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1. INTRODUCTION

One of the fundamental concepts in the theory of pseudodifferential op-
erators (henceforth: PSDO) is that of the principal symbol. The conventional
definition of a PSDO (as discussed in, e.g. [48] and Chapter 2 of [42]) is as foll-
lows: first, for m € R the symbol class §"(R? x R?) is defined to be the set of
o € C®(R? x R?) such that for all multi-indices « and B there exists a constant
Cy,p such that

05030 (x, &)| < Cop(1 + 2]y,

Then the pseudodifferential operator T, defined by o € S (R x R?) is the linear
operator on the Schwartz class S(R?) given by the integral,

(Tof) () = @) [o(x,O)f(@)) dg, xe R, f e SR
R4

where ]?denotes the Fourier transform of f. The operator T, is a well-defined
linear map from S(RY) to S(R?) ([42], Theorem 2.1.6). We denote ¥"(R%) :=
{T, : 0 € S"(R? x RY)}, which we call the set of order m PSDO.

Given T, € ¥Y°(R?), the principal symbol of T, is usually defined by the
following procedure (as outlined in Section 2.5.3 of [42]). First, one assumes that
there is a formal asymptotic expansion

[ee]
g~ Z O_k
k=0
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where each 0_j is in S7F(R? x R?), and the meaning of the asymptotic expansion

N

is that for all N > 0, the difference o — ¥ ¢ is in S™N~1(R? x R¥). Further-
k=0

more, each function ¢_j is assumed to be positively homogeneous “away from

zero” in the sense that for each k there exists an » > 0 such that for all A > 1,
x € R?and |¢| > r, we have 0_(x,A&) = A Fo_i(x, ¢).

If such an asymptotic expansion exists, then the operator T, is called a clas-
sical pseudodifferential operator of order 0, and the set of all such operators is
denoted ‘Pg(Rd). Then the principal symbol of T, € ¥ (R%) is defined to be
0p. Since 0y is homogenous in the second variable, it is canonically identified
with a function on R? @ S7~1. It can be shown that the mapping ¥J(RY) —
C®(R? x S*-1) given by T, ~ 0y is well-defined, and is in fact an algebra homo-
morphism in the sense that it is linear and if T, S € ‘Fg(Rd), thenToS € ‘Fg(Rd)
and the principal symbol of T o S is the product of the principal symbols of T and
S (see Theorem 2.5.1 of [42]).

In applications it is often useful to work with a C*-subalgebra of the algebra
of all bounded linear operators on L,(R?) containing ¥°(R“). The purpose of
this paper is twofold: first, to illustrate that if one restricts attention to order zero
classical pseudodifferential operators then the principal symbol may be defined
in a straightforward algebraic manner, and secondly we define a C*-subalgebra
IT of the set of bounded linear operators on L, (R) which is general enough that
IT contains (possibly up to compact perturbations) all of ¥°(R%), and in addi-
tion it contains operators such as pointwise multiplication by bounded functions
which need not be smooth or even continuous. We then show that with this new
definition there is a unique extension of the principal symbol as a C*-algebra ho-
momorphism from IT to Leo(RY x S4-1).

We illustrate the usefulness of this extension of the principal symbol map-
ping by providing a variant of Connes’ trace formula (Theorem [1.5), and using
this extension to give a simple proof of an equality recently established by the
authors by an ad hoc method in [29] (see Theorembelow).

The observation that the principal symbol map of pseudo-differential oper-
ators can be extended to C*-algebras is not new, but mainly it has involved maps
to continuous functions ([43], Remark 1.8; [40], p. 134; [33], p. 288; [26], p. 197).
Principal symbol maps are well-known as inverses of quantisation [3], [21], [39].
The principal symbol introduced here is associated to Kohn—Nirenberg quantisa-
tion.

Here we restrict attention to the study of pseudodifferential operators on
R?. In a subsequent paper [32], we will consider a more general case including
an extension to certain noncommutative spaces.

Let Dy = ﬁ, k = 1,...,d be the k-th partial derivative operator on RA.

These operators extend to unbounded self-adjoint operators on L, (R?) within
the common invariant core S(RY). In what follows, V := (Dy,...,D,) and
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d d
A= kZ a‘g—ik =— 21 D? denote the gradient and the Laplacian, respectively. For

1 < k < d, the operator Dy a7 is defmed by the Borel functional calculus (that

(=4)
is, we apply a bounded function ¢ — | fl to the commuting tuple V). The opera-

tors 1 < k < d, form a set of mutually commuting bounded self-adjoint

operators whose joint spectrum lies in S~1. Using the Borel functional calculus
(see e.g. Section 6.5 in [7]), given g € Loo(S?~!) we may then define the bounded
operator g( A V)l e ) on Ly(R?) (which should be viewed a homogeneous Fourier
multiplier on Ly (R%)).

Let £(Ly(R%)) denote the algebra of all bounded linear operators on the
Hilbert space L(R?). We work primarily with the following C*-subalgebra of

L(L2(R%)).

DEFINITION 1.1. Let 1y : Loo(RY) — L(Lp(RY)) and 71y : Leo(S71) —
L(L,(R%)) be the unital *-representations given by the formulae:

v _
() =My fELu(®), m() =8( ) 8 €L=(6").
Let I be the C*-subalgebra in ﬁ(Lz(Rd )) generated by the algebras 77 (LOO(R”I )
and 715 (Lo (S471)).

In what follows, we denote by Lo (R?)@Leo(S?~1) the closure in the weak
operator topology of the algebraic tensor product Le(R?) @ Leo(S4~1). We iden-
tify Loo(RY)®Loo(S?~1) with the algebra Lo, (R x S9-1).

We now state the main results of the paper.

THEOREM 1.2. There exists a unique *-homomorphism
symb : IT — Leo(RY)®Leo (S771)
such that:
symb(mi(f)) = f®1, f€Lo(RY), symb(m(g))=1®g g€ Lao(S").
We call symb the principal symbol mapping.

We recall that *-homomorphisms between C*-algebras are necessarily con-
tinuous and norm-decreasing. Therefore, we have

[symb(T) |l < || T||eo, T € IT.

The C*-algebraic setting is important in Theorem Indeed, we show in
Lemma [3.5]that the principal symbol mapping does not extend (as a *-homomor-
phism) to the weak closure of I1.

In Lemma 8.2]below, we show that for a uniform compactly based classical
PSDO, our notion of a principal symbol coincides with the one in [45]. In fact, our
notion of the principal symbol extends the traditional one.



484 F. SUKOCHEV AND D. ZANIN

In Theorem [1.2) above we have restricted attention to homogeneous func-
tions of the gradient. It is tempting to ask if one can obtain a similar result allow-
ing arbitrary bounded functions of the gradient. The following theorem shows
that this is not possible in general.

THEOREM 1.3. Let 713 be the representation of Lo (RY) on Ly (R?) given by,

m3(8) = 8(V).

Let A be the C*-algebra generated by 7t1(Loo(RY)) and m3(Les(R?)). There is no *-
homomorphism 7w : A — Leo(RY x R?) such that

n(m(f)m(9) = f@g f,8 € Lo(RY).

One application of PSDO theory is A. Connes’ result [13] linking the Wodz-
icki residue of a classical PSDO of order —d on a d-dimensional compact Rie-
mannian manifold with a (Dixmier) trace of the latter operator. In particular, this
result allows the “deduction of ordinary differential forms and the natural con-
formal invariant norm on them from the quantized forms” (p. 674 in [13]). With
the principal symbol in Theorem (1.2l we extend two results from [13] with new
and direct proofs.

There have been many extension of Connes’ results (see e.g. [25], [30], or
earlier results in special cases [38]], [12], to name a few). This is the first, we be-
lieve, to extend the result to bounded operators associated to essentially bounded
symbols, and the appearance of the principal symbol homomorphism makes the
result below particularly elegant. The novel feature of our approach is a consis-
tent use of Cwikel-type estimates (see e.g. Chapter 4 in [46]). The proof is the
most direct we know of, and since it involves continuous traces it uses, besides
the Cwikel-type estimates, only the Riesz-Markov theorem. Prior to the versions
in [25] and here, other versions of the trace theorem on R4, e.g., [12] and [38] were
limited to a subset of the algebra 771 (Loo(RY)).

DEFINITION 1.4. An operator T € II is compactly based if there is a com-
pactly supported ¢ € Loo(R?) such that Trry(¢) = T.

THEOREM 1.5. If T € II is compactly based, then T(1 — A)~%/% € Ly «. For
every continuous normalised trace ¢ on L4 «, we have

(1.1) o(T(1— 4)~42) = / symb(T).
Re xS§4-1

In particular, for every compactly supported f € Loo(R?), we recover the
known result (see e.g. [25] and prior versions on p. 34 in [2] and Corollary 7.21
in [22]),

(1.2 p(m (N1 —24) %) =cq [ Flt)at
R4
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An easy corollary of Theorem[L.5]is the known trace theorem due to Connes
(on compact manifolds); see e.g. [13] [25]. Recall P is uniform if p(t,s) and its
derivatives are bounded in f; P is compactly based if Prr1(¢) = P for some com-
pactly supported smooth function ¢. Equivalently, the integral kernel of P is com-
pactly supported in the second variable. In theorem below, the Wodzicki residue,
Resyy, may be understood in the following sense:

Resw (P(1 — A)™4/2) = / p(t,s)dtds,
R x§d-1

where p is the principal symbol of the PSDO P.

THEOREM 1.6. If P is a uniform compactly based classical pseudo-differential op-
erator of order 0 on RY, then

¢(P(1—4)~"%) = Resw(P(1 — 4)~"/?)

for every bounded normalised trace ¢ on L1 .

In this paper, D denotes the Dirac operator (an unbounded self-adjoint op-
erator on the Hilbert space C"(4) @ L, (R%), where m(d) = 214/2]),

d
D=1 71®Dx
k=1

for some choice of self-adjoint matrices {fyk},‘il:1 C M,y2)(C) with 77k + 17,
= 20; k.

]The following assertion is proved in [29] by a somewhat ad hoc method
(smoothing was introduced and then eliminated). With the method of this paper
non-smooth symbols can be used directly. The assertion is the key to the charac-
terisation of quantum differentiable functions given in [29]. Using Theorem
we are able to give a simple proof of the main result of [29].

THEOREM 1.7. Forevery f € Loo(R?) such that V f € Ly(R?,C%), we have that
[sgn(D),1® m1(f)] € Lo and

plllsgn(D), 10 m (NI = [1(VF)(0)]4at
R4

for every continuous normalised trace @ on L1 .

The paper is structured as follows. Section [2| contains preliminary mate-
rial. Section [3|contains the proof of Theorems[1.2land Section [4] contains the
proof of (1.2). Sections [} [f| and [7] contain the proof of Theorem Section
derives Theorem [I.6| from Theorem Finally, Section 9] contains the proof of
Theorem[1.71
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2. PRELIMINARIES

2.1. GENERAL NOTATION. Fix throughout a separable infinite dimensional Hil-
bert space H. We let £L(H) denote the algebra of all bounded operators on H.
For a compact operator T on H, let u(T) := {u(k, T)};2, denote the sequence of
singular values of T, arranged in non-increasing order with multiplicities.

The standard trace on £(H) is denoted by Tr.

Fix an orthonormal basis in H (the particular choice of a basis is inessential).
We identify the algebra I, of bounded sequences with the subalgebra of all diag-
onal operators with respect to the chosen basis. For a given sequence « € I, we
denote the corresponding diagonal operator by diag(«).

2.2. SCHATTEN IDEALS L. For p € [1, 00), the Schatten class £, is defined as
Ly={T e L(H) : Tr(|T|") < oo}.
As usual, £, is equipped with the norm
ITlly = (Te(ITIP)Y?, T €L,

Foreveryp > 1, | - ||, isanormand (£, || - ||,) is a Banach space.
The assertion below is used twice in Section [} It follows immediately from
Lemma 8 in [47].

PROPOSITION 2.1. Ifa,b € L(H) are self-adjoint operators, b > 0, then
[bab =y < labll;, 0< A <1

2.3. WEAK SCHATTEN IDEALS Ly . Given p > 1, we let £, « denote the ideal
on L(H) defined as:

Lpeo = {T € L(H) : p(k, T) = O((k+1)"/7)}.

We set
1T p,e0 = ?{up(k—i— 1)1/py(k, T), TeELpe.

For every p > 1, || - ||, is @ quasi-norm (in other words, it satisfies the norm
axioms, except that the triangle inequality is replaced by ||x +y|| < K(||x|| + |ly||)
for some uniform constant K > 1) and (Lp,eo, || - [|p,c0) is @ quasi-Banach space.
For p > 1, || - ||, is equivalent to a (unitarily invariant Banach) norm. For p =1,
the space (L1 o, || - |1,00) is not Banach — that is, its quasi-norm is not equivalent
to any norm. In [36], the Banach envelope of £; o, was thoroughly investigated.

We have

TP € L1,o =T € L.

The following Holder property is widely used throughout the paper: for all

p,q,r > 1 satisfying % = 1 + 1 there exists a positive constant ¢, such that

(2.1)

Cq,
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2.4. TRACES ON L1 .

DEFINITION 2.2. If 7 is an ideal in £(H), then a unitarily invariant linear
functional ¢ : Z — C s said to be a trace.

Since U'TU — T = [U~},TU]| for all T € Z and for all unitaries U €
L(H), and since the set of unitary operators spans £(H), it follows that traces are
precisely the linear functionals on Z satisfying the condition

¢(TS) = ¢(ST), T€1,S e L(H).

The latter may be reinterpreted as the vanishing of the linear functional ¢ on the
commutator subspace which is denoted [Z, £(H)] and defined to be the linear
span of all commutators [T,S]: T € Z,S € L(H).

Itis shown in Lemma 5.2.2 of [30] that if T; and T are two positive operators
with identical singular value sequences, i.e. u(T7) = pu(T3), then for all traces ¢
we have ¢(T1) = ¢(Tz).

For p > 1, the ideal £ « does not admit a non-zero trace [18], while for p =
1, there exists a plethora of traces on L , (see e.g. [11], [30] or [44]). A standard
example of a set of traces on L «, is the class of Dixmier traces introduced in [16].

An extensive discussion of traces, and more recent developments in the the-
ory, may be found in [30] including a discussion of the following facts. We refer
the reader to an alternative approach to the theory of traces on £ o, suggested in
[44] (based on the fundamental paper [35] by Pietsch):

(i) All Dixmier traces on £ «, are positive.
(ii) All positive traces on £ « are continuous in the quasi-norm topology.
(iii) There exist positive traces on L1 o, which are not Dixmier traces (see [44]).
(iv) There exist traces on L o, which fail to be continuous (see [30]).
We say that a trace ¢ on L1 « is normalised if ¢(A) = 1 for any (and, hence,
for every) positive A € L1 o such that y(A) = {ﬁ}kgo'

2.5. FOURIER TRANSFORM. We follow the convention that the Fourier transform
on Ly (R?) is defined by the formula
(F&)(t) = (27r)~4/2 / Eu)e 0 du, te R
R4
So the inverse Fourier transform is given by the formula
(Fo)1) = )2 [ewedu, e R,
R4

Since the constant coefficients (277)~%/2 do not play any role in our paper, we
often omit them.
The Fourier transform relates the representations 7r; and 73 as follows:

m(x) = Flmg(x)F, x € Loo(RY).
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In particular, the operator 773(x) acts by the formula

@2) (m(®EO = [(FID(E-wedu, teR,
R4
In the following we require information about the Fourier transform of the
function t + (1 + [t|>)~%/2. This Fourier transform may be conveniently ex-
pressed in terms of a modified Bessel function of the second kind, which may be
defined by the improper integral:

V1412

(see Formula 9.6.21 of [1]). Then an elementary computation shows that the
Fourier transform of ¢ — (14 [t[2)~%/2is

(2.3) Ko(x) := / costxt) 4 x> 0.
0

(2.4) F(t e (L [#2)72) (u) = caKo(|u])

where ¢, is a positive constant depending only on d.

2.6. CWIKEL-TYPE ESTIMATES. The following observation is made in Chapter 4
in [46]: there is a constant ¢; > 0 such that

(2.5) Im (f)ms(f)ll2 = call fill2ll f2llzs fio fo € La(RY).

The following result is due to Cwikel [15], and is stated as Theorem 4.2
in [46].

THEOREM 2.3. If fi € Ly(RY) and fo € Lyeo(R?), p > 2, then 111 (f1)713(f2) €
Ly,co. Moreover,

701 (f)7e3 (f2) [ p.eo < cpall fillpll 2]l p,co-

Recall that the spaces (I,(Lg))(R?) and (Ip,e(Lg))(R?) are defined as fol-
lows. Let K = [0,1]¢ be a fixed unit cube. For every locally integrable function f,
we set

7 7

00
< oo.

1My g) = 1Ty ezl 1< poa <

1y ity = Iy s bmeztllpesr 1< o

Observe that f € (ll(Lz))(Rd) implies that f € Ll(Rd).
Theorem below is due to Birman and Solomyak [5], [6]. We refer the

reader to Theorem 4.5 of [46] for a modern proof of Theorem

THEOREM 2.4. Iff1 S (ll(Lz))(Rd) and fz S (ll(Lz))(]Rd), then my (f1)71’3(f2)
€ L4. Moreover, we have

T (f1)7s(f2) [l < call filliy (o) 1211 (1) -
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In particular, we have that 7r1(f1)713(f2) € £1 for all compactly supported

fir f2 € Leo(RY).

The following Cwikel estimate is proved by Birman, Karadzhov and Solo-
myak ([4], Assertion 5.8, p. 104). We refer the reader to the forthcoming paper
[27] which proves a more general (and much stronger) result.

THEOREM 2.5. If f1 € (I (Ly))(R) and fr€(l,e0(L2)) (RY), then 11 (f1)m3(f2)
€ L1 . Moreover, we have

171 (f1) 703 (f2) 11,00 < call fallny (o) 1 f2ll1y o (1)-

In particular, applying Theorem to the function f : t — (14 |t[?)~9/2,
t € R9, we obtain

1721 () (1 = 8) 2|10 < call flliy ), f € ((L2))(RY).

2.7. LEBESGUE POINTS OF A LOCALLY INTEGRABLE FUNCTION. Recall that the
Lebesgue points of a locally integrable function x on RY are those points t € R?
such that

1
lim ————— —x(t)|du = 0.
50 Vol(B(t, 1)) / () = x(t)|du =0
B(t,r)
In particular, we have
1
t) =lim ———~ .
x(0) = lim S @) / x(u)du
B(tr)
The Lebesgue differentiation theorem (see e.g. Theorem 7.7 of [41]) states
the following.

THEOREM 2.6. If x is a locally integrable function on R?, then almost every t €
RY is a Lebesgue point for x.

3. THE PRINCIPAL SYMBOL IN THE C*-ALGEBRAIC SETTING

The main result of this section is Theorem The following simple result
is well known (see e.g. Proposition 2.4.1 in [8])).

LEMMA 3.1. Let {An}n>0, {Bn}tn=0 C L(H) be bounded sequences. If A, — A
and B, — B in the strong operator topology, then A,B, — AB in the strong operator

topology.
For a function x on R?, the dilation operator oy, is defined by
— d
(onx)(s) = x(n), scR
for n > 0. Similarly, the translation operator T, t € R? is defined by
(Tix)(s) = x(s — t).
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On L,(R%), we frequently use an alternative expression
Tt — ei(t,V)‘

LEMMA 3.2. If 0 is a Lebesgue point for x € Leo(R?), then as n — oo, we have
11 (0nx) — x(0)1 in the strong operator topology.

Proof. Without loss of generality, || x|l < 1. Fix & € Ly(R%). We claim that
701 (02%)§ = x(0) in Ly(RY).

To see the claim, fix ¢ > 0 and choose 17 € CZ°(R?) such that || — 7|1, < e
Let 7 be supported in a ball centred at 0 of radius R. We have:

e~ x©) nl2= [ |o(£) —x@[ - oy
lt|<R
<2fylEon [ () - x(0)lde

[t|<R/n

By the definition of a Lebesgue point, the right hand side tends to 0 as n — .
Fix N sufficiently large such thatif n > N,

2/[]12, - n / () — x(0)]df < €2
|t|<R/n
It follows that for all # > N we have
[(enx = x(0)) - || <&
Thus,

1(enx = x(0)) - 5]l + [ (0ux — x(0)) - (§ — )l
e+ [lonx = x(0) [l |G — 71l] < 3¢,

for all n > N. Thus, 7t (0,,x)& — x(0)& in Ly(R%). n

The following is a simple consequence of the fact that for each 1 < k < d the

Dkl  commutes with translations and dilations.

(=4)
LEMMA 3.3. Forall f € Leo(R?), g € Leo(S*~1) and for every n € N, we have

operator

ont1 (f)orm = m(onf),  ouma(g)or/n = m2(g), and
Timy (f)T-t = m(Tif), Tema(g)T-+ = m2(8).
Moreover, we have
Tims(f) = m3(f)Th.
Proof. We have

Tims(f) = eV F(V) = f(V)el V) = m3(f)T,.
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Ifg e Loo(Sdfl), then set
t
f(t) = g(m), t e RY.

Hence,

m(8) Tt = m3(f)Tr = Tirs(f) = Tima(g).
For ¢ € Ly(R%), we have

(Trr1 () (&) = Te(f€) = (Tif) - (Teg) = (i (Tef ) Te) ().

This proves the last assertions. The proofs of the first equalities are similar and
are, therefore, omitted. 1

It is at this point that the assumption that we work with homogeneous func-
tions of the gradient is used, since Lemma [3.3|is false when 7, is replaced with
m3. Indeed, the equality 0;,713(g)07/, is not equal to 713(g) for inhomogeneous
functions g € Lo (RY).

The following simple lemma contains in fact a crucial piece of the proof of
Theorem [1.2]

LEMMA 3.4. Let fi € Loo(RY) and let g € Loo(S*1),1 < k < m.IfOisa
Lebesgue point for every fr, 1 < k < m, then

m

Ty - ﬁ T (fi)2(8k) - o1/ — ]—mIfk(O) JTm(sk), n— oo,
k=1 k=1

in the strong operator topology.
Proof. Clearly,

m

On - ﬁ 1 (fi)2(8k) - o1yn = | [(onmi (f)or/m - onm2(8k) 01 /n)-
k=1 k=1

By Lemma[3.3) we have

O - ﬁ 1 (fi)2(8k) - 01 /m = ﬁ 71 (0n fic) 7028k ) -
k=1

k=1
By Lemma we have 711(0y fx) — fx(0) strongly. The assertion follows now
from Lemma ]

Now, we prove our first main result.

Proof of Theorem[T.2} Let P C I be the x-subalgebra in £(L,(R?)) generated
by 711 (Leo(R?)) and 715 (Les (S971)). So if A € P, then A can be written as a linear
combination of products of elements of 771 (Lo (RY)) and 715 (Lo (S*71)):

m
[T (fe)m(ger), 1< pm<oo,
k=1

Mw

(3.1) A=

—
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where each f;; € Lo(R?) and each g;; € Loo(R?). Define the mapping symb on
the algebra P by setting

P m
(3.2) symb : Z H 701 (fr1) 728k 1) Z 11/ ® 8k
I= I=1k=1
We claim symb is well-defined, and is continuous in the norm topology.
Applying Lemma 3.3 we get

p

m
TAT = Y [ ] (T frr) 2 (8k,0)-
I=1k=1
Choose a point t which is a Lebesgue point for every fi;, 1 <k <m,1 <1 < p.
We have that (T;fx;)(0) = fi;(t) and hence 0 is a Lebesgue point for every T fy ,
1<k <m,1<1< p.Then applying Lemma [3.4] we have that as n — oo

pom
Tt AT 1017y — Y T fir () m2(8k1)
I=1k=1

in the strong operator topology. By the Fatou property of the operator norm of
L(Ly(R%)), we have

P m

H )3 ka,l(f)ﬂz(gk,l)H < liminf [|03 TeAT—401 /n |0
=1k=1 e

—_

P m

= H?‘L’z(ZI]l:fkl gkl)H < || Alleo-

We claim that 775 is an isometry. The claim follows via the spectral representation
of the gradient. Precisely, take § € Lo(S?1) and extend it to a function h €
Loo(R?) by setting

h(t) = g(‘—:‘), te R
Clearly, this extension preserves the uniform norm. We have
m(g) = m3(h) = F () F.
Therefore,
172()lleo = [F 7 1 (1) Flloo = lr1(1)[loo = [[Blleo = lIglco-

Since 7, is an isometric embedding of Lo, (S?~1) into £(Ly(R?)) we arrive at

(3.3) H Zp:ﬁfk,l(t)gk,l )oo < H Xp: ﬁ ﬂl(fk’l)ﬂz(gk'l)Hoo
I=1k=1 I=1k=1

for every t € R? which is a Lebesgue point for every fi;, 1 <k <m, 1 <1< p.
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By Theorem almost every point of R? is a Lebesgue point of each f; ;. So
holds for almost every t € RY. Taking the essential supremum over ¢ € R,
and using the formula

H Zﬂn®bn

valid for all {a, }N ;| C Leo(RY) and {04} ;| C Leo(S?1), we infer

H i ﬁfk'l ®gk'lHoo < H i Im—[ 7T1(fk,z)7fz(gk,z)H00 = || Allco-
I=1k=1 I=1k=1

This now shows that the mapping (3.2) is well defined, since if A has two distinct
representations in (3.1) such as

—supessH Zan bn
o teRd

m P' m’
AZZH”l fr1)2(8k1) i (fi )2 (8k)
I=1k=1 =1k=1

—

then

] <A = Allew = 0.
o0

P P ’ ’
H Y IT i ®g =Y T1fi®sk
I=1k=1 I=1k=1
Hence, the mapping symb from is well defined, and immediately,
(3.4) [symb(A) [l < [[Alle, A€P,

so symb is also norm-continuous on P.

The fact that symb is a *-homomorphism on P follows directly from the
definition. Since symb contracts the uniform norm, it extends to the uniform
closure of P, that is to I1. That this map is unique follows from the norm-density
of PinII. 1

Proof of the Theorem[[.3] Assume the contrary. Let 7 : A — Loo(R*?) be a
*-homomorphism such that

m(m(f)ms(f2)) = i® fo,  fi,f2 € Leo(RY).

Take f € (Lo N Leo) (R?). Since 77 is a *-homomorphism of C*-algebras, it is con-
tractive. We have

1f @ flleo < 71 (f)703(f) lleo-
However, || f @ flo = || f]|%- Since || - || < || - ||2 in the setting of Schatten ideals,
it follows from that

171 () s (A)lleo < Nl (F)is ()2 = call f113-

Thus, ||f||% < c4llf]|3. The latter inequality is false for general f. This contradic-
tion proves the claim. 1
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Theorem [1.2| shows that one can define a symbol mapping on the opera-
tor norm closure of the subalgebra of £(L;(R?)) generated by 711 (Leo(R?)) and
7 (Leo(S971)). Tt is natural to ask whether the same is true for the closure in the
weak operator topology. The following lemma shows that this is impossible.

LEMMA 3.5. The closure of IT in the weak operator topology is all of L(Ly(R%)),
and there is no x-homomorphism extending symb to all of £(Lo(R?)).

Proof. To show that the weak closure of I1, or equivalently the double com-
mutant IT”, is all of £(L,(R%)) it suffices to show that the commutant I’ is trivial.

If T € IT, then T in particular commutes with all of 771 (Lo (R?)). However
since 711 (Lo (R?)) is a maximal abelian subalgebra in £(L,(R?)) it is equal to
its commutant, hence T = 711(f) for some f € Le(R?). Since T additionally
commutes with every element of 77> (Leo(S?71)), we have that forall 1 < k < d,

(35) [(ijm, (] =o.

This implies that f is constant. One way of seeing this is to apply Theorem[1.7] Let
{hy} >0 be an approximate identity on R¥ (i.e., a sequence of positive Schwartz
functions such that ||i,||; = 1 and such that h, — ¢ (Dirac point measure) in the
space of tempered distributions as n — o0). Setting f, = f * h,, we have (here,
t — Ty is a group of translations on R¥):

m(fa) = [ hn(B)m (Ti(F) et
R4

Therefore,
h | d
[( A)l/z/ / 1/2/ 1( tf):| t.

By Lemma [3.3) we have (recall that translations commute with functions of the
gradient):

[(fj;clm,ﬂl(th)} = [(_ZA);CUZ, Tt7T1(f)T,t} = Tt{(_i;{l/z’ﬂl(f)} T_; =0.

Since
Sgn Z ’)/k ® 1/2 7

it follows that [sgn(D),1 ® m1(fn)] = 0. Takmg the absolute value, raising to the
d-th power and using Theorem[1.7] we get

/ IV fa(£)13 dt = o(|[sgn(D), 1 ® 71 (fu)]|*) = 0.

Hence, f, is a constant function for every n > 0. Since f;, — f in the space of
tempered distributions, it follows that f is also a constant function.
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If ¢ : L(Ly(R?)) — Aisahomomorphism to a commutative algebra A, then
the kernel of ¢ contains the linear span of the set of all commutators of elements
of £L(Ly(R%). However every element in £(L,(R?)) can be expressed as a finite
sum of commutators [23]. In particular, ¢ must vanish on I so cannot be an
extension of symb. 1

4. THE LEBESGUE INTEGRAL FROM THE TRACE FORMULA
The main result of this section is Proposition .1 below. It is crucially used
in Section

PROPOSITION 4.1. Let f € I1(Lo(R?)). For every continuous normalised trace
@ on L1 o, we have

o(m(N1—8)"2) = ¢ [ flr)at
R4

That 711 (f) (1 — A)=%/2 € L1 o follows directly from Theorem

We begin with a compact analogue of Proposition Here, AT (respec-
tively, V) is the Laplacian (respectively, gradient) on the torus T?. Given f €
Leo(T?), the operator M £ denotes the operator of pointwise multiplication by f
on Ly(T).

LEMMA 4.2. There exists a constant c¢; > 0 such that
(M1 = Ap) %) = ¢4 [ fBdt, f e (T,
Td
for every continuous normalised trace @ on L1 .

Proof. Fix a continuous trace ¢ on £« and consider a linear functional § on
C(T?) defined by the formula

0(f) = p(Mf(1 = A)~?), feC(T).

This functional is bounded because

O < ol I | 5772 s o

Let t — U; be the representation of T on L,(T?) by translations, that is
(Ui€)(s) = E(s+ 1), & € Ly(T?). We have that

Ut(l _ AT)_d/Z — ei<t,VT[‘> . (1 + |V'JI‘| ) —-d/2 _ (1 + |V | ) —d/2 . ei<f/VTr>
= (1-ar)"Y?u,.

Clearly,
UthUfl = Mutf te T
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Since ¢ is unitarily invariant functional, it follows that
0(f) = p(UsMs(1 - Ap)~2U ) = (UMpU; (1 - Ap)~7/2)
= @(My,f(1—Ap)~%%) = 0(ULf).

Thus, 6 is a translation invariant bounded linear functional on C(T%).

By the Riesz-Markov theorem (see Theorem V.14 in [37]), a bounded linear
functional on C(T“) corresponds to a Baire measure on T%. Clearly, a translation
invariant functional corresponds to a translation invariant measure. A translation
invariant measure on T is uniformly distributed in the sense of Definition 3.3 in
[31]. By Theorem 3.4 in [31], every translation invariant measure is a scalar mul-
tiple of the usual Lebesgue measure. Hence, there exists a constant ¢, s such that

p(Mp(1= A7) %) =cpy [ f()d, £ C(T?).
Td

We now show that ¢, ; depends only on d.
By setting f = 1, we obtain that

Cpi = (271)g(a), a= {(1+;11|2)d/2}nezd'
We have
Card({neZ® :a(n)>(1+r*)"2} ) =Card({ncZ? : |n|<r})=cyr"+0(r*7 1),
where ¢ is the volume of the unit ball in R¥. Thus,
Card({n € Z% : a(n) > t}) = cgt  + O(t/4)-1),
In other words, we have
u(k,a) =cilk+1)""+0((k+1)"Wd), kez,.

Since {(k+1)"1=(1/M},_, € I; and since ¢ vanishes on £y, it follows that ¢(a)
=cg. 1

LEMMA 4.3. The Banach dual of (I;(Ly))(R%) is (I (L2)) (RY). Specifically, ev-
ery bounded linear functional on (1;(Ly))(R?) is given by the formula

4.1) f— /(fP)(u)du for some F € (Lo (Lp)) (R%).
R4
Proof. Firstly, let us establish that indeed provides a bounded linear
functional on (I;(Ly))(R%). Indeed, we have

[P < T | [ F@du| < T 1 famexla| Foiklz
R4

meZd LK me7Z4

< sup [Fxmekllz Yo I xmrkllz = I Fllig ey 1 a)-
mezZ4 mezd
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Let 6 be a bounded linear functional on (I1(L,))(R?). For a fixed m € Z¢, the
Hilbert space Ly(m + K) is linearly and isometrically embedded into I1 (L, (R%))
by inclusion. Hence, 6 is a bounded linear functional on Ly (m + K). By the Riesz
representation theorem for the dual of a Hilbert space, there exists a function
Ey € Ly(m + K) such that

0(f) = /(me)(u)du, feLy(m+K).

m+K

By gluing Fy, over all m € Z“, we obtain a function F on R.
We have

16l (s = sup  16(f)| >sup sup [6(f)
feh(La(RY)) m>0 feLy(m+K)
1£1 (1y)=1 Il fll2=1

—sup sup | [ (FF)(w)du| = sup [ Fxoikll2 = [Flloe,):
m=0 feLy(m+K) MK m=0

Ifll2=1

Therefore, F € (l(Ly))(RY).
Let now 6 be a bounded linear functional given by (with the function

F defined above). For every fixed m € Z% and for every f € Ly(m + K), we have
6(f) = 6o(f). By linearity, we have 0(f) = 6y(f) for every compactly supported
f € (I1(Ly))(R%). Since the set of compactly supported functions is norm-dense
in (I;(Ly))(R%) and since both @ and 6 are continuous, it follows that § = 6. &

The following lemma is enough to prove Proposition .1 without the re-
quirement that c; has no dependence on ¢.

LEMMA 4.4. For every continuous trace ¢ on Ly, there exists a constant cy 4
such that

P(m(f)(1 =872 = cpq [ fluydn, f € (h(L2)(®).
R4

Proof. By Theorem we have that 771 (f)(1 — A)™%/2 € L1 o, for every f €
(I (Ly))(R%). Fix a continuous trace ¢ on £« and consider a linear functional 6
on (I1(Ly))(RY) defined by the formula

0(f) = p(m(f)(1=2)"2), f e (h(L2))(RY).
Due to Theorem 2.5} the functional 6 is bounded:
1
10(f)] < Cd||fP||£;m||fH11(L2)||t — WHZLW(LZ)-

Recall that T; denotes the unitary action of t € R? on Ly (R?) by translations.
For all ¢ the operator T; commutes with (1 — A)~4/2 by Lemma
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Since ¢ is a unitarily invariant functional, it follows that
0(f) = @(Timi (f)(1 = A) 2T 1) = (Tymy ()T, 1 (1 — A)~%2)
= @(m(Tif)(1 = 8)~Y2) = 0(Tf).

Thus, 6 is a translation invariant functional on (I; (Ly))(R%).

Let F € (Ioo(Ly))(R?) be the function corresponding to the functional 6 as
in Lemma We claim that F is translation invariant. Indeed, for every f €
(I1(Ly))(R?) and for every t € R, we have

[ FF(du = 6(f) = 6(Tif) = [ flu+1)E( du—/f F(u—t)d
R4 R

Thus, F = T_F for every t € RY. Since the only translation invariant functions
on R? are constants, it follows that the only translation invariant bounded linear
functional is an integral with respect to the Lebesgue measure (modulo some
constant factor ¢, 4). The assertion follows immediately. &

We now focus on removing the dependence of the constant ¢, 4 on ¢. The
following assertion is absolutely crucial for the proofs in this section. Here, Vr is
the gradient on the torus. If a € l(Z*), then a(V7) is defined by the functional
calculus. Note that the operators on the left and right hand sides in lemma below
leave the subspace L, ([0,1]%) invariant and, so, the restrictions make sense.

LEMMA 4.5. Let f € Loo([0,1]%) and let ¢ € C®(RY) be supported in [—3,3]*
such that ¢[;_; 10 = 1. We have

m(f)(1 - A)fdﬁ”l(f)hz([o,ud) = Mfa(vT)Mf|L2([O,l]d)'

Here, a is the sequence of Fourier coefficients of the function t — Ko(|t|)¢(t) on the cube
[—7t, ] and Ky is the modified Bessel function from 2.3).

Proof. According to (2.4), the Fourier transform of the mapping t — (1 +
t[?)~%/2, t € RY, is given (up to a constant) by the formula t — Ky (|t]), t € R%.
Applying [2.2), we obtain

4.2) (1= A)~4/2¢) (¢ /KO It —u|)é(u)du, teR%
It clearly follows that
(m(H(1 -2 m /J' w)Ko(|t — ul)Z(u)dn, ¢ € [0,1)"
[0,1)¢

Ift,u € [0,1)%, then t — u € [~1,1]%. In particular, we have (distance from a point
to a set is taken in the usual Euclidean norm):

|t —u| = dist(t —u,27Z%), tue[0,1]"
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Since ¢ = 1 on [—1,1]%, it follows that
Ko(|t — u|) = Ko(dist(t — u,27Z))w(t —u), t,u € (0,19,
where ¢ is the 271-periodic extension of ¢| (7,7

Define an operator S on Ly([—7t, 7t]¥) by setting

43 (SDO= [ F0fwKo(dist(t-u 272 p(t-w)E)dn, 1€ [,
[~
Comparing the right hand sides in and (£.3), we obtain
1 (f)(1 =221 (F)l Ly 070y = Sliy(o.110)-
Clearly, S =M fTM £ where

(44) (To)(t) = / Ko(dist(t — u, 2ZY))p(t — u)&(u)du, t e [—m, ).
[77'[/7-[]‘1
Writing
Ko(dist(t,27Z))p(t) = Y a(n)el™,
nezd
we obtain that

(TO) (1) = ) a(m)e!™ (x, ")),

nezd
In other words, T = a(Vr). Hence, S = M;ya(V)My and the assertion
follows. 1

LEMMA 4.6. If a is as in Lemma[&.5} then there exists a constant c4 such that

Cq —
a(n) = A+ P2 +O((1+[n?)P?), nelZf,

for every p > d.
Proof. Since ¢ is supported on [—7t, 77]? (see Lemma , it follows that
a(n) = / Ko([t)p(H)e i) df = / Ko([thg(t)e idt, n e Z.
[—7t,m]d R4
Define a Schwartz function ¢ on R? by setting ¢(t) = Ko(|t]) - (1 — ¢(t)), t € R%.

It immediately follows that

a(n) = / Ko(|t])e im0 ds — /}p(t)e—i<"/f>dt, nerzd,
Re R

Since the Fourier transform of the mapping t — Ko(|t|), t € R?, is given by the for-
mula ¢ — (1+]t[2)~%/2,t € R?, (see Example and since the Fourier transform
of a Schwartz function is again a Schwartz function, the assertion follows. 1
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Now we may complete the proof of Proposition by removing the de-
pendence on ¢ of the constant ¢, 4 in Lemma

Proof of Proposition[i.1} Suppose first that f € C(RY) is positive and sup-
ported on [0,1]%. Let f = h?. Since ¢ is a trace, we have

(1 (f)(1 = 2)""2) = g(m () (1 = 4)~ 11 (h))

= (i () (1= A) 271 ()| 1y (—1,0)0)-
Using Lemma[4.5] we obtain

P(m1(f)(1 = 4)2) = o(Mya(V) My, (1 10)) = @(Mpa (V) My).
Lemma [4.6]yields that a € I o, and that a = a; + a, where

_ Cd _ 1
ay(n) = 1+ [n[2)ir2’ ay(n) = O((l I |n|2)(d+1)/2)' neN.

However Mya, (V)M € L1 and since ¢ vanishes on L1, it follows from Lem-
ma 4.2 that

@5 p(m(H1-24)2) = qipM(L—Ar) ) = ¢; [ f(t)at.
RY
This proves the assertion for positive f € C(R?) supported on [0, 1]%.
Consider now the general case and fix f € (I1(Ly))(R?). Without loss of
generality,

/f(t)dt >0
R4

(otherwise, consider —f instead). Let f; € C(R?) be positive and supported
on [0,1]% and having the same integral as f. Set f, = f — fi. It follows from
Lemma 4.4 that

p(m(F)(1 = 8)72) = p(m(f1)(1 = 4) /%) + p(mi (£)(1 - 4)4/2)
The first summand does not depend on ¢ by . The second summand vanishes
by Lemma[.4 1

5. TRACE FORMULA: FIRST ORDER APPROXIMATION

The main result of this section is Proposition [5.1] below. It delivers a mini-
malist version of Connes’ trace formula, which is further used in Proposition[7.]]
as a base of induction.

Observe that, by Theorem i (f)(1 — A)~%/2 € L, for every func-
tion f € (I;(Ly))(R?). Since 715(g) is a bounded operator which commutes with
(1 —A)=%2, it follows that also 711 (f)72(g)(1 — A)™4/2 € L1 for every f €
(1 (L2)) (RY), g € Leo(S7Y).
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PROPOSITION 5.1. Let f€Loo(RY) be compactly supported, and let g €Loo(S71).
Then

p(m(m()(1-2)"%) = [ finat- [ g(s)ds
R4 §d-1
for every continuous normalised trace @ on L4 .

LEMMA 5.2. Let f € (I1(L2))(RY) and let g € Leo(S?1). If [ f(x)dx = 0,
R4
then

(m(f)ma(g)(1-28)""%) =0
for every continuous trace ¢ on L1 .

Proof. Fix a continuous trace ¢ on £1 « and consider a bounded linear func-
tional 6 on (11 (L,))(R?) defined by the formula

0(f) = p(m(Hm(e)(1—4)"2),  fe (h(L2)(RY).
Repeating the argument in Lemma we obtain that 6 is translation invariant

and is, therefore, an integral (modulo a constant factor). &

LEMMA 5.3. Let f € Loo(R?) and g € C(S*~1). If f is compactly supported and
rotation invariant and if [ g(s)ds = 0, then
§d-1

g(m(f)m(g)(1—4)"42) =0
for every continuous trace ¢ on L1 .

Proof. Fix a continuous trace ¢ on £ o, and consider a linear functional 6 on
C(S?~1) defined by the formula

0(3) = p(m(f)m(g)(1—=24)""2), gecC(s™).
This functional is bounded because (due to Theorem [2.5)

1001 < callplle glleollf Il 1)

I1,00(L2)

1
AT

For a given R € SO(d), let U : Ly(RY) — L,(R?) be the unitary operator
given by the formula U¢ = &o R for & € Ly(IR?). Since by assumption f is rotation
invariant, the operator U commutes with 711 (f). Also, U commutes with A and
hence with (1 —A)~%/2,

Now, set h(t) = g(i), t € R?. Since U commutes with the Fourier trans-

It
form F, it follows that
Um(U ' =urtmmrFu! = F Um(mUF
=F lm(hoR)F = my(goR).
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Since ¢ is unitarily invariant, it follows that
0(3) = p(Um(fHm(g) (1= A)2U™) = p(m(flUma(g)U " (1~ 4)~"/?)
= ¢(mi(f)m(goR)(1 - 4)"%) = 8(g o R).
Since R is arbitrary, it follows that 6 is rotation invariant. Hence, the Baire mea-
sure on S?~! defined by 6 via the Riesz—Markov theorem is also rotation invariant,

and therefore coincides with the usual rotation invariant measure on S7-1.

Recalling that by assumption | g(s) ds=0, so we arrive at the assertion. 1
§d-1

The following is a consequence of Fubini’s theorem. A complete proof may
be found in proof of Theorem 2.£.2 of [28].

FACT 54. Let (Xj,v;), j = 1,2 be o-finite measure spaces and p € [1,00]. If
v € Ly(Xy,v1)and w € Lyeo(Xp,12), thenv @ w € Lyoo(Xy X Xp,v1 X 12) and

lo@w|L,. <lolL,lwlL,.-
p 4 p

LEMMA 5.5. Let p € (d, ), and let v € L,(S*1),. Define
h(t 1+t ~%2, te R
(H) = (M)( +1t?)
Then there is a constant ¢4 , > 0 such that

||h||ll,oo(L2) < Cd,pHUHP

Proof. Select g > 1 such that % + % =1, and write h as

t
n(e) = o Jwlihy(), e RY,
where
wr) =1+, >0 and, y(t)= 1+ |t})" YD, teRr?

Let u(t) := v(w) (1t])-
The proof proceeds by showing first that

(5.1) 1Pl (1) < Cplltellt, o) 19111, (L)
and secondly that

(5.2) [1l]1, (1) <

Then the proof is completed by showing that |[y||;, (.., and [lw]| Lo (R -1dr)

||w||Lp,°o(]R+,rd*1dr)'

are finite.
First we show (5.1).
For every m € 7% we have:

||”me+[0,1]dHL2 < ||uXm+[O,l]d||L2||me+[O,1]d||Loo'
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Thus,
Nyl o2y < X 0,070 1o b meza - {1V 0,070 e ezl -

Now applying 1 e get 4411 < ol ¥l Since =

this yields (&
Now we prove (5:2). Consider the mapping

iR — (971, ds) x (R, 1dr)
given by the formula i(t) = (& ok ,|#]). This mapping is measure preserving. So we
have u 0 i = v ® w. Then using Fact[5.4) it follows that
Il = N0l (1R, donri-tar)
= lo@wlL, (st-1xr, dsxri-1ar) < 10l 10l L, @y 100

However, we also have that for p > 2, ||u||lpoo (L) < llul[L, .- This can be seen
from the pair of inequalities,

utlliyy) < Nlliys  Mlelly ry) < Il

The first inequality is in fact an equality, and the second follows from the assump-
tion that p > 2. Then applying the method of real interpolation (see e.g. [28]), it
follows that for p > 2 that ||u|| Lyeo(Lz) S [4]|L, - So now we have shown that

tlly, (1) < Nl < MOl 1wl @ ri-1ar)s
thus proving (5.2). Finally, to show that [y[|;, (., and ||w||LW(R+’rd,1 ar) are fi-

nite follows easily from their definitions. &

LEMMA 5.6. Let f € Loo(R?) and g € Loo(S*™1). If f is compactly supported
and rotation invariant and if g is mean zero, then

¢(m(f)m(g)(1—4)"4?) =0
for every continuous trace ¢ on L1 «.

Proof. Select a sequence of mean zero functions {g,},>1 C C(S?1) such
that ||gn — gll2s — 0 as n — oo. Set

h(t) = <|t‘)(1+|tl) —d/2 () ::gn(ri')(1+|t|2)_d/2, te R

By Lemma 5.5, we have that 1, — & in (17 (L2))(R?) as n — co. Then applying
for all n > 0 we have

701 (f) 7t2(8n — &) (1 = A)~ < Call flliy ) Vo = Pelly 1)

and hence as n — co we have ||7r1(f)12(gn — ) (1 — A)’d/2||L1’w — 0. Since ¢ is
continuous, it follows that as n — oo,

(11 (f)2(gn) (1= 4)2) = o(m (f)ma(g) (1 — 8)~2).
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The assertion follows now from Lemma 1

Proof of Proposition Select a compactly supported rotation invariant func-
tion f; € Leo(R?) having the same integral as f. Set f := f — fi,

81 = / g(s)ds, g2 =g-g1
sd-1
We have
g(m(f)m(g)(1—4)"2)
= o(m1(f2)ma(g) (1 — A) ") + o(m (fi) 2(g2) (1 — A)~4/2)
+ ( / g(s)ds) cp(mi(f1)(1 —A)*d/z)_
gd-1

Examining the right hand side, the first summand vanishes by Lemma [5.2| and
the second summand vanishes by Lemma It follows from Proposition

that
p(m ()1 - )2 = [ fidt = [ f(t)de
R4 R4

This concludes the proof. 1

6. COMMUTATOR ESTIMATES IN £

In the following lemma, C*(R?) denotes the collection of all infinitely dif-
ferentiable functions f on R? such that f and all its derivatives are bounded.

The main result of this section is Proposition [6.1|below. It is used crucially
in the proof of Lemma

PROPOSITION 6.1. If¢p € C®(R?) and if f € C®°(RY) and g € C*(S9~1), then
[ (f), ma(g) (1 = 8) "2 (9)] € L.

The argument of the proof of Lemma[6.2] below is somewhat similar to the
one in Lemma 2.29 of [10], to which we refer the reader for additional informa-
tion.

LEMMA 6.2. If ¢ € C®(R?), then
(6.1) (1= )2, ()] (1 — 4) /2 € £y

Proof. In order to lighten the notation, denote K := 1 — A. We have the
integral formulae:

(6.2) dA  and

[ee]
“1/2 _ l/
710 /\1/2A+K
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3/2 _
(6.3) K32 =2 / md)\.
. 1 K172 o K3/2 _ 1 .
Hence, since = | 72515 heq dA = 1and 1 f X2 K7 dA = 3, we arrive at the
0

useful expression,

17(10/2 K3/2 )d)\ 1

4 = - =
64 n) \N4K - (A+K)2/ A2 72

Multiplying by K and taking the commutator with 711 (¢) yields:

1/2 17 dA
(K<, (¢ —NO/ TR /\1/2.
Focusing on the commutator inside the integral,
K
e @] =K+ K7 m(@) + K m(@)] (A +K) !
=———— K m($))(A+K) '+ [K, 1 ()] (A + K) !

1 ) K m@) K7

/\nlLK N (/\f[()Z)[Kfﬂl(@]
+((/\ 4I-<I<)2 B AJHK) [[K, 7r1(¢)], K](A + K) ™

1 K A
=(x~ ) M @ G

We introduce the operators L(¢) and R(¢), defined as:
L(¢) ==K 2K m(¢)] and R(¢):=K 'K [K m(9)]].

So we have

K K1/2 K3/2 AK
[m’"l("’)} - (/H—K - (A+K)2>L(‘P)+mR<¢)(A+K)*1

(
_ (1 . 7) (K, m(9)], (A +K) "+ (A+ K) VK, 71 (9)])
(

[K, [K, 1 (¢)]] (A+K)

So integrating over A and applying we obtain:

[K1/2/ 7T1(¢)] = %L((I)) +71‘(O/(Ai\|_KK)2R((P)(/\+K)1 %
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Then multiplying on the right by K~ (#+1)/2
(K2 ey ()| K~ (072
_1 —(d+1)/2 1/00 lp—(d+1)/2 dA
= ;LK +7r0 A K@+ KK 7
We claim that L(4))K’(d+l>/2 € L1. Indeed, from Lemma
IL (@)K~ D21y = [ KTV2K, e (@)K D2y <K, 7 ()] K E272) .
Then expanding out the commutator,

K, 7ty (¢)]K~ @272 = [— A, 1y (¢)] (1 — &)~ (@272

d

- ;(DJ'[D]V 1 (¢)] + [Dj, mi(¢)]1D;) (1 — A)—(d+2)/2
=

d
=) .(-m (8]247) — 2im1(0;¢) D;) (1 — A)~(+2)/2,
j=1

Since ¢ € C®(R?), we may apply Lemma [2.4| that each of the above summands
isin £, hence L(¢)K—(@+1)/2 ¢ ;.

Applying Theorem the operator L(¢)(1 — A)~@+1)/2 s in £y, so the
proof is completed on showing

dA
1 (d+1)/2
0/ ~ K ()\—i—K) K~ /\1/2€£1.

Again applying Lemma 2.T|and Theorem 2.4} one can show that
R(p)K~#HD/2 ¢ £
Note that for all A > 0 we have

1
HA+K H s1 and H/\—i—KH ST
So there is a constant C such that
AK
—— o R(@K T2+ )7 <C1+A)7!
| (A+R)7|, <ca+)
Hence,
AK d/\
22 R(@)(A 4+ K)IK@)/2 S0 /701)\ .
HO/(A+K)2 (P)A+K)" A1/2 A2(1+0) <

Thus, [K'/2, 711 ()| K~ @+10/2 c £, n
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LEMMA 6.3. If¢ € CX(RY), then
[mi(¢), (1= 4)""? € L.

Proof. Without loss of generality assume that ¢ is real-valued. Using the
Leibniz rule we can write

[701(¢), (1 — A)~%? i —K12[2, (), (1 — A)"1/2](1 — A)~(@=1-0)/2
k=0

= d—1(1 — A EED2[(1 A2 (9)](1 — A)-FR2,
k=0

Since ¢ is real-valued, the operator i[(1 — A)!/2, 7r1(¢)] is self-adjoint. Now ap-

plying Lemma[2.I]to each summand, we arrive at
(1= 2)~ D21 = M2, 7 (9))(1 — 4) Oy
<A =22, ()] (1 - 4) D2,
So by Lemma [6.2]each summand isin £;. 1

LEMMA 6.4. If¢ € CZ(RY), then
Dy _
|:7T1((P)’ (_A)1/2:|<1_A) d/26£1, 1<k<d
Proof. Without loss of generality, assume that ¢ is real-valued. Let
() == b _ b _ b 1
ST T A T @ R (U )2

Dy
(,A)l/z

t e RY.

We decompose the operator |7y (¢), ](1 — A)=4/2 into four parts as fol-

lows:
Dy —d/2 _
[ﬂl (@), W} (1-2)"%2 =T+11+1I+1V,

where
_ D
(1 _A)1/2

=71 ()gx(V) (1 — 8)~2, IV = (V)1 (9) (1 — 8)~ /2.

It follows from Lemma [6.2 that I € L;. Since [Dy, 711 (¢)] = 7m1(Dy), it
follows from Theorem [2.4|that IT € £;. It follows from Theorem 2.4 that

Ty < |1 (¢)(1—A) "W/ < oo
It follows from Theorem 2.4 and Lemma 2.1] that
VIl < (11— 2) "y (9) (1= A) "2 < |1 (9) (1 — 4) 72| < oo,

A combination of all four inclusions completes the proof. 1

= [(1-2)12, m (@) (1-4)" @72, = [y (g), Dy (1-4)~ (@72,
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LEMMA 6.5. If¢p € C®(R?) and if v € C®(S*1), then
[1(¢), 2 (0)](1 = 4) =% € L.

d
[A);(l 73 }k . We may extend v to a smooth com-

pactly supported function w on R¥. For example, we may set w(t) = v (& i Yo ([t]),

Proof. Let B = = )1/2 = {(

t € R?, where ¢y is a Schwartz function on R which vanishes outside of the inter-
val on (3,3) and such that ¢(1) = 1.

The Fourier transform of w is also a Schwartz function. By Definition
we have

S
—~
Q
~—
|
Q
—~
[s~]
~
I

w(B) = (27) 2 [ (Fw)(t)e!Fdt.
R4
Therefore,
[7(1 (4))/ 71'2(0)](1 — A)*d/Z _ (271,)711/2 /(]:w) (t)[ﬂ.’l (f)/ei(B,t>K1 _ A)id/zdt.
R4

An elementary computation yields
1
[x,eV] = i/ e[y, x]el(15lvds
0

for all bounded operators x and self-adjoint bounded operators y. Thus, for every
te R4,

. d
171 (@), € BH] (1 — 4)~472||y < k; |t - I[71 (@), B (1 — 4) 2|1,

Taking the maximum of the £;-norms and noting that Z |tx| < d'/?|t|, we obtain
k=1

Il (@), ma(@)](1 = )2l
<d"2(2m) 2[|(Fw) ()] - tidt - max 1 (9), Bil (1-2) /2.

R4

The assertion follows now from Lemma 1
Proof of Proposition We consider the decomposition

[ (f), ma(g) (1 — 8) =21 ()]

= m(f)ma(g)(1 = 8)2m(9) — ma() (1 — 4) "2y (fp)
=I+1I+1OI+1V
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where

I=m(f)(1-2)[m(g), m(@)], W=m(Hl1-28) " m@)m(),
I = [ (f$), ()] (1 = 4)"2, IV = ma(g)[m(f¢), (1 - 4)~2].

By Lemma [6.5] we have I,III € £;. By Lemma[6.3] we also have ILIV € £;. A
combination of all four inclusions completes the proof. &

7. CONNES’ TRACE THEOREM IN TERMS OF THE PRINCIPAL SYMBOL
In this section, we prove Theorem in full generality. The following
proposition is a crucial component of the proof of Theorem 1.5}
PROPOSITION 7.1. For every normalised continuous trace ¢ on L1, for every
m > 1, and for every ¢ € C&(R?), we have
7D eTusg =D Pm@) = [ symb(Tyem(9)):
Re x§4-1

Here, for £ = (f1,..., fm) € Lo(R)™ and g = (g1, ..., 9m) € Loo(S¥1)", we write

m
Titg = | [ m1(fi) m2(gx)-
k=1
Our proof of Proposition[7.T]is by induction. The following two lemmas are

essential ingredients of the induction step.

LEMMA 7.2. Fix m > 1, and suppose that is true for all f € Leo(R?)™ and
g € Loo(S V)" with f,, € C®(R?) and g,y € C*(S?~1). Then holds for all
f € Loo(RY)™ and g € Loo(S* 1) with g € C®(ST71).

Proof. Let f € Loo(RY)™ and g € L®(S?1)". Define for each 1 < k < m,
hy := fr, and hy;, = fiu¢. Clearly,
(722 (gm) (1 = 4)~2, 1(¢)]
= 12 (gm)[(1 = 2) 2, 701(9)] + [rr2(gm), 1 (9)] (1 — 4) =42,

By Lemmas|[6.3]and [6.5] the above hand side of the latter equality belongs to £;.
Hence,

T tg(1— A2 () — T hg(1— A)~42
= Tr—1,6g701 (fn) [702(gm) (1 — 8) 742, 11 (¢)] € Ly

Since ¢ vanishes on Lj, it follows that

(7.2) q)(Tm,f,g(l - A)—d/ZT[1 (¢)) _ (P(Tm,h,g(l _ A)—d/Z)‘
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By the assumption that holds for f € Leo(RY)™ and g € Leo(S41)™
with f,, € C®°(RY) and g, € C®(S?"1) and (7.2), we have

7.9 p(Tung(1 =2 ") = [ symb(Typg)
Re x§4-1
under the same conditions on f and g.
We now estimate both sides of (7.3). As 7r2(gy) commutes with (1 —A)~%/2,
we have
Tung(l—A) "2 =Ty 55 m(fud)(1—A)" Y2 m2(gm).-

Since ¢ is continuous, it follows that

1,00-

m—1 m
9T =4 < TTfello - TTlgelleo I (fn) (1 - 2)772

By Theorem we have

m—1 m
|9(Tung(1=2) ") <ca TT llflloo - TTlIgkNoo - | fndllny2,)-
k=1 k=1

Now, estimating the right hand side of yields

m—1 m
[ symb(Tung)| < TT Wil TT el Ll
Rixsi1 k=1 k=1
That is, both sides of are continuous functionals of f;; in the norm
fm = | fméll1,(1,)- Consider the semi-norm on Leo(R?) given by the formula
f = If$lls(1,) (this semi-norm is well defined because ¢ is finitely supported,
so that f¢ € I1(Lo(R?))). Clearly, C*(R?) is dense in Lo (R?) in the latter semi-
norm. Thus, holds true provided that fi, € Leo(R?) and g, € C®(S4~1). The
assertion follows now from (7.2). 1

LEMMA 7.3. If, for a given m > 1, holds for every f € Loo(R?)™ and for
every g € Loo(S1)™ satisfying the condition g, € C*(S9~1), then holds for all
f € Loo(RY)™ and for all g € Leo(S4=1)™.

Proof. Let um(t) = gm (ﬁ) (1+ |t)?)~%2,t € R?. Recalling the notation 73

from Theorem [1.3] we write
Tigg(1=8)""2mi(@) = Tu6g701 (fin) - 703 (1m) 1 (9)-

Since ¢ is continuous, it follows that

m

m—1
|9(Tuig(1 =)~ ()] < [T I filloo - kUl [18klleol| 773 (14 ) 771 ()

k=1
By Theorem [2.5land Lemma 5.5/ (with p = 2d), there exists a constant c; such that

1703 () 701 () | 1,00 < Call@ll1y 1) 18iml2a-

1,00
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Therefore, we have

m m—1
|9(Teg(1—2)" 271 (9))| < ca [Tl felleo - TT gklleo - gmll2alilly rs)-
k=1 k=1

That is, the left hand side of is a continuous functional of g;;, with re-
spect to the norm || - ||o4. Clearly, the right hand side of

[ symb(Tuegm@) = [0 TTfe0dr- [ TTse(s)as
Rd k=1

RA % Sd-1 gi-1 k=1

is also a continuous functional of g, with respect to the norm || - ||o4. By the as-
sumption, holds for every g, € C®(S?1). Note that C*(S?~1) is dense
in Lo (S?1) with respect to the norm || - ||,4. Thus, holds for every g, €
Lo(S91). n

LEMMA 7.4. Foragivenm > 1, if holds for m — 1, then holds for m for
every f C Loo(RY) satisfying the condition fy, € C®(R?) and for every g C Loo(S*1)
satisfying the condition g, € C*(S*~1).

Proof. Setuy = fr, 1<k<m v =g, 1<k<m—-1land v, 1 = gn_19m
By Proposition[6.T, we have

Tigg(1—A) 21 (¢) — Tu1,uv(1 — A) 2701 (fngp)
= Tu-1tg - [ (fn), m2(8m) (1 — 4) "2 my(9)] € L1.

Since ¢ vanishes on £, it follows that

(Tngg(1 = 2)2mi(¢) = @(Tu-1uv(1 = 2) 71 (funp)).
By the assumption, we have

m

-1
I vk(s)ds
k=1

m—1
O(Tu-tuw(1=8) 2y (fug)) = [ (fug)(8) [T i)t |
i k=1

§d-1
m

R
= [40TThwar- [ [Tsee)ds
B k=1 k

sd-1 =1

A combination of these two equalities concludes the argument. &

Proof of Proposition We prove the assertion by induction on m. The base
of the induction, that is, the assertion for m = 1, follows from Proposition due
to the trace property of ¢. We now prove the induction step.

If holds for m — 1, then, by Lemma holds for m provided that
fmn € C*°(RY) and g € C(S?~1). By Lemma holds for m provided that
gm € C®(S971). By Lemma holds for m in full generality. This completes
the proof. 1



512 F. SUKOCHEV AND D. ZANIN

Proof of Theorem[L.5] Let P C I be the x-subalgebra in £(L,(R?)) generated
by 711 (Leo (RY)) and 715 (Lo (S?71)). I

m m m
S =[] m(fc)m2(g), then, by Theorem[I2, symb(S)=]]fi®[] s
k=1 k=1 k=1
By Proposition[7.1} we have
7.4 P(S1=2)m(g) = [ symb(Smi(4)).
R xSd-1

By linearity, equality holds true for every S € P.
Let T € IT and let ¢ be in C°(R?) be such that Ty (¢) = T. Fix S, € P such
that ||S;, — T|lec — 0 as n — c0. By Lemmal6.3] we have

[(9), (1 -4 € L.
Since ¢ vanishes on £, it follows that
(Summi(p) (1= 2)""2) = ¢(Su(1 - 2) 21 (9)).
Thus,
p(T(1=2)""2) = ¢(Su(1 = 8) 21 () = (T = Sw) i (9) (1 = 4)~*/2).
Hence,
|p(T(A=2)""2)=p(Su(1-4)"?711())| < S0 — Tlleo |71 (¢) (1=28) /1,00

as n — oo. Since the principal symbol mapping is continuous (see Theorem [I.2),
it follows that

symb(S, 7ty (¢)) = symb(Tmi($)), n — oo,

in the uniform norm. However, all these functions are supported in the com-
pact set supp(¢) x S?~L. Since the latter set has finite measure, it follows that the
convergence holds also in Lj-norm. Thus, we also have

[ smbimig) = [ symb(Tmi(4) = [ symb(T).
R x§d-1 R x§d-1 R x§d-1
Therefore, using for S,, € P, we conclude that

P(T(1—2)2) = lim p(Su(1— ) "2my(¢)) = lim [ symb(Sumi(9))
RexSd-1
= / symb(T).
RA x§d-1

This completes the proof. 1
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8. APPLICATIONS TO PSEUDO-DIFFERENTIAL OPERATORS

In the following lemma, C* (Rd X Sd_l) denotes the collection of all infin-
itely differentiable functions f on R? x S?~! such that f and all its derivatives are
bounded.

LEMMA 8.1. Let p € C®(RY x S?=1) and let the operator T be initially defined
on Schwartz functions on R? by the formula

(Tx)(t) = (270) /2 / eift) p(t,ﬁ)(]—"x)(u}du, x € S(RY)
R4
that admits a bounded extension T : Ly(R?) — L (R?). Moreover, we have T € I1 and
symb(T) = p.
Proof. For every fixed t € R?, we write p(t, -) as a Fourier series with respect

to the spherical harmonics on the sphere S~ [19]. For every n > 0, let H, be the
(finite-dimensional) eigenspace of the spherical Laplacian Ags1 [19]

Hy={f € L(S™1) : ~Bgar f = n(n +d - 2)f).
It is well-known (see Theorem 4.6 in [19]) that H,, is orthogonal to H, for n # m.
Let {Y, ]}dlm H1) be some orthonormal basis in H,. By Theorem 4.27 in [19], the
double sequence
{Ya, :
is an orthonormal basis in L,(S?~1). The key estimate given in Proposition 4.16
in [19] states that

(8.1) 1Y lleo < (dim(Hy))'2.

n>0,1<j<dim(H,)},

For every s € S?~1, we have (the convergence below is taken with respect
to Ly-norm on S~ 1):

oo dim(Hy)
= Z Z pn,]'(t)YnJ(')'
n=0 j=1

Here, p,, j(t) are the Fourier coefficients of the function p(t, -) with respect to the
spherical harmonics. Thus, the definition of T can be formally rewritten as fol-
lows:

co, dinEh) it d

=X L i) G i ( |)(fx)( wdu, x € S(RY).

=1 i

That is, we formally have

co dim(H,
(82) T = 2 2 pn] 7T2 Y ,])

n=0
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We claim that the series in (8.2) actually converges in the uniform norm.
Indeed,

Puj(t) = (p(t,), Y () = (n(n+d —2))~4p(t,), (~Bga1) Y, ()
= (n(n+d —2))"H(=Agi1)p(t, ), Yo ().
Thus,
(n(n+d —2)) (=gt p(t, ol Yoo
(n(n+d = 2)) (1@ ~Agi 1) pllp st [ Yoo

‘pn,j(t”
Hpn,jHoo

NN

Here, (1 ® —Agq-1)p is bounded by the assumption.
We can then bound,

o dim(Hy)
Z Z 1Pmjlloo | Y,
0 dim(H,)
<o —ASdfl)dPHLw(Rdedfl) X Zl(”(” +d—2)) 21 1Yo 1%
n= ]J=
Using and Theorem 4.4 in [19], we infer that
0 dim(H,) 00
Y (nn+d—2))"" Y Y3 < Y (n(n +d —2)) “dim?(H,) & ¢; < co.
n=1 j=1 n=1
Thus,
o dim(Hy)

Z Z [

Hence, the series in (8.2) converges in the uniform norm.

Since every summand in belongs to the algebra I1, it follows that also
T ¢ I1. Since the symbol mapping is continuous in the uniform norm, it fol-
lows that

ool Y jlleo

< el (1® =Aga1) "l ri iy

oo dim(Hy) oo dim(Hy
symb(T Z Z symb ( nl(pn] (Y, ,] = Z Z Pn,j @ Yujs
n=0 j=1 n=0 j=1

where the convergence is with respect to the uniform norm. Thus, symb(T)

=p. 1

LEMMA 8.2. Let P be a uniform classical compactly based pseudo-differential op-
erator of order 0. Then there exists S € 11 such that:
(i) symb(S) coincides with the principal symbol of the operator P in the sense of
pseudo-differential operator theory;
(if) S is also compactly based in the sense of Definition
(iii) P — S € K(Ly(RY)).
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Proof. Choose a positive ¢ € CP(RY) such that P = Pry(¢). By the def-
inition of a classical pseudo-differential operator (see [45]), one can write P =
Py + P,, where Pj is a uniform pseudo-differential operator of order 0 such that

pp,(t, Au) = pp (t,u), A>1, tue RY, lu| =1,

and where P, is a uniform pseudo-differential operator of order —1. Let p be
the principal symbol of the operator P in the sense [45] of pseudo-differential
operator theory, that is,

p(t;s) = pp(ts), teRlsecs,

and let T be the operator defined in Lemma for this p. Let ¢ be a smooth
function on R? such that (1) = 1 for |u| > 2 and ¥(u) = 0 for |u| < 1. We have

P11 ) 900 = pr(b)p(u), tu e R

In other words, the integral kernels of the operators P;1(V) and Ty(V) coincide.
It follows that Pyy(V) = Ty(V).
Thus,
P=T+P(1-9p(V)-TA-¢(V))+P,

and therefore

P = Pri(¢) = Tr(¢) + Pr- (L= ¢(V)mri(¢) = T- (1 = p(V)) () + Prrr(9).
By Lemma T is bounded. Since both ¢ and 1 — ¢ are smooth and compactly
supported functions, it follows from Theorem 2.4] that (1 — ¢(V))71(¢) € L;.
Thus,

T (1-9(V))m(9) € K(L2(RY)).
By Theorem 2.4.2 in [42], the uniform pseudo-differential operator P; of order 0
is bounded. Thus,

P (1-9(V))mi(e) € K(La(RY)).

The operator P,(1 — A)'/2 is a uniform pseudo-differential operator of order 0
and is, therefore, bounded. By Theorem we have

(1-2)"2m(¢) € K(L2(RY)).
Therefore,
Pyrti(¢p) = Po(1—8)"% - (1= 4)7?m1(9) € K(Lo(RY)).
Finally, we get
P —Tm(¢) € K(L2(R)).
Setting S = T711(¢), we see that S € IT (see Definition[1.1) and this completes the
proof. 1

The following simple fact is well-known. We include it here for convenience
of the reader.
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LEMMA 8.3. If V € Ly, and if A is a compact operator, then
p(AV) =0
for every continuous trace on L c.

Proof. As discussed in Subsection 2.4} all continuous traces on L1 o, are sin-
gular. That is, if ¢ is a continuous trace on L1 « then ¢(T) = 0 for all finite rank
operators T (see Corollary 5.7.7 of [30] for a proof of this fact).

Let {A,}$, be a sequence of finite rank operators converging to A in the
operator norm. Then [|A,V — AV|| < ||Ay — Al ||V[1,00, SO AV — AV in the
L1, quasi-norm. Since each Aj is finite rank, each operator A,V is also finite
rank. Since ¢ is continuous and singular,

¢(AV) = lim ¢(A,V)=0. 1

Proof of Theorem([1.6] Let P be a uniform classical compactly based pseudo-
differential operator of order 0. Choose a positive ¢; € CX(R?) such that P =
Prti(¢1). Let S € II be the operator defined in Lemma Choose a positive
¢r € C®(R?) such that S = S7t1(¢2). Choose a positive ¢ € CP(R?) such that
¢ = ¢ px, k =1,2. We then have P = Prr1(¢) and S = Sy (¢).

By Theorem[2.5] we have

1 () (1= 8) "% € L1,0(La(RY)).
Therefore,
S1—A)12 =8 () (1 — A) "% € L10(La(RY)).
Also, using Lemma we obtain
(P=5)(1—=2)""2=(P=5) m(p)(1—2)"? € K(L2(RT)) - L1,00(L2(R)).
By Lemma8.3] we have
P(P(1—28)""2) = ¢(S(1—2)"").
It follows from Theorem [L.5] that

P(S(1—A)"12) = / symb(S).
R x§d-1
By Lemma symb(S) coincides with the principal symbol of the operator P in
the sense of pseudo-differential operator theory. Thus,
o(P(1— A)~4/2) = / symb(S) = Resw(P).
RA x§d-1
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9. APPLICATION TO QUANTISED DIFFERENTIALS

In this section, we prove Theorem|[L.7] It computes the trace of a d-th power
of the absolute value of a quantised derivative

[sgn(D),1© mi(f)]

of the function f on R from a certain homogeneous Sobolev space.

We start with the following simple extension of Theorem Here, T €
M, (C) ®IT is called compactly based if there is a compactly supported ¢ € Loo(RY)
suchthat T- (1® mi(¢)) =T.

LEMMA 9.1. If T € M, (C) @ IT is compactly based, then T(1+ D?)~%/2 ¢
L1 0. For every continuous normalised trace ¢ on L «, we have
p(T(1+ D)%) = [ Te((id @ symb)(T)).
Re xS§4-1
Proof. Letey;, 1 < k,I < n, be the basis of the set of n x n matrices M, (C)

of matrices with (k, 1) entry equal to 1 and 0 elsewhere. By linearity, it suffices
to prove the assertion for the case T = ¢j; ® S, where S € I1. Note that

T(1+D?) "2 = ¢y @ 5(1—A)~%2,
That is, we want to prove
pley ©S(1—2) %) =gy [ symb(s).
R x§d—1
If k # I, then ey = [eys, ey;] and, therefore,
e ©S(1—28)""2 =[eq®S(1—A)"2,¢;,®1].
Since ¢ vanishes on the commutators, it follows that
plew © S(1 - 4)4/2) =o.

If k =1, then
eun © S(1 - 872 = (U ©1) - (e © (1~ A)Y2) - (U} 1), 1<m<n,
for some permutation matrix U, € M, (C). Thus,

(e @ S(1—4)"2) = g(ewm ® S(1=2)""?), 1<m<n,

Summation over k € [1,#] yields

plene @ S(1—4)7"%) = %qv(l ®S(1-4)""2) = % STe(1) - @(S(1 — 4)74/2),

By Theorem 1.5, we conclude

(e @ S(1— 4)4/2) = / symb(S).
Rd x§d-1
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We have covered both the k = [ and k # [ cases, so this completes the
proof. 1

LEMMA 9.2. If f € C(R?), then [sgn(D),1® 111 (f)] € Lge0 and

¢(|[sgn(D), 1@ m (f)]|F) =/|I(Vf)(t)|\§dt.
R4

Proof. Fix f € CP(R?) and choose ¢ € CZ(R?) such that f¢p = f. For all
1 < k < d, define an operator Aj € II by setting

1

Ax = (fi) = 5 L (mfj)ma(sis)) m (@) + m(¢)ma(sisi) m (f))-

-.
HI" W
_

Here, fy = iDyf and the mapping s — ssj, s € S9-1, is also denoted by SkSj
to save the space. Define a (compactly based) operator A € M,,4)(C) ® II by
setting

A= ’)/k®Ak.

d
k=1
An argument similar to that of Lemma 15 in [29] shows that

|[sgn(D),1® nl(f)”d c |A|d(1 + Dz)fd/z s
Since ¢ vanishes on L1, it follows from Lemma that

¢(|lsgn(D), 1@m (/)]IY) = ¢(|A[(1+D?) /%) = / Tr((id@symb) (| A[)).
Re xS§4-1
Clearly,
d

(id ® symb)(A) = kE Vi @ symb(Ag).
=1

By Theorem[1.2] we have

d
@ osymb)(af =16 (1 symb(A,) )"

It is immediate that

d

(symb(Ak))(t,s) = fk(i’) — ij(t)Sij, te Rd, s e sl
j=1

Thus,

©1)  ¢(llsgn(D), 1@ m(f)]|) = / (V) = s((V(£))(#),5)|*dsdt.

R x §d-1
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For an arbitrary a € Rd, we have
/ la —s(a,s)|?ds = cqla]”.
§d-1
Indeed, for every rotation R € SO(d), we have
la—s(a,s)| = |[Ra— Rs(Ra,Rs)|, seS" .

Taking R such that a = |a| - Re;, we obtain

/ la —s(a,s)|"ds = |a|?- / le1 — s(eq, s)|%ds = cqla]”.

§d-1 §d-1
For every t € RY, the preceding paragraph yields
/ (V1) = s((V(£))(#),5)|ds = cal (VA ()]
§d-1

This concludes the argument. 1

Proof of Theorem[I.7} Let f € Leo(RY) be such that Vf € L;(R?,C?). Choose
a sequence {fy},>1 C C®(R?) such that f, — f almost everywhere and such
that V(f, — f) — 0in Ly(R?) (see Theorem 2.1 in [34]). It is proved in [29] (see
the proof of Theorem 11 on p.19 there) that

[[sgn(D),1® m1(f)] = [sgn(D), 1@ 1 (fu)lllde0 < NV (fu = fllla =0, 1 — co.

Since the absolute value mapping is Lipschitz in £, o, (see Theorem 3.4 in [17]), it
follows that

[lsgn(D), 1@ mi(f)]] = [[sgn(D), 1@ m1(fu)llllgeo =0, 1 — 0.

For bounded operators A, B, we have

d—1
Al B! =Y A¥(A-B)BI1K.
k=0

Hence, for A, B € L «, it follows from Holder inequality that

d—1
d d k d—1-k
1A% = B?|l1,00 < s ), 1 AllgoollA = Bllaool| BIIG o0
k=0

<t A = Bllao(| Allgeo + [1Bllao)™"-
Applying the latter inequality to
A= |[[sgn(D), 1@ m(f)]l, B=|[sgn(D), 1@ m(fa)ll,
we obtain

Hsgn(D), 1@ m ()] —[[sgn(D), 1@ 1 (fu)] |10 =0, 1 = co.
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Since ¢ is continuous, it follows that

¢(|lsgn(D),1® m(fu)]l') = (|[sgn(D), 1@ m(f)]I), 1 — eo.
By Lemma[9.2] we have

#(llsgn(D), 16 m ()] /nvm )4

Since V(fy; — f) — 0in Ly(RY), it follows that
JAZALC mw%/MVf ), m— oo
R4

A combination of the last three equahtles completes the proof. 1
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