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ABSTRACT. Let H(C) be the set of entire functions endowed with the topol-
ogy Tu of local uniform convergence. Fix a sequence of non-zero complex
numbers (A,) with [A,|—+o00 and |A,11]/|An|—1. We prove that there ex-
ists a residual set GC#H (C) so that for every f€G and every non-zero complex
number a the set { f(z+A,a) : n=1,2,...} isdense in (H(C), 7y ). This provides
a very strong extension of a theorem by G. Costakis and M. Sambarino in Adv.
Math. 182(2004), 278-306. Actually, in that article, the above result is proved
only for the case A,=n. Our result is in a sense best possible, since there exist
sequences (A ), with |A,11|/|An|—1 for certain I>1, for which the above result
fails to hold, cf. F. Bayart, Int. Math. Res. Notices 21(2016), 6512-6552.

KEYWORDS: Hypercyclic operator, common hypercyclic functions, translation
operator.
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1. INTRODUCTION

Let us first fix some standard notation and terminology. Throughout this pa-
per, we denote N = {1,2,...}, Q, R, C for the sets of natural, rational, real and
complex numbers, respectively. By H(C) we denote the set of entire functions
endowed with the topology 7y of local uniform convergence. For a subset A of
H(C) the symbol A denotes the closure of A with respect to the topology 7. Let
X be a topological vector space. A subset G of X is called G; if it can be written
as a countable intersection of open sets in X and a subset Y of X is called residual
if it contains a G5 and dense subset of X.

A classical result of Birkhoff [14], which goes back to 1929, says that there
exist entire functions of which the integer translates are dense in the space of all
entire functions endowed with the topology 7 of local uniform convergence (see
also Luh [33] for a more general statement). Birkhoff’s proof was constructive.
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Much later, during the 80’s, Gethner and Shapiro [28] and independently Grosse-
Erdmann [29] showed that Birkhoff’s result can be recovered as a particular case
of a much more general theorem, through the use of Baire’s category theorem.
This approach simplified Birkhoff’s argument substantially and in addition gave
us precise information on the topological size of these functions. In particular,
Grosse-Erdmann proved that for every fixed sequence of complex numbers (w;,)
with w;,, — oo, the set

{f e H(CO)[{fz+wn) :n e N} =H(C)}

is G5 and dense in H(C), and hence “large” in the topological sense.

Let us now rephrase the above results using the modern language of hyper-
cyclicity. Let (T, : X—X) be a sequence of continuous linear operators on a topo-
logical vector space X. For x € X, the set Orb({T,},x) := {Tu(x) : n =1,2,...}
is called the orbit of x under (Ty). If (Ty(x))n>1 is dense in X for some x € X,
then x is called hypercyclic for (T,) and we say that (T,,) is hypercyclic [12], [31].
The symbol HC({ T} }) stands for the collection of all hypercyclic vectors for (T},).
In the case where the sequence (T},;) comes from the iterates of a single operator
T:X — X, ie T, := T", then we simply say that T is hypercyclic and x is hyper-
cyclic for T. If T : X — X is hypercyclic, then the symbol HC(T) stands for the
collection of all hypercyclic vectors for T. Following the standard terminology;,
for an operator T on X, the set Orb(T, x) := {x, T(x), T?(x), ...} is called the orbit
of x under T. A simple consequence of Baire’s category theorem is that for every
continuous linear operator T on a separable topological vector space X, if HC(T)
is non-empty, then it is necessarily (G5 and) dense. For an account of results on
the subject of hypercyclicity, we refer to the recent books [12], [31]; also see the
very influential survey article [30].

For every fixed a € C\ {0} consider the translation operator T, : H(C) —
1 (C) defined by

Ta(f)(z) = f(z+a), feHM(C)zecC.

Thus, for a = 1 Birkhoff’s result says that T; is hypercyclic. We note that the
choice a = 1is not significant. The same proof works nicely for every a € C\ {0},
that is, for every a, T, is hypercyclic and hence HC(T,) is G5 and dense in H(C).

Recently, Costakis and Sambarino [24] established a notable strengthening
of Birkhoff’s result. Namely, they showed that, for almost all entire functions f,
in the sense of the Baire category, the set of the translates of f with respect to na,
n € N, is dense in the space of all entire functions for every non-zero complex
number a. The significant new element here is the uncountable range of 4. In
the language of hypercyclicity, their result takes the following form: the family
{T, : a € C\ {0}} has a residual set of common hypercyclic vectors i.e.,

theset () HC(T,)is residual in H(C),
aeC\{0}
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or equivalently, the set

( {f € HC)|{f(z+na):ne N} =H(C)}

aeC\{0}

is residual in 7 (C). In particular, it is non-empty.
Subsequently, Costakis [21]] asked whether, in this result, n can be replaced
by more general sequences (A, ) of non-zero complex numbers.

QUESTION 1.1 ([21]]). Fix a sequence (A,) of non-zero complex numbers so
that |A,|—oco. Are there entire functions f so that, for all a € C\{0}, the set
{f(z+ Ana) : n € N} is dense in the space of all entire functions?

In this direction Costakis [21] showed that, if the sequence (A,) satisfies
a certain condition, then the desired conclusion holds if we restrict attention to
a € C(0,1) := {z € C/|z| = 1}. The precise condition is that for every M > 0,
there exists a subsequence (A, ) of (1) so that

() [Angy | = A | > M forevery k =1,2,... and
(@) ¥ (1/1An]) = +eo.
=1

Obviously, sequences of the form A, = bn + ¢, where b,c € C, b # 0,
An = n(logn)?, where 0 < p < 1or A, = nlognloglogn, etc., satisfy the above
condition. Costakis asked [21] whether the same result holds for the set C\{0}
instead of C(0,1). We proved in [40] that this question has a positive reply. On
the other hand, the case where the sequence A, is sparse, say n2, is left open, since
in this case condition (ii) is not satisfied. And in reality this is not accidental; it
reflects the limitation of the method developed in [21]. This drawback is due to a
specific “one-dimensional partition” that the author chooses. Here we overcome
this difficulty by constructing a “two dimensional” partition, which turns out
to be the right one in order to handle sequences (A, ) where the corresponding
series in condition (ii) converges. The purpose of this paper is to give a positive
answer in general for a € C\{0} that applies to a wide family of sequences (A;).
In particular, our main result, Theorem covers the case where (Ay) is of the
form (p(n)), and p is any non-constant complex polynomial, as well as the case

where A, = e’ for 0 < b < 1; hence for every 0 < b < 1 we have

N {feHO)|{f(z+e"a): neN} =H(C)} # .

aeC\{0}

We would like to stress that the allowed growth e",0 < b < 1in the previously
mentioned example is in a sense optimal, since the answer to the above question
is negative if (A,) grows exponentially, [7], [25], that is,

N {feH(C)[{f(z+e"a):n €N} =H(C)} = .
aeC(0,1)

So some restriction on the nature of (A,) is clearly necessary.
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Let (A;) be a sequence of non-zero complex numbers. We attach a non-
negative real number to the sequence A := (A,) as the following:

i(A) :=inf {a € RU {+o0} : there exists a subsequence () of (A,) so that

a= limsup|yn+1/yn\}.

n— 400

Of course i(A) € [0,+o0]. If A;—00 as n— + oo then i(A) € [1,4+o0]. Our main
result is the following theorem.

THEOREM 1.2. Let A := (Ay) be a fixed sequence of non-zero complex numbers
such that A,— o0 as n— + oo and i(A) = 1. Then, the set

(1 HC({Ty,a})

aeC\{0}

is a Gy, dense subset of (H(C), Tu). In particular, there exists f € H(C) such that for
everya € C\ {0}

{f(z+Ana) :n=12,...} =H(C).

All the work in this article has been done in order to prove Theorem
F. Bayart examined similar problems recently in his important paper [7]. Here
seems to be an appropriate place to comment on the ideas developed in [21],
[24] and to compare them with our approach. Costakis and Sambarino’s result
mentioned above consists of two steps. The first one is to show that the set
N HC(T,) is residual in H(C). This is accomplished by choosing a suit-
aeC(0,1)
able partition of the unit circle C(0,1) and then an application of Runge’s theo-
rem on specific compact sets depending on the partition, which concludes the
argument. We stress, however that what we just mentioned is a very rough
idea of their proof. In the second step they show that for any fixed 6 € R,
HC(T,40) = HC(T,u0), for every r > 0. The proof of the latter is based on
two important results: the minimality of the irrational rotation, see for instance
[26], and Ansari’s theorem [2], which says that if T is hypercyclic, then for every
n € N, T" is hypercyclic, as is HC(T) = HC(T"). One key element to prove
Ansari’s theorem, is that the orbit Orb(T, x) has a semigroup structure, that is, if
T"(x), T™(x) € Orb(T,x) then T" o T™(x) € Orb(T, x). Some nice extensions of
Ansari’s theorem even in a non-linear setting, can be found in [34], [37], where
the semigroup structure property still plays important role in the proofs. Observe
now that in our case, say A := (A,), A, — o0 and assume for simplicity A, € N,
the semigroup structure of the orbit breaks down. The very simple reason for
this “unpleasant” situation is that we now need consider parts of the full orbit
{f(z+an) : n = 1,2,...}, which may be very sparse. For instance, consider
the sequence A, = n? (for which Theorem [1.2/ holds). Clearly for a € C\ {0},
f € H(C), we have T, 0 Tpp,(f) ¢ Orb({T,2,}, f) in general. In view of this
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obstacle, we need to follow a different approach and therefore we tried to concen-
trate on the first step in Costakis and Sambarino’s approach. Now the problem is
how to find a suitable partition, not only for the set C(0, 1), which is quite “thin”,
but for any given bounded sector S. So our main task is: for a given sequence
(An) satisfying the hypothesis of Theorem|[1.2} and a given bounded sector S C C

to find a suitable partition of S in order to show that the set () HC({T},}) is Gs
acs

and dense in H(C). Then, covering the complex plane by many countable such
sectors and applying Baire’s category theorem, we are done. We mention that the
second step of Costakis and Sambarino’s result can be also obtained as a partic-
ular case of a general result due to Conejero, Miiller and Peris [20] concerning
hypercyclic Cy semigroups, see also [12].

There is a fast growing literature on the subject of common hypercyclic vec-
tors for certain uncountable families of sequences of operators. For instance,
Bayart and Matheron [11], answering a question from [22], show, among other
things, the existence of entire functions f so that for every non-negative real num-
bers > 0and foreverya € C\ {0}, {n*f(z+na):n=1,2,...} = H(C). Shkarin
in [38], extending Costakis and Sambarino’s result above, proves the following:
theset (|  HC(bT,) is residual in H(C). There are also several results con-

a,beC\{0

cerning the éiigtence of common hypercyclic vectors for other type of operators
such as weighted shifts, adjoints of multiplication operators, differentiation and
composition operators; see for instance, [1l], [3]-[13], [15]-[27], [31], [32], [34],
[36]-138], [41], [39]. There are also results going in the opposite direction, namely
the non-existence of common hypercyclic vectors for certain families of opera-
tors, see [6], [7], [9], [25], [38]. A most worthy and very general result, due to
Shkarin [38], is the following: for any given linear and continuous operator T
acting on a complex topological vector space with non-trivial dual, the family
{rT+al:r>0,a € C} does not have a common hypercyclic vector.

The paper is organized as follows. Sections 2-7 occupy the proof of The-
orem In the last section, Section 8, we give some illustrating examples of
sequences (A,) satisfying the hypothesis of Theorem|1.2} which fall into four dis-
tinct classes.

2. A SPECIAL CASE OF THEOREM[L.2l AN OUTLINE OF THE PROOF AND NOTATION

In this section we provide a general framework for attacking our problem,
by considering a particular case of the sequence (A,). It turns out that handling
this case is actually all that we need in order to establish our main result, namely
Theorem|[1.2} This reduction is explained and presented in full detail in Section 7.
Let us now describe the extra properties we impose on the sequence (Ay).

Let (A,) be a sequence of non-zero complex numbers satisfying the follow-
ing:
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(1) [Ayg1] = [An|—= + o0 as n— + oo;
(2) Apy1/An—1as n— 4 oo;
3) lig‘lJirnf(n(|)Ln+1/)Ln| —1)) >0.

n o0

A sample of sequences satisfying the above three properties is: A, = n°,
c>1,A, =nP logn,p > 1,1, = n"/log(n+1),v7 > 2, etc. Our main task is to
prove the following special case of Theorem [1.2]

THEOREM 2.1. Fix a sequence (A,) of non-zero complex numbers which satisfies
the above properties (1), (2), (3). Then (  HC({Tx,q}) is a G5 and dense subset of
1eC\ {0}
(H(C), Tw).

Let us now describe the steps for the proof of Theorem Consider the
sectors

Sk:={acC:3re[} nandte [ 1] such thata = re?™}

fork=0,1,2,3and n = 2,3,.... Since

3 o
N HC{Tya}) = ) () HC{Ty,a}),

acC\{0} k=0n=27¢e5k
an appeal to Baire’s category theorem reduces the proof of Theorem [2.1] to the

following proposition.

PROPOSITION 2.2. Fix a sequence (Ay) of non-zero complex numbers which sat-
isfies the above properties (1), (2), (3). Fix four real numbers ro, Rg, 6y, 01 so that 0 <
1o <1 < Ry < 400,06y <0 <1,0r—06y =1/4and consider the sector S
defined by

S:={a € C: there exist r € [rg, Ro| and t € [0y, O7] such that a = re*™}.
Then (\ HC({Ty,q}) is a G5 and dense subset of (H(C), Ta).
aes

For the proof of Proposition 2.2l we introduce a notation which will be car-
ried out throughout this paper. Let (p;), j = 1,2,... be a dense sequence of
(H(C),Ta), (for instance, all the polynomials in one complex variable with coef-
ficients in Q 4+ iQ). For every m, j,s,k € N we consider the set

E(m,j,s,k) := {f € H(C)|Vae SIneN,n < m: sup |f(z—0—)\na)—pj(z)|<1/s}.

|z|<k

By Baire’s category theorem and the three lemmas stated below, Proposition
readily follows.

LEMMA 2.3. We have:

m HC({TAna}) = ‘

aes j

N

DY:

E(m,j,s,k).

DY
T Ce

[
—
v

Il
MR
-
Il
MR
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LEMMA 2.4. For every m,j,s,k €N the set E(m,j,s,k) is open in (H(C), Tq).

LEMMA 2.5. For every j,s,k € Ntheset \J E(m,j,s, k) is dense in (H(C), Ta).
m=1
The proof of Lemma is similar to that in Lemma 9 of [24] and it is omit-
ted. Referring now to Lemma 2.3} the inclusion

0O 00 o0 o0

NN N U E(mjsk) c (VHC({Ty,q})

j=1s=1k=1m=1 aesS

is easy to establish, therefore it is left as an exercise to the interested reader. At this
point, we would like to stress that Lemmas along with the above inclu-

sion, immediately imply that the set (| HC(T),,) is residual, hence non-empty.
acs
However, one can get more precise information concerning the topological struc-

ture of the set (| HC(T),,) which is actually G;. The proof of the last fact, which
acs
is not so obvious, is postponed till the last section, i.e. Section 6. We now move

on to Lemma This lemma is the heart of our argument and its proof is long
and challenging. In order to present it in a more digestive form, we give a very
rough sketch of the main ideas involved in the proof below. As the reader may
notice, our strategy shares certain similarities with the proof of Lemma 10 from
[24]. Therefore, we will indicate the points at which our argument differentiates
from that in [24].

We start by fixing j1, 51, k1 € N. We also need to prove that U E(m, j1,51,k1)
is dense in (#(C), Tu). For simplicity we write p;, = p. Con51der g€ H(C),a

compact set C C C and g > 0. We seek f € H(C) and a positive integer m; so
that

(21) f € E(ml,jl,sl,kl) and
2) sup f(2) ~§(2)] < en
ze

WHAT 1S DONE IN LEMMA 10 FROM [24]. The authors in [21]], [24] deal with the
unit circle instead of sector 5. Then they define a suitable one dimensional par-
tition of the unit circle {ay,ay,...,a,} and choose appropriate terms Ay Ay
of the sequence (A,) so that the discs

B, Bi:=B+ajAy, i=1,...,n

are pairwise disjoint, where B is a closed disc centered at zero with sufficiently
large radius R and R only depends on fixed initial conditions of the problem.
Then by setting
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defining a suitable holomorphic function on L and using Runge’s theorem they
conclude the existence of a polynomial which satisfies a finite number of the de-
sired inequalities. Taking advantage of the fact that the partition {ay,ay,...,a,}
is very thin, i.e. g; is close enough to a;,1 fori = 1,...,n — 1, they are able to
check the validity of the remaining inequalities for all the points of the unit circle.

WHAT WE DO. Our argument boils down to finding a desired two dimensional
partition {ay,...,a,} of the above sector S. The construction of this partition
consists of five steps and is presented in Section 3. Then we adjust a specific term
/\(aj),j =1,...,n of the sequence (A,) to each one of the above numbers aj of the
partition and we define the discs

B, B]' Z:B—{—{lj/\(a]'), jZl,...,Vl

so that they are pairwise disjoint. Once this is established, we more or less follow
the procedure mentioned above in order to prove (2.1), (2.2).

2.1. GOOD PROPERTIES OF THE SEQUENCE (A,). Let (A,) be a sequence of non-
zero complex numbers satisfying the following:

(D) [Ana1] = |An|— + 00 as n— + oo;
(2) Apy1/An—1as n— + oo;
3) liglJirnf(n(|An+1/)Ln| —-1)) >0.

n o]

Let 79, Ro, 60, 01 be positive numbers so that 0 < rp < 1 < Ry < +oo,
0 <6y < 0r < 1. Letalso ¢, c1, 2, c3, c4 be positive numbers such that cg > 2,
c1>2,0<c <1,¢c3 >0, 203 < liminf, (n(|A,41]/|An] — 1)) and ¢4 := roc3/2.
Finally, define
Rocy

o

where the symbol [x] stands for the integer part of a real number x € R. Using
elementary calculus and the above properties of (A,) it is easy to see that there
exists a fixed natural number 1y so that for every n € N, n > ng all the following
8 inequalities hold:

WlQZ:{ }—Fl, koZ: [2;0]_1_1

mel 1 R
(2.3) Aul - > 29 ;
| n| kgo |)‘n+k| o !
C
(2.4) [Ansa] = [Au] > 4£;
4
2.5) | > 220,
O
260
26 Anl >=
( ) | n Zl/\n+zm0 1| C2
)\n+l .
2.7) n(‘ i —1)>2c3,
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n 1
28) W moke ~ 2
n
2.9 — - 2¢0 < Cyg;
(2.9) ] 20 <
n Cq
2.10 _ < —.
( ) ‘/\n| 2CZkO

Of course, inequality (2.8) has nothing to do with the sequence (A,); how-
ever, we chose to isolate it here since it will be needed later in the main construc-
tion of the partition and in the construction of the disks. At first glance, it may
look strange why the above properties play an important role. It turns out that
these properties fully characterize the sequences (A,) that appear in Theorem[1.2}
see Lemma|Z.3lin Section 7.

3. CONSTRUCTION OF THE PARTITION OF THE SECTOR S

For the rest of this section we fix a sequence (A;) of non-zero complex num-
bers satisfying the following:
(1) [Aps1| — [An]|—= + 00 @as n— + oo;
(2) A1/ An—las n— + oo;
) liminf(n([An1/Au] —1)) > 0.

We also fix the numbers rg, Ry, 6y, 0T,c0, €1, C2, €3, C4, Mg, ko, which are de-
fined in Subsection

3.1. STEP 1. PARTITIONS OF THE INTERVAL [f, f7]. In this step we achieve the
elementary structure of our construction. All the following steps are based on
this first one. For every positive integer m we shall construct a corresponding
partition A,. So, let m € N be fixed. We have (see subsection

R
061} +1.
o

|

Recall that the symbol [x] stands for the integer part of the real number x. For

every j =0,1,...,mp — 1 choose real numbers Q}m), 9](_’:? so that

9]("1), 91(111) € [6o,071)

and
Co (m) (m) Co
(3.1) — <0 -0 < —
2Roct [ Ay T Roct | Al
where Gém) = 0. We consider three cases.

Case 1. Assume that
Co

— > 01 — 0.
2Roct[Am] T
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Then we define
A = (6™}
Case 2. Assume that

)

Cco / 1
2Roc1 =5 | Al

= 01 — 09

for a certain j/ € {1,...,mp}. Consider the lowest number j, € {1,...,mp} so
that the previous inequality holds. Then we define our partition to be

Aw={0":j=0,...,jo—1}

Case 3. Assume that none of the Cases 1, 2 hold. Then by inequality (3.1) we
can assume that

6o = 0" < 6" < ... <6\l < or.

By setting 0, := 9,(11";) — 6, we have 0 < 0, < 87 — 0. For every positive integer
k with k > mg + 1 there exist a unique v € N and a unique j € {0,1,...,mg — 1}
so that k = vmg + j. For every k as before, set

Vm0+j: i + voy,.

It is obvious that the sequence (GIEm))f:l is strictly increasing and tends to +co.
Without loss of generality we may assume that

GIEm) # 0r foreveryk > my+ 1.

Otherwise, if 9,8") = 0t for some k' > my + 1, and since (Glgm));f:l is strictly
increasing, k' is the only integer having this property. Then we subtract a suffi-
ciently small positive number ¢ > 0 from 9,8") so that replacing 91571) by 9]8”) —€
in the sequence (Glgm));"zl, inequality still holds.

Finally we define v, to be the biggest integer v with the properties v >

my+ 1 and 91(,"1) < 01. We are ready to describe the desired partition A;:
A= {0, 00™,..,00m 3.

The partitions Ay, Ay, ... constructed above can be chosen so that the fol-
lowing important property holds:

“almost disjoint property”: if my # my then Ay, N Ay, = {60}

The “almost disjoint property” turns out to be very important in the rest of
the construction.
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3.2. STEP 2. PARTITIONS OF THE ARC ¢r([0p,0r]). Consider the function ¢ :
(60, 07] x (0, +00) — C given by

o(t,r) :=re¥™,  (t,r) € [Bo,07] x (0, +0)
and where for every r > 0 we define the corresponding curve ¢, : [0y, 6] — C by

¢r(t) == ¢(t,r), te [6,07].

For any given positive integer m, ¢.(Ay,) is a partition of the arc ¢.([6p, 07]),
where A, is the partition of the interval [6p, 67| constructed in Step 1. For ev-
eryr > 0, m € N define

Py™ = ¢ (Am)
which we call partition of the arc ¢, ([0, 07]) with height r, density m and order 0.

3.3. STEP 3. PARTITIONS OF ORDER 1 FOR A SECTOR OF OPENING 7t/2. In this
step we elaborate on the construction of Step 2 and we aim to define a suitable
partition for a sector of opening 7/2. For reasons that will become apparent later
on, this partition is called a partition of order 1. To explain why we deal with
such a sector, notice that 01 — 6y = 1/4. Therefore the set ¢([6p, 7] x (0, +00)) is
nothing else but a sector of opening 71/2, where ¢ is defined in Section 2.

We continue with the construction of the desired partition. Recall that

2C0

km:{ }+L

3
The fixed positive constant c; appears in Section 2. For every r > 0, m € N and
ke{0,1,...,ky — 1} define the positive numbers

k

p(r,mk)=r+y) ——,
j=1 |Am+]'mo—1‘

€2 k>1

u(r,m,0) :=r.

Roughly speaking, our new partition will be obtained as a suitable finite union
of partitions of order 0 with different heights and densities. More precisely for
every m € N, r > 0, define the set
ko—1 (k) '
rm o, u(r,m,k),m+km
"= P} Y
k=0

where Pg (ram k) m-+kmo

is the partition of the arc ¢y, ) ([00,07]) with height
p(r,m, k), density m + kmg and order 0. We call the set P;"" a partition with basis
r, density m and order 1. Observe that in this way we obtain the first partition in
two dimensions, that is a partition of a sector. We will built our next two dimen-

sional partition by stacking several partitions of order 1.
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3.4. STEP 4. STACKING SEVERAL PARTITIONS OF ORDER 1: PARTITIONS OF OR-
DER 2. The positive number
._ Tocs
Cq i = T
is fixed from the beginning of this section. For every positive integer m and every
r > 0 we define the positive number

ko
2

yl (m) = |)\ .

j=1 m+jmo—1

and observe that by Step 3 we have
2

pa(m) = p(r,m ko —1) + -———— —
|)\m+k0m071|

r,

for every r > 0. Letr > 0 and m € N. We shall describe the new partition
corresponding to r, m.
Case 1. Assume that

C4
= —.
pa(m) > "
Then we stop the process and define
P;’m = P{’ml

where P is the partition defined in Step 3.
Case 2. Assume that
¢4
wi(m) < o
It trivially follows that |w| < r + (c4/m) for every w € P"™. Consider now the
following partitions of order 1

pl’+””1(m)'m, foreveryv =0,1,2,....

Then for every w € PlrJrV”l(m)’m, v=0,1,2,... we get
(3.2) [w| =7+ vy (m).

Let us consider the following subset of the positive integers

N
A= {N eN:|wl <r+ “ e U Plr+w‘1(m)’m}.
m
v=0
Since r + v (m) — +o00 as v — 400, |w| < r + py(m) for every w € P;"™ and in
view of (3.2) we conclude that the set A is non-empty and finite. Take the biggest
integer in this set, i.e.,
vy™ = max A.
This integer describes the stopping time of the process. Then define the set
vy
P;,m — U Plr+v;41(m),m.
v=0
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Throughout the rest of the paper we call the set P, a partition with basis r,
density m and order 2.

3.5. STEP 5. THE FINAL PARTITION. In this step, we complete the construction
of the desired partition of S. For every positive integer m with m > ng and every
r > 0 define the positive numbers

M"" = max{|w| : w € 3™},

where P;™" is the partition with basis r, density m and order 2, and is defined in
Step 4. We call the number M the height of the partition P, and define the
number

1Py o= M,

which we call length of partition P;™. The proof that the length of partition P,
is positive will be postponed till the next subsection. Let us now consider the

(m)

sequence (r, ') of the positive numbers, defined recursively as follows:

(m)

g = =Ty,

(m)
71(;_7_)1 . 71(/m) — l(P;V ,m+vk0mg)/
for every v = 1,2,.... In the next subsection, it will be proven that r&’") — 400

as v — +oo for every m > ng. Therefore, for every m > ng there exists a positive
integer v(m) so that 71(/7(”111) 2 Ro. Let vl(m) be the smallest positive integer with the
previous property. Now we define

V](m) .
Py :=5SN ( UE: f’”“kOWO)
v=0
for every positive integer m with m > ng. For every m, as before the set P, defines
a partition of the sector S, and throughout the rest of this paper P, will be called
the partition of S with order m.

3.6. PROPERTIES OF THE PARTITIONS. In the nextlemma, we transfer the “almost
disjoint property” of the partitions of interval [0y, f7) to an arc.

LEMMA 3.1. Consider the partitions Py, Py™ for given r > 0 and my,my € N.
The following property holds:

“almost disjoint property”: if my # my then Py™ N Py™ = {re*™%}.

Proof. The result is an immediate result of the corresponding property of the
partitions of interval [0y, f7) and the definition of partition Pj"; see Steps 1,2. 1



270 NIKOS TSIRIVAS

LEMMA 3.2. Consider the partition P;"™ := U PV rom k) m-+kmo defined in Step 3,
for fixed r > 0 and m € N. Take ky,kp € {0,..., ko — 1} with k1 < k. Then we have
:u(rl m, kl) < F(T’/ m, k2)/

where u(r,m,ky), u(r,m k) are the heights of the partitions P} (rimky)mtkymo,

P (rim kz)m-thamo, respectively. In particular

Pg(r,m,kl),m—&-klmg n Pét(r,m,kZ),m—i-kzmo — .

Proof. By the definition of u(r, m, k) (see Step 3) it follows that p(r,m, k1) <
u(r,mkp).

LEMMA 3.3. Consider the partition Py™ := U PHW WM defined in Step 4,

for fixed r > 0 and m € N. Take vy, v, € {0,...,vy } wzth vy < va. Then we have

r+vipg (m),m r+vapg (m),m }

max{|w|: w € P| "} <min{|w| : w € P|

In particular
P{+V1H1 (m)rm e P17+V2]/ll (m);m — @

Proof. Take any kq,ky € {0,..., ko — 1}. We have

u(r +vipr(m), mky) = r+ vy (m +Z‘/\ <r+ (v +1)u(m)

m+jmg— 1|

ks c
<r+wvpr(m) <r+vop(m) + —z
j=1 |/\m+jm071|

= u(r +vopr(m),mky),

where in the case k; = 0 or k; = 0 the corresponding sum above disappears. The
last implies that the height of any partition of order 0 used to build the partition

r+vpg (m),m
Pl

build the partition PVJH/ZI4 1M The conclusion follows.

is strictly lower than the height of every partition of order 0 used to

LEMMA 3.4. Fix any positive integer m with m = ng. Then for every positive
number r, the length of the partition Py™, i.e. the number [(Py™) defined in Step 5, is

positive and hence the sequence (rl(/m) )or_o defined in Step 5, is strictly increasing.

(m)
Proof. Recall that rém) =19 > 0 and 75 +)1 — "™ = (P mtvkomo) see

")
Step 5. Hence, it suffices to show that [ (PZYV ’m+Vk°m°) > 0. On the other hand, by
the definition of the length of partition P, we have

I(PY™) = M —
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where

M = max{|w| : w € P;"}.
Partition P, is defined as a union of partitions Plr/’ml for certain r’, m’. Pick such
aP] "™ which in turn is defined as a union of partitions Pgﬁ’m” for certain r"/, m".

By the choice of kg we conclude that Plr,'m, contains at least five partitions PSH'mN
with pairwise different heights, hence by Lemma 3.2 we get

min{|w| : w € P]"™} < max{|w| : w € P]"™}.
Observe now that
r < min{|w|:w € P{/'m,} and max{|w|:w € Plr/’m/} <M

The above inequalities imply that /(Py™) > 0, and this completes the proof of the
lemma. 1

(m) (m)
LEMMA 3.5. Consider the partition Py := SN (Uzl o P kaOmO) defined in
Step 5, for fixed m € N with m > ng. Take v1,v, € {0, .. .,1/1 }, with 11 < vy and

vy — 11 = 2. Then we have

7'1/1 ),m+V1k0m0 m+v2k0m0

max{|w|: w € P, } < min{|w|:w € P

In particular,
Virrln),m-i'vlkomo r mvakomo

P, np,2’ =Q.

Proof. We proceed by induction onv € {0,..., vl(m) }. Recall the following
quantities from Step 5:

(3.3) M = max{|w| : w € P;"},
(3.4) I(PY™) := M™ —r,
(m)
(3.5) rém) =g, P — A = Py o),

Applying (8.3), (3.4 we get

(m)
(3.6) M” ’m+"k0m0—max{|w| wePrV erl/komo} rU )—l—l( v m+Vk°m0)fr§+)1

forv € {0,..., vlm }. Using 1i and the fact that the sequence (rf,m) )or_ is strictly
increasing, see Lemma 3.4} we have

(m)
(3.7) max{|z|:z € Prtl

k (m)
M+ omo} _ Mrvl ,m~+vikomg _ 1(/+) < rl(/Z )_

Combining the last with the (trivial) equality

(m) JmA4vykomg

}

(3.8) rf,z) =min{|w| : w € P2

the result follows. 1
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() (m)
LEMMA 3.6. Consider the partition Py := S (UV Ly By ,m+vk0mo) defined in

Step 5, for fixed m € N with m > ng and 1/1( "™ > 1. Takev € {0,...,1/£ —1}. Then
we have

(m) Dk
max{|w| : w € pm/ 'm+Vk°m0} min{|w| : w € Pr”“'mwﬂr : "} and
(m) (m) Dk '
P;v Jm+vkong ﬂP 1y M+ (v+1)komo _ { V+1e2m€o}.
Proof. By (37), (B:8) we get
( " m-+(v+1)komyg

A vkgm (m) 1
max{|z| :z € Py "0 0}:r+1—r1nm{|w| weP”+

2

(m) ,m4(v+1)k "o
Observe that P}’ mivkomo _ Pr M an, dPV“m (v+Dkomo _ U Py™ . There-

r/ ml r/l’m//

. (m) #m m+(v+1)kom
fore, the partitions P," mtvkormo P! (v+1)komo

if and only if

have a non-empty intersection

! ! 11 "
py"™ NPy ™ #£@  forsomer, v, m',m".

/ !/ ! "
Clearly, two partitions Pj ™ Pj " of zero order have a non-empty intersection if
and only if the heights 7/, 7" are the same. In our case the last happens if and only

(m)

7,11 On the other hand, it is not difficult to see that in every partition

p" = P§ M there do not exist P§ My P§ Mz spnembers” of Py with My # My.
Hence, by the definition of the partition of order 2, we have that the partition

ifr' =¢" =

(m)
11, which is a member of Pzr” ’mwkomo, is the one with

density m + (v + 1)komg — mp. In a similar manner, we have that the partition

)
of order 0 and height 7l +)1 which is a member of Pr”J’l'nH(VJrl)kOm0 is the one with

density m + (v + 1)komy. Since m + (v + 1)k0m0 —my < m+ (v+ 1)komp, by
Lemma 3.7} it follows that

1) (m)
P 1/+1,m+(v+l)k0m0 mo N Prv'il,m+(v+l)k0m0 _ {r(:n»)leznigo}
v

0

of order 0 and height rlm)

and this finishes the proof of the lemma. &

( ))oo

LEMMA 3.7. Fix a positive integer m with m > ng. Then the sequence (1, )54,

defined in Step 4, is strictly increasing and
(m) _

lim r;, ' = +o0.
V—r+00
Proof. We shall prove that
(3.9) y_t)l — r&m) > . foreveryv =0,1,....

2(Tl’l + Ukomo) !
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Fixv € {0,1,...} and in order to simplify notation set

(m) . (m)

m
ri=ry’, ri=r, 5, mpi=m+vkomp.

By definition (see Step 4) we have
¥ —r=1(Py")

and again by definition (see Step 4) and since (|A,|) is strictly increasing we get

ko

(3.10) pr(my) =)

C2 < koco
=1 |/\m1+]'mo*1| ‘/\ml ‘ .

By the definition of the partition P,""! we obtain the inequality

C
F A L(PY™) + g (my) > 7+ —m‘* ,
1

which, in view of (3.10), gives the following lower bound on the length of P,

koc
3.11 (pymy > &4 K2
( ) ( 2 ) "y |)\m1 ‘
By (2.8) we have
mq Cyq
< .
’/\m1 | 2C2k0

Combining the last inequality with (3.11)) we get

= 1(P,™ C—4,
r—r (P, )>2ml

which proves . Clearly implies that 1—1>T rl(,m) = +oco. 1
v o]

4. CONSTRUCTION AND PROPERTIES OF THE DISKS

For the rest of this section, we fix a sequence (A,,) of non-zero complex num-
bers satisfying the following:

(D) [Ang1] = |An]— + o0 as n— + oo;
(2) Ayr1/An—las n— + oo;
3) lggligf(n(|A”+l/A"| -1)) >0.

We also fix the numbers rg, Ry, 6y, 01,¢0, ¢1, C2, €3, €4, Mg, kg, which are de-
fined in Subsection 2.1} Finally, on the basis of the above, for every positive inte-
ger m we consider the partition P, constructed in the previous section.
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4.1. CONSTRUCTION OF THE DISKS. The strategy in this subsection is to con-
struct a certain family of pairwise disjoint disks, which will allow us later to apply
Runge’s theorem in order to prove Proposition 2.1 successfully. What we will do
is assign to each point w of partition Py, a suitable closed disk with center wA(w)
and radius ¢ (the radius will be the same for every member of the family of the
disks), where A(w) will be chosen from the sequence (A,). We shall see that the
construction of the partition P, ensures on the one hand that the points of the par-
tition are close enough to each other on the sector S, and on the other hand that
the disks centered at these points with fixed radius cg are pairwise disjoint. This
is the hard part of our argument, and also shows that the required construction is
very delicate. So, let us begin with the construction of the disks.
We set

B:={zeC:|z] <co}.
Fix a positive integer m > ng and let w be any point of the partition P, of the
sector S. We distinguish two cases.
Case 1. Assume that

w e {rl(,m)ezme0 V= 1,...,v§m)}.

Then w = r,(/m)ehieo forsomev € {1,... ,vl(m)}. We define

AMw) = Ayyvkgmg—m, and By := B+ wA(w).
Case 2. Assume that

w € Py \ {rl(/m)eZHieo v=1,.. .,Vl(m)}.
By Lemmas there exists a unique v € {0,1,..., vl(m) } so that

(m) ;o
ry . m+vkomg v m
we D, = Py
r',m'

Applying Lemmas we conclude that there is a unique pair (', m’)
so that

w = r/ezmelﬁ’”') for somek € {0,1,...,v,,}.
Observe that k can be uniquely written in the form
k=pmy+j, forsomepeN,je{0,...,my—1}.
From the above and the definition of the partition A, see Step 1, we have

(m') _ glm") _ glm)
o) =0l = 0" + po.
Finally we define

Mw) :== Apryj and By := B+ wA(w).

Therefore for every w € P, we assigned a disk B, according to the above rules.
This completes the desired construction of the disks assigned to the partition P,,.
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4.2. PROPERTIES OF THE DISKS. Our aim in this subsection is to prove that for a
fixed positive integer m, the disks By, for w € Py, (corresponding to the partition
Pp,), that have been constructed in the previous subsection, are pairwise disjoint.

LEMMA 4.1. Fix a positive integer m with m > ng. Then we have
BNBy =@ foreveryw € Py,.

Proof. Take w € P,,. The closed disks B, By, are centered at 0, wA(w), re-
spectively, and they have the same radius ¢y. Hence, we have to show that
|wA(w)| > 2cp. Since |w| > ry, it suffices to prove that

260
[A(w)| > Pt
0

Observe now that, by the definition of A(w) in the previous subsection, A(w) =
Ay for some positive integer n with n > m > ng. By property (2.3), we conclude
that |A,| > 2co/rp, and this finishes the proof of the lemma. 1

LEMMA 4.2. Fix a positive integer m with m > ng. If wi, wy € Py, with wy #
Wy, |[w1| < |wal, [A(wy)] < [A(wy)| then By, N By, = @.

Proof. Take wy, w; satisfying the hypothesis of the lemma. We need to show
that [wA(wy) — waA(w2)| > 2cp. Observe that A(w;) = Ay, for some positive
integer n; > m > ng, j = 1,2. Since [A(w1)| < [A(w2)| and the sequence (|A,]) is
strictly increasing we conclude that n; < n;. We have

[wiA(wy) —waA(w2)] 2 [|wiA(wr)] = [waA(w2)] | = [waA(w)| — |[wiA(wy)]
> ro(|Mw2)] = [M(w1)]) = ro([Any | = [An [)
= 10(|Auy 1] = [Any ) > 2c0,

where the last inequality above follows by property (2.2). 1

LEMMA 4.3. Fix a positive integer m with m > ngy. If w1, wy € Py, with wy # wy
and |wy| = |ws| then By, N By, = @.

Proof. Fix wy, wy satisfying the hypothesis of the lemma. Then we have
wy = re?™0 w, = re?™M%  for some r € [rg, Rg] and some 64,6, € [6, 7). Since
/ !
w,wy €Py= U PS ™ where ] is a suitable set of indices, then
(r'm')e]
eitherw; € Pg'ml andw, € Pé'mz for (7’, ml), (1’, mz) €J, m # my
!
orwy, wy € Py™  for some (r,m’) € J.

Let us first consider the case where w, w, belong to different partitions of
zero order. Then necessarily we have |A(wq)| # |A(wy)| and since |w1| = |wy],
Lemmaimplies that the disks By, Bw, are disjoint.

We turn now to the case where both wq, w; belong to the same partition

of zero order PS'W‘,. By the definition of the partition Pg’m, there exist k1,ky €
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{0,...,v,,} such that
6, =6") and 6, =6
We also have that
ky = pimo+j1, k2= p2mo+j2

for p1,p2 € Nand j1,/» € {0,...,mp — 1} and by the definition of the partition
Ay, see Step 1, it follows that

BIET ) = 9](17!1 ) + 010, GJEZI ) - 6](:1 ) +P2‘7m’/
where (recall from Step 1),

O = 05" — 6.
We shall consider two cases.

Case 1. Assume that j1 # jo. Since A(w1) = Ay jy, AMwz) = Ay, it readily
follows that |A(wq)| # |A(wy)]. In view of Lemma 4.2 we conclude that the disks
Bw,, Bw, are disjoint.

Case 2. It remains to handle the case j; = j,. Observe that in this situation
we have

(4.1) 92 — 91 = (PZ — pl)o-m’-

Since wy # wy and |wy| = |wy| we may assume with no loss of generality that
1 < 0,. We establish below a “sufficiently large” lower bound on ¢,,,. Inequality
in Step 1 implies the following:

o) _glm) 5 o 1

2Rpc1 |Am’|
/ / 1
9(’" ) _ 9("1 ) ‘o .
2 ! 2Rocr Ay 1]
’ / 1
o) — o) > 0. .
"o M1 7 2Roct Ay pmg—1l

Adding the previous inequalities by pairs we get

mo—l 1

! CO
(4.2) o= 0" gy > S
" o 2Roer 1= A 4]

We also need the following inequality, so called Jordan’s inequality:

2
(4.3) sinx > % XE 0,%).
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Since r > rq, (|An|)n is strictly increasing, 6; < 6, and with , (4.2), (4.3) and
property (2.1) we get
[waA(w2) — w1 A(w1)| = 7| Ay jy 1€ — M| > 19| A,y |[€2T2 — 7|
. 2
= 7’0|)Lm/|2 sm(7r(02 — 91)) > 2r0|)tm/|;(7r(02 — 91))
= 47’0|/\m/|(p2 — pl)(fmr > 41’0|/\m/|0'm/

mol

21’060 | | Z
m'

where the last inequality is a result of property (2.1). This finishes the proof for
the Case 2, and hence that of the lemma. 1

> 2¢q
|/\m +]| ’

LEMMA 4.4. Fix a positive integer m with m > ng. If w1, wy € Py, with wy # wy
and A(wy) = A(wy) then By, N By, = @.

Proof. Fix wq, wy, satisfying the hypothesis of the lemma. If |wy| = |ws|,
then by Lemma |4.3| the conclusion follows. So assume that |w;| # |w;|. By the
definition of the partition Py, there exist vy, 1, € {0, ..., vfm)} so that

(m) (m)
rvy mvikomg T m-Hvakomnig
wy € P, , wy €D, :

Claim 1. v1 = vs.

Proof of Claim 1. We argue by contradiction, so assume that v; # v,. With-
out loss of generality, suppose that v; < v5. By definition of the partition of order
2 we have

(m)

1/rl,1 m+vykgmg

(m) 0 (m)
Ty, AV kgmg ry, +vpy (m+vikomg),m+vikomg
P, = U p" ! and
v=0
rl(,;n),mﬂ/zkomo
(m) Yo (m)
Tvy | M+vakomg ruy vy (m-+vakomo),m-+vakomo
P, = U Py :

v=0

751 ) mrvikomo 75/2 ) m-+vakomg

AT }v"e{0,... v, } such that

A

(4.4) wy € Pt

2

(4.5) wy € P;?

Recall that, see Step 1, for every r > 0 and every positive integer m the partition
P is defined as a union of partitions of order 0 as follows:

Hence there exist v'€{0, .

+v' 1 (mA-vi komg ) m4-vi ko

and

+v" uy (m+vakomg),m-+vakomg

ko—1 -
+mo

Prrm_ U P]/t r,m m

1

k=0
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Thus, by (4.4), (4.5), there exist k1, k, € {0,..., ko — 1} and rq, r, positive numbers

so that

r1,m+vkomo—+kymg
7

wy € PO rz,m+v2k0mg+k2m0‘

wy € P
From the previous and the definition of A(w) for w € P, we have
Mwy) = Mgy, Mwa) = Ay,

where n’ = m +v1komg + kymg, " = m +vokomg + komg and ', j” € {0,...,mg —
1}. Observe now that
(4.6) n'+1"<n” +1" foreveryl',l" €{0,...,mg—1}.
By and the fact that (|A,|) is strictly increasing we arrive at

A1) = Ayl < ool = A w3)]
which is a contradiction. This finishes the proof of the Claim 1. 1

For simplicity reasons let us define
vVi=v =1
By the proof of Claim 1, we have that

p(’)’l/m,+klm0 szxm'+k2m0

wy € , Wy €

and

(47) /\ml+k1m0+jl = /\(wl) = /\(U)z) = /\m’+k2m0+j”/
where m' := m + vkgmg, r1,72 > 0and j/,j" € {0,...,my — 1}.
Claim 2. k1 = k.
Proof of Claim 2. We argue by contradiction, so assume that ki # kp. With-
out loss of generality assume that k; < kp. Then we have
m' +kymo+ 7 <m' + (ky + V)mg —1 < m’ +koymg +j".
The last implies that |A/ 4k mo47| < |Am/skymo+j7 |, Which contradicts @ |

Observe now that we also have j = j”. Set ' := rT(/m),j = j =j" and
k := k1 = ky. Recall that
w1, Wy € P;’,m’.
By the proof of Claim 1 and the previous notations, we immediately get the fol-
lowing

wy € Pg(r/-&-v’yl(m/),m’,k),m/-i-kmor wy € P(;;(r’-&-v”m(m’),m/,k),rrl’+km0

7

/ !
for a certain v/, v" € {0,...,vy"™" }. Itis now clear that

k
1] = p(r + (), k) = () 4+ Y
N:1| m’'+Nmy—1

(%]
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k Co

w2l = (o’ + " (), [ ) = 0 () + Y
N:I‘ m’+Nm0—1|

where we used the definition of y(r, m, k) from Step 3. It is immediate that
| v >1,

since |w1| # |wy|. We are ready for the final estimate. From the above, we arrive
at the following inequality

[w1A(wr) = waA(w2)| = [ A komg+] | 11| = IW2\ | = IAmf+kmo+j|#1(m’)IV’ —v"

> [l () | = A 2 e > 2

m!'+Nmgy—1 |
where the last inequality is a result of property (2.4). This completes the proof of
the lemma. 1

LEMMA 4.5. Let m > ng, m € N, r € [ro,Ro], 0/, 0" € [0,0r] and v; < vy,
wherevy € {m,m+1,...,m~+mpko — 1}, v € N. Also, let €1, €, be two non-negative
real numbers so that 0 < ey < &1 < c4/m. We consider the numbers r1 := r + €1 and
1y := 1+ & and define the discs B(1) := B + r1e¥ A, , B(2) := B + rpe?™" 1.
Then B(1) N B(2) = Q.

Proof. By property (2.6) we have

m 1

mtkomy 2
or equivalently
(4.8) m + komg < 2m.
We also have
(4.9) m< v <m—+mokg —1,
by our hypothesis. Hence, by ([#.8), it follows that
(4.10) v < 2m.
Combining with the definition of c4 we get
(4.11) %‘ < %

By (4.11) and our hypothesis we arrive at the following inequality
g1 — & < Tucs
U1

or equivalently

(4.12) 2rgc3 — U1 (€1 — 82) > 10C3.
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Since v1 < vy and (|A,|) is strictly increasing we have
/\vz /\vl +1
MV > aT )
vl(‘M] 1) /vl(’ Aoy ‘ 1)
and in view of property (2.5) (recall that v; > m > ng)

Ay
413 ron (|52 = 1) > 2res > 2nc
(4.13) 1( Aor ) 3 = 2rqC3.
By (&12), @T3) we get
Ay
(4.14) 11 (’— — 1) —v1(e1 —€2) > 2rgcs — v1(e1 — €2) > roCs.
/\yl
Since ¢y := rpc3/2, inequality (4.14) combined with property (2.7) gives
Ao,
rog(|—=| —1 €1 — ¢ ——209,
(I Aoy )—uler—en) > |Avl| ¢
or equivalently
Av 1
r{|=—=—1 —&) > ——2
(‘Avl )= (e -e2) Aoy

Adding on the left hand side of the previous inequality the positive term

(2 -1)

Ay 1
r+e ’— -1 — &) > 5—2¢
e (|32 1) - 1 -e2) > 2
Multiplying both sides of the above inequality by |A,, | we arrive at
(r +&2)|Avy | — (r +€1)|Av, | > 2c0,
which implies that the disks B(1), B(2) are disjoint. &

we get that

LEMMA 4.6. Fix a positive integer m with m > ng. Then the family B,,, defined by
consists of pairwise disjoint disks.

Proof. According to Lemma 4.1} we have that BN By, = @ for every w € Py,.
So let us fix wy, wp € Py with wy # w,. We have to show that By, N By, = @.
If |wy| = |w;| according to Lemma the conclusion follows. So, let us assume
that |wy| # |wz|. Now we look at A(wq), A(wy). If [A(wq)| = [A(wy)], and keeping
in mind that |A,| = |A,| if and only if A, = A/, then according to Lemma
the corresponding disks By, By, are disjoint. What remains to be dealt with is
case |[A(wq)| # |A(wy)|. Without loss of generality, assume that |wq| < |w;|. We
shall consider the following two cases.

Case 1. [A(w1)| < |A(w2)|. Then according to Lemma .2 we conclude that
By, N By, = @.
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Case 2. [A(wq)| > |A(w2)]. According the definition of partition P, we have
that P, is a union of partitions of order 2, so there exist pairs (71, m1), (r2, my) for
certain r1, 5 > 0 and mq, my positive integers so that wy € P;l’ml and w, € P;z’mZ.
If (r1,my) # (rp, my), as the proof of Claim 1 in Lemmaand Lemmashows,
it follows that |A(wy)| < |A(w,)|, which is a contradiction. Therefore, wy, w;
belong to the same partition of order 2, say Pzr,’m,. In order to apply Lemma

we introduce the following “strange” notation:
r = lwg|, 1= |wyl.

Since wy € Pzr,'m,, we have that 7y = |wy| = ' 4 €1 for some 0 < g1 < +c0. By a
similar reasoning, we have that r, = |w;| = 1’ 4 ¢, for a certain positive number
€. Observe that &7 > 0 because |w1| < |w;y|. Recall that |w| < ' + cy/m’ for
every w € Pzr,’m, ; see Step 4. On the other hand,

M’ = max{|w| : w € Pg/'m/},
by Step 5. Hence, we get
[w1|=ra=r" e <M < r’—l—% and  |wy|=r =r'+e; <M < r’—i—%,
from which it follows that
(4.15) &1 < %

The inequality |w;| < |wy| implies that e < €;. From the last and (4.15) we
conclude that c
4

0<81—82<£1<W.

We also have

A(wl) = )\7)2, A(wl) = )\Ul,
for some positive integers vq, vy with v, v, > m’, vy < m' + kgmy — 1 and v <
vy. Since wy = 112, w; = 1" for a certain ¢/,6" € [6y,07), we ap-
ply Lemma {.5 and the desired result follows. This completes the proof of the
lemma. 1

5. PROOF OF LEMMA 25

Let us fix some j1,s1, k1 € N. We will prove that the set |J E(m, jy,s1,k1) is

m=1
dense in (H(C), Ty).
For simplicity we write p;, = p. Consider a fixed g € H(C), a compact set
C CCandegy > 0. Weseek f € H(C) and a positive integer m; so that

(5.1) f S E(ml,jl,sl,kl) and
52) sup £(2) - 8(2)] < ¢o.

zeC
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Fix Ry > O sufficiently largesothat CU{z € C: |z] <k} C{z € C: |z| <
R1}. Choose 0 < dy < 1 so that
1

(5.3) if|z| < Ryand |z — w| < ép then |p(z) — p(w)| < e
1

We set

BZ:{ZE(C:|Z|<R1+50}, co:=Ry1+6y, c¢1:=——7——7,

o

_ %0 Ry + )
~ 2R,

R 2
, mgy:= [—Ocl} +1, ko:= [ (
1o Co
roC3
>
Fix a natural number 7 so that all properties (2.1)-(2.8) hold for every n >
no with respect to the above fixed quantities. Let us also fix a positive integer m >
ng. After that, on the basis of the fixed numbers 7y, Ry, 6y, 01, co, ¢1, C2, ¢3, ko, Mg
and the natural number m we define the set L,, as follows:

L :=BU (Uwepm Bw)’

where the discs By, w € Py, are constructed in Subsection 4.1. By Lemma the
disks in the family B,, are pairwise disjoint. Therefore the compact set L, has
connected complement. This property is needed in order to apply Mergelyan’s
theorem later. We now define the function & on the compact set L,; by

) s(2) z € B,
hz) = {p(z —wA(w)) z € By, w € Py

Cy: }—l-l,

cz any, fixed, positive number and ¢4 :=

By Mergelyan’s theorem [35] there exists an entire function f (in fact a polyno-
mial) so that

. 1
(5.4) ZseuL}?n |f(z) —h(z)| < min {2—51,80}.

By the definition of & and (5.4), it follows that
sup |f(2) —8(2)| < sup f(2) = g(2)] = sup |f(z) — h(z)]
ze

zeC Z€B
(5.5) < sup |f(z) —h(z)| < €
zE€Ly,
which implies the desired inequality (5.2).

It remains to show (5.1).
Leta € S. We can write a = re?™? for a certain r € [rg, Rg] and t € [6y, 7).

/ !
Since P, = JP;™, consider all the v’ that appear in the previous union and
order them as follows: ryp < r; < --- < ry < Rg for a certain N € N. Then either
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there exists a unique v € {0,1,...,N —1} sothatr, <r < ry,4qorry <r < Ry.
Define

1 =1y, Tpi=r1yyq, ifry, <r<r,yq, and

rpi=7rN, T2:i= Ro, if?’N <r< Ro.
Observe that in either case we have r; < r < rp.

!
Consider now all the partitions with height r; and order 0, Py'" that ap-

pear in Py,. By the construction of P, either there exists a unique m' so that the

/!
partition Py appears in Py, in other words there exists a unique partition of
order 0 with height r{, or there exist exactly two different partitions of order 0

and height rq, say Pg" m , Py " In the latter case, we consider the partition with
!
the biggest density, for which we use again the symbol Py'"™"

In the above paragraph, we fixed a partition of order 0 and height rq, Pgl’ml
The positive integer m’ reflects the density of the partition and remember that, in
Step 1,
A = {00,606y,

It now follows that either there exists a unique j € {1,2,...,v,, — 1} so that

0" ") << 9](+1) or 6") <o <or.

Then we define

gl _ o) < )
or:=0"), 6p:=0\"), ife" <o<o) and

6r:= 00", 6,:=0r, ifol") <o <or.
Let us also define
wO = rleznlel e P

We will now prove that for every z € C with |z| < Ry we have z 4+ aA(wg) € By,.
Remember that By, := B + wpA(wp). We have By, = D(wpA(wp), Ry + d). Thus,
it suffices to prove that

(5.6) |(z4+aA(wp)) — woA(wp)| < Ry +dg, for|z| < Ry
For |z| < Ry we have

(5.7) |z + aA(wp) — woA(wp)| < Ry + |A(wp)] [re? ™0 — 1?01,
By (5.7), in order to prove (5.6) it suffices to prove that

(5.8) |A(wo)| [re?™0 — r1e¥M0 | < 4.

We have now:
1’e2m9 _ rle27ri91 | < |1’1 _ 1,2| + R0|e27r191 _ e27r192‘

_ & 1

<—+ +—F + Ro2sin(7t(6, — 6
3k Ty + Rosin(e(62 —01)
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&0 1

0 .~  49R _
<Ry TA(wg)] T 2Rom(®2—61)
5 1 5 1 5 1
<0~ _1o7R,- : = —+1).
2Ry |A(wo)] 0" 47Ry A (wp)] 2\/\(100)|(R0 )

So

. R
270 27110, 0
[Aewo)| [re?™® — rye2 | < 3 (RO +1) <o,

because Ry > 1, which implies . For z with |z| < R; we have
|f(z+ aA(w)) — p(z)| < |f(z+ ar(wo)) — p(z + A(wp) (re?™ — re2™1)))]
(5.9) +|p(z + Awp) (re”™ — r1e¥™1)) — p(2)|.

Previously, we proved that for every |z| < Ry we have z + aA(wy) € By,. Thus,
by the definition of & and we have

(5.10) |f(z +aA(wp)) — p(z + A(wp) (re?™ — r1e2™01))| < %
1
By and for |z| < Ry we have
G.11) [Pz + Aw) (™ — r1e™)) — p(z)] < 5
1
By (5.9), (5.10) and (5.11) we get
1
sup. |f(z-+ o (wo)) — pz)| < =
|z|<Rq 1
So
1
(5.12) sup |f(z +a(wo)) —p(z)| <
|z|<kq 1
Setting

my := max{n € N: A, = A(w) for somew € Py},

we have that for every a € S there exists wy € P, such that A(wy) = A, for
a certain n € N with n < my and (5.12) holds. Clearly the last implies that
f € E(my,j1,51,k1), holds and the proof of Lemmais complete. 1

6. PROOF OF LEMMA 23]

By Mergelyan’s theorem it easily follows that

oo 00 00 o

u:= ﬂ m ﬂ U E(m,j,s,k) - m HC({T/\,,a})‘

j=1s=1k=1m=1 aes
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We have to show the reverse inclusion. For every polynomial p of one complex

variable with coefficients in Q + iQ define the set

U(p):i= {feH((C) |Va €SI (my) CN: ¥r>0 lim sup |f(z+Am,a)—p(2)] :o}.
n—-+oo |Z‘ <r

Let pj,j = 1,2,... be an enumeration of all polynomials of one complex variable

with coefficients in Q 4 iQ. We see easily that

o0}

(6.1) (N HC({Tx,.}) = N U(p)).

aes j=1
For x > 0 and n,j € N define the set

V(x,n,j)::{fe’H((C) :VaeS3ImeN, m<nwith sup [f(z+Ama)—pj(z)| <%}

|z[<x

We shall show that the following holds:

(6.2) Upj) < N G V(x,n,j).

x>0n=1
Let f € H(C), xo > 0, jo, my € N and consider the set

) 1
Vi (jo, X0, mo) = {a €S : sup [f(z+ Amea) — pj,(2)] < }
|z|<xo X0

We first show that Vi (jo, xo, ) is openin S. Let ag € V¢ (jo, xo, o) and take (ay )
a sequence in S so that a,—ag. We have

sup |f(z+ Amav) = pjy(2)| < sup [f(z 4 Amgao) — pjy(2)]

|z|<xo |z|<xo
(6.3) + sup |f(z+ Ampav) — f(z + Amgao)|

|z|<xo

foreveryv=1,2,....

The function ¢ : S x D(0, xg) —C defined by ¢(a,z) = z + Ay a is continu-
ous, where the set S x D(0, x¢) is endowed with the product topology,

p: (8xD(0,x0)) x (SxD(0,x0)) »R™  p((B,21),(7,22)) = \/\5—7\2+|21—Zz|2/

B,y €S, 21,22 € D(0,x0).

Setting

1

€0 7= — — sup |f(z+ Ameao) — pj(2)],

X0 Jzl<x
we observe that ey > 0since ag € V¢ (jo, Xo, o). By the uniform continuity of f o ¢
on S x D(0, xp), there exists 6y > 0so thatforeachx,y € S x D(0,xq), p(x,y) < o
itholds |(f o @)(x) — (f o ¢)(y)| < €. Since a,—>ay, there exists 1y € N such that
lay — ag| < Jp for each v € N, v > ny. Now for every z € D(0,xp) and v > ny,
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v € N, we have p((ay,z), (a0,z)) = \/|ay —ao|> + |z — z|> = |ay — ag| < &. So
[(fop)(ay,z)— (foe)lay,z)| < e, v = ng, which in turn implies

(64) sup [f(z+ Amyao) — pjy(2)| + sup |f(z+ Ameav) — f(z + Amgao)| < xi

z|<xo |z|<xo 0

for v = ng. In view of (6.3) and (6 . 4) there exists 1y € N so that for every v > ny,
ay € Vf( jo, X0, Mg). From the last we conclude that the set V¢ (Jo, x0, mg) is open.
Thus, for every f € H(C),j,m € N and every x > 0 the set V¢(j, x,m) is
openin S.
Take g € U(pj,)- Then for each a € S there exists a subsequence (A,,, (4)) of
(Ay) (that depends on a), so that for every r > 0

sup [g(z + Ay, (@) — Pjy(2)| 20 asn— +oco.
|z|<r

In particular we get sup |g(z+A,,, (2)7) —pj,(2)| =0, as n—+ c0. Thus, for e=1/xg
|zl<xo

we have that for every a € S there exists n, € N (that depends on a) so that for

each n>n,, n€N, itholds sup |g(z+A,,, (2)a) —Ppj,(2)| <1/xo. Therefore, the set

|z[<x0
. 1
N (o, x0,8) == {n eN|Jaes: sup [g(z+Ana) —pj(2)| < —}
|zI<x0 X0
is non-empty. It is obvious by the above definitions that

(6.5) Vg (jo, xo,m) C S foreachm € N.

Let a certain a € S. Then there exists n € N (jo, xo,g) so that a € V,(jo, xo, 7).
Hence we get

(6.6) SC U Vg(jo, X0, n).
neN (jo,xo.8)

i 5) and ( i imply S = U Ve (jo, x0,1), so the family Vg (jo, xo, 1),
neN (joxo.8)
]O,

X0, 8§ 1s an open covering of S. Since S is a compact set there exists a
finite subset A C N (jo, x0,8), A = {v1,v2,...,Vm, } so that S = U Ve (jo, X0, Vn)-

Let £y := max A. Then for each a € S, there exists n € N, n < £ so that

1
sup [(z +Ana) — pjy(2)] < —

|z]<xo xo

It follows that U (p;,) C V(xo, €0, jo) for arbitrary xo > 0, from which we get

(6.7) Upj,) < N GV(x,n,jo).

x>0n=1
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Thus holds for every j = 1,2,.... It is obvious that

(6.8) N U V) c () U Vinnjo).
x>0n=1 m=1n=1
By and we get
(6.9) Upj) < (| U Vimmn,j) foreveryj=1,2,....
m=1n=1
So
(6.10) ﬂU(pj) C ﬂ ﬂ U V(m,n,j).
j=1 j=1m=1n=1
By and we have
(6.11) (N HC{Tv.}) < () () U V(mmn,j),
aes j=1m=1n=1

and now it is plain that
(6.12) uc (N UVvimn,j).

We consider the following families of sets

Dy ::{UV(m,n,j),m,jeN} and D, ::{ U (s,j, k,m) s],keN}
n=1 m=1
Clearly D; C Dy. Thus
(6.13) (N EcC () V.
E€D, VeD,

Let E = E(s, j,k,m) for somes, j,k,m € N. Then V({,m,j) C E for { = max{s, k}.
Hence, for every E € D, there exists I' € Dy such thatI' C E. If weset D = {I" €
D1|3E€eD,: T C E},itfollowsthat | I'C () E.Butthen

red E€D,

(6.14) (N vc()rc)eE
veD, red EeD,
By (6.12), (6.13) and (6.14) we have
(6.15) u= ﬂ N U Vimmn,j).
j=1lm=1n=1
Now (6.11)) and (6.15) yield
(6.16) ﬂ HC({T),.}) CcU
aes

and the proof of Lemma[2.3|is complete. 1
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The above lemma holds with the same proof for every compact subset K C
C\ {0} instead of S and for every sequence of non-zero complex numbers (A, )
so that A,,—oco0 as n— + oo.

7. FINAL STEP OF THE PROOF OF THEOREM[L.2]

To conclude the proof of Theorem 1.2} we need the following three elemen-
tary lemmas.

LEMMA 7.1. Let (Ay) be a sequence of non-zero complex numbers such that A,—
0o as n— + oo. Suppose that imsup|A,1/An| = 1. Then for any fixed positive

n—-+oo

numbers My, My, there exists a subsequence (yy) of (An) with the following properties:
@) [Hns1| — |un| > My, foreveryn =1,2,...;
() |1/ pun|—1as n— + oo;
(i) iminf(n([ptn1/pn| = 1)) > Mo.

Proof. We prove this lemma in three steps.

Step 1. We construct a subsequence (6,,) of (A,) so that (|6,|) is strictly
increasing and [60,,+1/6,|—1 as n— + co.

Step 2. We construct a subsequence (k) of (0) so that |ky, 1| — kx| > My
Vn=1,2,...and |k,.1/ky|—1 as n— + oco.

Step 3. Finally, we construct a subsequence () of (k) which has the three
properties (i), (ii) and (iii) of the lemma.

Proof of Step 1. We set 01 := Aj. Let n1 > 2 be the smallest natural number
so that [Ay, | > [A1|. Define 6, := Ay,. Suppose now that we have inductively
constructed the numbers Ay, Ay,, . .., Ay, for a certain k > 2, where [Ay, | > [Ay,]
and ;1 is the smallest natural number so that n;,1 > n; and |Ay,,,| > |Ay,| for
everyi = 1,2,..,k—1. Set ;11 = Ay, fori = 1,...,k. Next we consider the
number Ay, ., where 71 is the smallest natural number with 1y > np +1,
and so that [Ay, | > [Ay, |, and we set 615 = Ay, ;-

So, we have constructed a subsequence (6,) of (A;) so that the sequence
(16n]) is strictly increasing. For every k € N we have

A

)\"kﬂ < ‘
X
A

A

1<‘

M+1 ‘
1 —1

and by our assumptions on (A, ) we conclude that |6,11|/|0,] = 1. &

Proof of Step 2. Now we construct a subsequence of (6,) as follows. We set
ki := 61. Let v; be the smallest natural number so that v; > 2 and |6,,| >
|k1| + M;. Set now ky := 6,,. Suppose that we have inductively constructed the
numbers 61, 0y,,...,0y, for a certain m > 2, where v;,, is the smallest natural
number so that [0y, | > |6y,| + M; and v;41 > v; for eachi =1,...,m — 1. Then
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set kjy; = 0y, fori = 1,...,m. Next we consider the smallest natural number
Ups1 = U + 1sothat [0y, | > |6y, | + My and we set k0 = 0y,

Therefore we have constructed a subsequence (k) of (6,) where |k, 41| >
|kn| + M for each n = 1,2,.... For every m = 1,2,... it holds that |6,,| <
00,1 1| < [00,,| + My, which implies

0, . _
7.1) 1< |Zmn 1‘ <1+ M
va |9'Um |
On the other hand we have
0
(7.2) 1<|—ml | ;m=1,2,... and
Um+1_1
(7.3) im |%t1] Z 4
’ n—+oo | 0y ’

By (7.1), and we conclude that |k, 1|/ |ky| — 1asn— +oco. i

Proof of Step 3. We construct inductively a subsequence () of (kj) as fol-
lows. Set yy := ky. Let 07 be the smallest natural number so that oy > 2 and
lkoy| > |k1|(1 4+ M2/1) and then define yp := k,,. After, let 0, be the smallest
natural number so that oo > 01 +1, ko, > pp +1and |ke,| > [koy |- (14 Mp/2)
and define y3 := kg,. In this way, we construct inductively a subsequence (y,) of
(kn) so that for every n = 2,3, ... the natural number oy, is the smallest with the
following properties: ky, > pun +1, 04, 2 0y—1 +1,

M,
7:4) sl > il (14 52),
and yp11 =kg,. 1

As a consequence of the above construction we get

ka -1 Adz
7. 1< ;1‘ 1+ 22 n=12,...
(7.5) ke, < +n+1 "

k
(7.6) 1< |2\ p=1,2,...

kUnJrl*l

k
7.7) I”{“’—ﬂ as n— + co.
n

By ([7.5), and we conclude that |y, 11|/ |pun| — 1 as n— + oo and the se-
quence () has all the desired properties. This completes the proof the lemma. 1

LEMMA 7.2. Let (Ay) be a sequence of non-zero complex numbers so that A,,—o0
as n— + oo. Suppose that
Ant

limsup‘ <1l+e¢

n—-+oo An

for some € > 0. Then for every pair (M1, My) of positive numbers there exists a subse-
quence (pn) of (An) with the following properties:
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@) [pa]| > My;
@) [pnt1] — lpn] > My, n=1,2,..;
(iii) limsup|ppo1/pn| < 1+¢

n—+o00

(i) U inf (|41 /| —1)) > Ma.

Proof. The proof is almost identical to the proof of Lemma The only

difference is that, whenever needed, instead of limsup|A,+1/A,| = 1 we use
n——+o0o
limsup|A,1/An| <1+e 1

n—+oo

By Lemma(7.2} along with elementary considerations, we obtain the follow-
ing lemma, whose proof is left to the interested reader.

LEMMA 7.3. Let A := (Ay) be a fixed sequence of non-zero complex numbers
such that Ay—o00 as n— + oo. Then i(A) = 1 if and only if for every positive number
0j, j = 1,2,3,4,5 and positive integers my, ko with mo > [o1] +1, ko = [03] + 1 there
exist a subsequence (yy) of (Ay) and a positive integer ng so that for every n > ng the
following five properties hold:

my—1

W) [l - 5 (1 k) > o1

() [ptnt1| = [pn] > 07
ko
(iii) |ptn | - 121(1/|yn+im071|) > 03,
=
(@) n(|ptnr1/pn| = 1) > 00
(V) n/|pn| < 0s.
Proof of Theorem[1.2] A careful inspection of the proof of Proposition
shows that the conclusion of Proposition 2.2\ holds whenever the sequence (A;)

has a subsequence 1, that satisfies the properties (2.1)~(2.8) in Subsection 2.1} It
readily follows that

(N HC({Ty,a})

a€es

is Gy and dense subset of (#(C), 7y). Then, applying Baire’s category theorem
once more, and referring to the discussion after the statement of Theorem[2.1} we
conclude the proof of Theorem 1

8. EXAMPLES OF SEQUENCES A := (A,) WITH i(A) = 1

Let A = (A,) be a sequence of non-zero complex numbers. Define the set

3

B(A) := {a € [0, +00] : I(pn) C Awitha = lim sup ‘%
n
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Observe now that, by definition, i(A) = inf B(A) and whenever A, — oo then
B(A) C [1,+00]. We shall present four distinct classes of sequences A := (A,) sat-
isfying the property i(A) = 1 in order to illustrate our main result, Theorem|1.2]

8.1. EXAMPLES WITH A, — 00 AND |A,41]/|A4| — 1. A sample of sequences
satisfying the previously mentioned properties is: n, n?, p(n) where p is a non-
constant complex polynomial, logn, nflogn, B > 0, n7/log(n +1), v > 2
etc. Of course, one can assign fixed unimodular numbers with arbitrary argu-
ments to each term of the above sequences and still satisfy the desired properties
i.e. elfnp? elfn logn for 6, € R, etc.

A more interesting example is the sequence e", for 0 < ¢ < 1, which has
super-polynomial growth. Observe that the case ¢ = 1, is borderline for the va-
lidity of Theorem Indeed, as we already mentioned in the Introduction,

N HC({Te)) =0
ae{z:|z|=1}
through the main result in [25].
A last family of sequences, satisfying the above properties, which we would
like to mention is the following: /198", /1081087 etc. Note that such sequences
grow faster than any sequence of the form e, 0 < ¢ < 1.

8.2. EXAMPLES WITH A,, — co, THE LIMIT lim |A,1/A,| DOES NOT EXIST, BUT
n——+00

limsup |A,;+1/An| = 1. There is a plethora of sequences exhibiting such behav-
n

ior. For instance, set A; = 1. We shall define the sequence (A,) inductively
according to the following rule. If for a certain k € N there exists n € N so that
Ay = n?, then define

Agpi=n+i—1 foreveryi= 1,2,..., 0% +n+2.
It is easy to show that the sequence (A;) has the desired properties.

8.3. EXAMPLES WITH A, — oo, hmsup|)\n+1/)\n| > 1 AND 11msup\yn+1/yn|

= 1 FOR SOME SUBSEQUENCE (}iy,) OF (An). Take Agyi1 = 1, Azn =2"forn =
1,2, ... or more generally, fix a sequence of positive numbers 7y, satisfying v, —
0, Yp41/vn — 1, consider a strictly increasing sequence (m,,) of positive integers
with m, > n for every n = 1,2,... and then define A, = v, so that it is correct
for {p1 < po < ---} := N\ {m, : n = 1,2,...} define A, to be any positive

number so that Ay, — +coand Ay, ,/Ap, — c for a certain ¢ € (1, 4-o0].

8.4. EXAMPLES WITH A, — oo, inf B(A) ¢ B(A) AND i(A) = 1. In all the above

examples, we have that inf B(A) € B(A). This means that the above infimum

becomes minimum. We shall now differentiate from this situation by exhibiting

examples of A = (A,) such that A, — o0, i(A) = 1 and for every subsequence

(un) of (An) we have limsup |p,+1/pn| > 1. To produce such an example is not
n
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an easy task, as it requires a considerable amount of work, though elementary,
concerning a particular representation of positive integers involving powers of
10. Therefore, we omit the details and we just state the following lemma without
proof.

LEMMA 8.1. For every positive integer n > 11 there exists a unique trio (v, k, j)
withv € N\ {1}, k€ {1,2,...,v},j € {1,2,...,10} such that
10 /10
n =

5 (50 =) —v+101) 4

Define now the sequence (A,) by

(v—k+1)105+j
1) forn > 11,

M= (147

where for every given positive integer n with n > 11, the numbers v, k, j are
uniquely determined by Lemma It turns out, after a lengthy argument, that
the sequence (A,) has the desired properties.
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