2k ()i, Entan)iay) = F=205 2 )
~ 2> LN ]lzal?
> (Na = Nyp) lim <||LN(Zn)||2 - 227]\]])
On the other hand,
N
Y}gr(}Jk:ZI\]l<LN(u7’lkzn)/ LN(Unan)>
N
~ Jim Y (N (v = g (20) N (2L = L) (2)))
2 )
< lim [[Ly]lloel® 3 ((Lage., = Lag) (@), (L, — Lag) (20)
k=N,

4B
< 1 1; 2 2
< o Jim I Pl

By combining the above two estimates and by increasing Np — Nj and Nj, we get
the conclusion for Ly. The statement about Ry follows by symmetry. 1
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5. STRONG ASYMPTOTIC ORTHOGONALITY PROPERTY

DEFINITION 5.1. Let B C N be an inclusion of finite von Neumann algebras.
We say that the inclusion has the strong asymptotic orthogonality property (s-AOP
for short), if for alla,b € N© B and x = (x,) € NY & BY N C’, where C C Bis
any diffuse subalgebra of B, we have

ax 1 xb.
Fix an orthonormal basis {e]- 1j €]} of Hg withe = ej, for some jo € J.
Recall that for any s,t > 0 and for any ¢ € Lz(M), we set
&t = c(e)’ee(e)'C.

The following lemma is a direct consequence of the definition of annihila-
tion operators.

LEMMA 5.2. Forall x € L>(M),N € Nand j € J\{jo},
ﬂ(ej)xN,N = qN(a(ej)x)N,N-
The next estimate is the key technical result of this section.

LEMMA 5.3. Forall x € L>(M© A),N € Nand j € J\{jo}, we have

B2
(6.1) la(ep)xnn ]z < A2q D()C(lql) - g™ lla(ep)lleo 8, x5 112

Proof. Suppose that along the Riesz basis {¢., : i€ I, r,s> 0}U{gY, : r=>0},
we have the Fourier expansions
X = ZArs 1;5' a(ej)x = Z Vi,sd,s + Z V?gg,o
ir,s 01,5 r=0

First note that
() [r+s+2N],! < D(g) N - [ +5]4!, and

(1-q)N
(e) [r +5 4 2N],! /W.[wrs}q!.

[l

By the previous lemma,

latep)xnnl3 = 2Vl aex)n I = q2NH Y rstrnsin + L werianal

lrs
2N
Bq(
lrs

< 2q2NBq(Z 1o P2lr + 5+ 2Nyt + 1 |8 Plr +2N]gt)

ir,s r=0
2¢*NB,D

<(1*(2|m| rslgt+ 1 Pl

i,r,s r=0

5+ 2 [l ? H§r+2NOH2)
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(1 ir,s r=0

4q*N BqD(q) , _ 44*NB,;D(q) )
< 2 aten) x| < 2T g e '
S T—ga, lla(ej)x[2 < A-9Na, l[a(ej)oolx]I2

On the other hand,
i |2 xi 2
ool = || Z A ienenn]; > Ag K WPl senB
ir,s 11,8

A ; Ag
9 2
> 502 Al [r—l—s—l-ZN]q!)Z(l 2Nc D } AL 2 [r + 5],

ir,s ir,s

A
> quBC [ x[|3-
(1—4)>NB,C(lq])

> AL
T—qveqq) =

ZTS

Combine these two inequalities, we have

2
16Bq

la(e;) Az -D(q)Clq]) - N la(e) [l [lxnn 3. 0

THEOREM 5.4. The inclusion A C M has the strong asymptotic orthogonality
property, whenever |q is less than 1.

Proof. Suppose C C A is a diffuse subalgebra and z = (z,) € MY © AYNC’
with ||z, || < 1. By Theorem[4.5] we can assume that for any N € N,

Jim {| Ly (20)[l2 = lim {|Ry(2n)[l2 = 0.
A density argument reduces the problem to showing that
Jim (s(ejqr) @ - - €ighy) ) 2n 5e(€j(1) @ - - €jky) )20) = 0,

for all k1, ky > 1 and i(l),...,i(kl),j(l),...,j(kz) € Jsuchthat {i(l) : 1 <1 <
ki3\{jo} # @and {j(1) : 1 l<k2}\{j0} # Q.
By the Wick formula (1.5), it suffices to show the inner product between the
following two elements
c(eir)) - - cleipy)aleiri)) - alejx,))zn  and
cr(ejry) -« - crlejis))ar(ejis 1)) - - - ar(ejiry) )zn

goestoOasn — w forany 0 < t < ky and 0 < s < ky. There are two cases.
Case 1. There exists some I; > t+ 1 with i(l;) # jo such that the previous
lemma implies that for any N € N, one has

16B2
leCeigry) - - - cleigey Jalein)) - - - aleiry))znll2 < Azq D()C(lq]) - 4V ||zn 2,

once n gets sufficiently large. By letting N — oo, we clearly have that the inner
product goes to 0 as n — w.



150 SANDEEPAN PAREKH, KOICHI SHIMADA, AND CHENXU WEN

Case2. i(t+1) =---=i(ky) =j(s+1)=---=j(ka) = jo. Let 1 < I} < ¢
be the smallest number such that i(l1) # jo. Taking adjoint, we consider

(5.2)  ale,)) - aleqy)ee(ejy) - crlejis))ar(€jiss)) - - - ar(ejiky) ) zn-

A direct computation shows that

a(fi)e(f2) = ex(f2)alfr) + (fr, f2)W,
where W € B(L?(M)) is defined by
Wlyen =q"1d, Vn >0.

Observe also that a(f)W = gWa(f).
Applying these relations to a(e;(;,)) - - - a(ej1))er(ejr)) - - - cr(ej(s)), we can
write as a finite linear combination of terms of the following form:

Dy--- Dmla(ei(l]))ta(e)mzar(e)kz_szn,

where my,my > 0,t € {0,1} and D; € {cr(ej(1)), - -, cr(ejs)), W} VL <1 < my. If
t = 1, then we are back to Case 1.

If t = 0, then one of the Dy, 1 < k < m; must be W. But we know that W will
decrease the size of the vector in an exponential rate with respect to the length of
its basic words, so as n — w, the length of z, goes to infinity, thus

D1 - - Diya(e)™ar(e)2 5z, )2 — 0 aswell.
A consequence of the theorem is a strengthening of maximal amenability.

THEOREM 5.5. Let q be a real number with |q| < &; then the inclusion A C M
of the generator masa inside the q-Gaussian von Neumann algebra, has the absorbing
amenability property as introduced in [6] (see also [12], [20]). That is, for any diffuse
subalgebra C C A, A is the unique maximal amenable extension inside M.

Proof. A is shown to be mixing in M by [2], [21]. Thus Theorem 8.1 of [11]
applies. One can alternatively use the argument in Proposition 1 of [20]. &

As another application of the Rddulescu basis, we can give a very short
proof of non-Gamma for the g-Gaussian algebras, whenever Theorem is true.

COROLLARY 5.6 (See also [1]). Let Hp be a real Hilbert space with dim Hy > 2.
Let q be any real number with |q| < 3. Then I;(Hg) is a full factor.

Proof. Let e, f € Hpg be two orthogonal unit vectors and let A = Ij;(Re)
(respectively B = I};(Rf)) be the generators subalgebra associated with e (respec-
tively f). We construct as in the previous section the Radulescu basis {éirs 1€
I,r,s > 0} with respect to A. Notice that f®" € T,, thus we may choose the basis

fl>,</n N in .
such that for each n > 1, \/77 = Co for some i, € I.
Suppose x € M'NM% with 7(x)=0. Since x € A’NM%, by applying The-
orem for A and by the choice of the basis, we can assume that Ep« (x) =0.
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Choose a Haar unitary u of A. Note that ux=xu and u L B. Therefore by the
s-AOP for BCM as shown in Theorem[5.4] we have that T(uxu*x*)=t(xx*)=0. 1

REMARK 5.7. It is already known that for all —1 < g < 1 and for all sep-
arable real Hilbert space Hg with dimHy > 2, I;(HR) does not have property
Gamma: Avsec [[1] showed the strong-solidity for all I;;(Hg) and it follows from
an argument in [14] that solid factors do not have the property Gamma.
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