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HYPERRIGID SUBSETS OF CUNTZ-KRIEGER ALGEBRAS AND
THE PROPERTY OF RIGIDITY AT ZERO
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ABSTRACT. A subset G generating a C*-algebra A is said to be hyperrigid if
for every faithful nondegenerate *-representation A C B(H) and a sequence
¢n : B(H) — B(H) of unital completely positive maps, we have that

’}ijgo¢n(g):g forallge § = r}grgo¢n(a):a foralla € A.

We show that in the Cuntz—Krieger algebra of a row-finite directed graph with
no isolated vertices, the set of all edge partial-isometries is hyperrigid. We
also examine, both in general and in the context of graphs, a related property
named rigidity at 0 that sheds light on the phenomenon of hyperrigidity.
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1. INTRODUCTION

A directed graph G = (V,E,s,r) consists of a set V of vertices, a set E of
edges, and two maps s, : E — V, called the source and the range; if v = s(e)
and w = r(e) we say that v emits e and w receives it. In this paper, we consider
only countable directed graphs, meaning that both the sets V and E are countable.
A directed graph is said to be row-finite if every vertex receives at most finitely
many edges, i.e., r~1(v) is a finite subset of E, forallv € V.

A Cuntz—Krieger G-family (V,€) of a directed graph G consists of a set of
mutually orthogonal projections V := {P, : v € V} and a set of partial isometries
E = {Se e € E } which satisfy the relations:

(@) S¢Se = Py(e), for every e € E;

(TCK) ¥ S.S; < P, for every finite subset F C r~(v); and
ecF
(CK) Y S.S; =P, foreveryv € V,with0 < |[r~1(v)] < 0.

r(e)=v
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There exists a universal C*-algebra O(G) generated by a Cuntz—Krieger G-
family, which is called the Cuntz—Krieger algebra of the graph G. The original
definition of this C*-algebra is due to Cuntz and Krieger [7]; for a comprehensive
background on Cuntz-Krieger algebras associated to directed graphs we refer the
reader to Raeburn’s book [21].

When G is row-finite, it is known ([10], [12]], [14]) that inside the Cuntz—
Krieger algebra O(G), the Cuntz—Krieger family is not just a generating set, but
in fact, a hyperrigid generating set.

DEFINITION 1.1. Let A be a C*-algebra and G be a generating subset of A.
We say that G is hyperrigid in A if for every faithful nondegenerate *-represen-
tation A C B(H) and a sequence of unital completely positive maps ¢, : B(H) —
B(H) we have that
lim ¢,(g) =g forallge § = nh_{folo(/)n(ﬂ) =a forallae A

n—o0

where all convergences are in norm.

The notion of hyperrigidity was extensively studied during the last decade
in various contexts; see for example [4], [8], [16], [18] and Section 7 of [15]. There
is one question that naturally arises whenever a set G is hyperrigid in a C*-algebra
A: what is the smallest subset of G that is already hyperrigid in A?

In [4], Arveson showed that {1,x,x?} is hyperrigid in C([0,1]) while the
smaller generating set {1, x} is not. In [18], Kennedy and Shalit considered the
Cuntz algebra O; associated to a homogeneous ideal [ < C|zy,...,z4]. Without
getting into technical details, let us just say that the C*-algebra O; is naturally
generated by a set of d generators G = {Z,...,Z;}. While it can be easily shown
that the larger generating set G U G*G is always hyperrigid in Oy for every homo-
geneous ideal I, the authors showed in Theorem 4.12 of [18] that hyperrigidity of
G itself is equivalent to the well known essential normality conjecture ([2], Prob-
lem 2) of Arveson.

In [10], Dor-On and the author showed that G being row-finite does not only
imply the hyperrigidity of the Cuntz—Krieger G-family inside O(G), but is in fact
equivalent to the latter (in the paper, the authors considered the norm-closed
algebra generated by the Cuntz—Krieger family — namely, the tensor-algebra
T+ (G) — but the proof works the same if one replaces 7 (G) with the Cuntz-
Krieger family itself; see the proofs of Theorems 3.5 and 3.9 in [10]).

It is therefore natural to ask the following question regarding a row-finite
graph G: in case O(G) is already generated by a subset G of the Cuntz-Krieger
family, is this subset hyperrigid as well? For simplicity, if the graph is assumed
to contain no isolated vertices, then the subset £ := {S, : e € E} is a (minimal)
subset of the Cuntz-Krieger family generating O(G); must £ be hyperrigid in
this case?

In this paper, we show that answer is yes: £ is hyperrigid in O(G) if and only
if G is a row-finite. In the proof, we use a generalization to a not-necessarily-unital
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C*-algebra A of Arveson’s characterization for the hyperrigidity of a generating
subset G: G is hyperrigid in A if and only if for every unital *-representation
7 : A — B(H) there exists a unique unital completely positive extension of 7z|g to
A, namely 7 itself. We also prove that in a proper sense hyperrigidity is preserved
under inductive limits, and use this to show the above result.

The fact that for a row-finite graph G, whenever £ generates O(G) it must
be hyperrigid, also implies that for row-finite graphs the C*-envelope of A(E) :=
alg{S, : e € E} — the operator algebra generated by £ —is O(G). This is known
when the algebra A (&) is replaced by the tensor algebra 7 (G) = alg{P,,S, : v €
V,e € E}; see Theorem 2.5 of [17].

In addition, we define and examine a closely related notion: the property of
rigidity at 0. A generating subset G of a C*-algebra A is said to be rigid at 0 if for
every sequence of contractive positive maps ¢, : A — C satisfying nlg]go on(g) =
0 for every g € G, we have that lim ¢n(a) =0 for every a € A.

Joining hyperrigidity the property of rigidity at 0 yields a somewhat strong-
er notion of hyperrigidity. For example, for a nonunital C*-algebra A, these two
properties (when combined together) are equivalent to a version of Definition|[I.1]
in which the faithful *-representation A C B(H) is not assumed to be nondegen-
erate. In this case, where A is nonunital, the two properties are also equivalent to
the hyperrigidity of G U {1} inside the minimal unitization A

We show that while the Cuntz—Krieger family of any directed graph is al-
ways rigid at 0, the smaller generating set £ is never rigid at 0. More precisely, we
show that for a row-finite graph, a subset G of the Cuntz-Krieger family is rigid
at 0 if and only if it contains every vertex projection.

One immediate consequence of the latter characterization is that whenever a
row-finite graph G has infinitely many vertices (or, equivalently, whenever O(G)
is nonunital), G U {1} is hyperrigid in the unitized C*-algebra O(G)! if and only
if G contains every vertex projection.

2. HYPERRIGIDITY

We now describe a few properties of hyperrigidity.

PROPOSITION 2.1. Let A be a C*-algebra and G a generating subset of A. Then
the following conditions are equivalent:
(i) G is hyperrigid in A;
(if) G U G* is hyperrigid in A;
(iii) span(G) is hyperrigid in A;
If A is unital, then (i)-(iii) are also equivalent to
(iv) G U {1} is hyperrigid in A.

The proof follows directly from the definition of hyperrigidity.
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REMARK 2.2. Suppose A is a nonunital C*-algebra generated by a subset G.
Let A! denote the minimal unitization of A. If G U {1} is hyperrigid in A, then
G is clearly hyperrigid in A. The converse, however, fails; see Proposition 3.8}

The notion of the unique extension property, originally defined by Arveson,
has developed in various settings over the last decades. The common definition,
Definition 2.1 of [3], is for a unital completely positive map defined on an operator
system S which generates a unital C*-algebra A. The notion has a parallel version
for a unital completely contractive map defined on a unital operator algebra, and
in Definition 2.1 of [10] the latter was generalized to the nonunital case.

In this paper, we will need the following version of the unique extension
property which concerns a restriction (to a generating set) of a *-representation:
the C*-algebra is not assumed to be unital, and the generating set is not assumed
to be an operator system or an operator algebra.

DEFINITION 2.3. Let A be a C*-algebra, G a generating subset of A and 77 :
A — B(H) a *-representation. We say that 7t|g has the unigue extension property if
for every completely contractive completely positive map p : A — B(H) we have
that

¢(g) =m(g) forallge G = ¢(a) =r(a) foralla € A.

If A is a unital C*-algebra, S is an operator system generating A, and 7 :
A — B(H) is a unital x-representation, then 7t|s has the unique extension prop-
erty if and only if there exists a unique unital completely positive extension of 7t|s
to A, namely 7 itself. This shows that if the generating set is an operator sys-
tem, then our definition for the unique extension property agrees with the one in
Definition 2.1 of [3].

Now let A be a nonunital C*-algebra and p : A — B(H) a completely con-
tractive completely positive map. Let A! be the minimal unitization of A. The
unitization of p is the unital completely positive map p! : A! — B(H) defined by

pl(a+A-1)=pla)+A-Iy forallac A, A €C;

see Proposition 2.2.1 of [6] for a proof that p! is indeed a well defined unital com-
pletely positive map. If p is a x-representation, then p! is a *-representation as
well.

The proof of the following proposition follows immediately from the defini-
tion of the unique extension property and the discussion above, and is therefore
omitted.

PROPOSITION 2.4. Let A be a nonunital C*-algebra, G a generating subset of A
and 77 : A — B(H) a x-representation. Then the following conditions are equivalent:
(i) 7t|g has the unique extension property;
(i) |y (1} has the unique extension property.
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In [4], Arveson showed that the unique extension property (in the sense of
operator systems and unital C*-algebras) is preserved under direct sums. The
proof of the following version is similar and is therefore omitted.

PROPOSITION 2.5. Let A be a C*-algebra generated by a subset G. Let I be a set,
and for every i € I let m; : A — B(H;) be a %-representation such that m;|g has the
unique extension property. Set 7t := @ ;. Then 7t|g has the unique extension property.

i€l

The next proposition shows that having the unique extension property for
every restriction of a *-representation is equivalent to having it only for restric-
tions of nondegenerate *-representations and for the trivial *-representation.

PROPOSITION 2.6. Let A be a C*-algebra generated by a subset G. Then the
following conditions are equivalent:
(i) for every x-representation 7t : A — B(H), 7t|g has the unique extension property;
(ii) for every nondegenerate x-representation w : A — B(H), m|g has the unique
extension property, and for the zero map 0 : A — C, O|g has the unique extension
property.
If Ais unital and 1 € G, then (i) and (ii) are also equivalent to
(iii) for every unital x-representation 7w : A — B(H), 1t|g has the unique extension
property.
If A is nonunital, then (i) and (ii) are also equivalent to
(iii)! for every unital x-representation 7t : A — B(H), 7t|gyy has the unique
extension property.

Proof. (i) = (ii) is clear. For the opposite direction, if 7 : A — B(H) is
any =-representation, let 71,4 : A — B(K) denote its nondegenerate part, so that
T = T ® 0P* for some cardinality A. By Proposition 7t has the unique
extension property.

If A is unital and 1 € G, then for the zero map 0 : A — C, 0|g must al-
ways have the unique extension property, and nondegenerate *-representations
are unital, so that (ii) < (iii).

If A is nonunital, then the equivalence (i) < (iii)! follows from Proposi-

tionZ4l 1

Let A be a C*-algebra generated by a subset G and let 7 : A — B(H) be
a (perhaps degenerate) s-representation. Let ¢, : A — B(H) be a sequence of
completely contractive completely positive maps satisfying

1im [[ga(g) ~ 7(g)]| =0 forevery g € G.

A crucial ingredient in the proof of Theorem 2.1 in [4] was to define a faithful
unital *-representation ¢ : B(H) — ¢(*(B(H))/co(B(H)) by

1(x)=(x,x,...)+co(B(H)),
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to choose some faithful unital *-representation « : {*°(B(H))/co(B(H)) — B(K),
and to show that if x o 1 o 77|g has the unique extension property, then

nl% lpn(a) — m(a)|| =0 foreverya € A.

The original proof of this implication is only for the case where A is unital, G is an
operator system, and 7t is unital, but remains the same in our more generalized
setting.

It is worth to note that if 7r is nondegenerate, then x o 1 o 77 is nondegenerate,
and if 7t is the zero map, then « o 1 o 77 is the zero map. This observation gives rise
to the following approximation lemma.

LEMMA 2.7. Let A be a C*-algebra generated by a subset G and let 7w : A —
B(H) be -representation. Let ¢, : A — B(H) be a sequence of completely contractive
completely positive maps satisfying

Tim |gn(g) — ()] =0 for every g € G.

If either
(i) every x-representation of A has the unique extension property when restricted to

g or

(ii) every nondegenerate x-representation of A has the unique extension property
when restricted to G, and 7 is nondegenerate; or

(iii) the zero representation of A has the unique extension property when restricted to
G, and 7 is the zero representation.
Then

lim llpn(a) — t(a)|| =0 foreverya € A.
n—oo

Proposition [2.1] implies that hyperrigidity does not depend on whether G
contains the unit of A (if exists) or not. There is therefore no loss in assuming that
G contains 1 whenever A is unital. The following theorem is a generalization of
a theorem of Arveson ([4], Theorem 2.1) and Lemma 2.7(ii) is a key ingredient in
its proof. The proof essentially consists of minor modifications of the proof of the
original theorem and is therefore omitted as well.

THEOREM 2.8. Let A be a separable C*-algebra and G be a generating subset of
A. If A is unital, assume in addition that 1 € G. Then G is hyperrigid in A if and only
if for every nondegenerate x-representation 7t : A — B(K) on a separable Hilbert space
K, 7t|g has the unique extension property.

3. RIGIDITY AT ZERO

We now define a closely related notion concerning a certain rigidity prop-
erty of a generating subset G of a C*-algebra A.
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DEFINITION 3.1. Let A be a C*-algebra and G be a generating subset of A.
We say that G is rigid at 0 in A if for every sequence of contractive positive maps
¢n : A — C, we have

nh—I&(P”(g) =0 forallge § = nli_I}I;o(pn(a) =0 forallae A.

REMARK 3.2. If A is a unital C*-algebra and G is a generating subset of A
containing the unit, then G must be rigid at 0 in A. To see this, let ¢, : A — C be
a sequence of contractive positive maps satisfying lgn ¢pn(g) =0forallg € G.

n—oo

Then for every a € A
limsup || @u(a)[| < limsup [|gx (1) [[|al] = 0.
n—oo

n—oo

This is not the case, however, for nonunital C*-algebras or unital C*-algebras with
a generating set that does not contain the unit; see Examples[3.4/and

In the following theorem, we give some equivalent conditions to the prop-
erty of rigidity at 0.

THEOREM 3.3. Let A be a separable C*-algebra generated by a subset G. Then the
following conditions are equivalent:
(i) G is rigid at 0;
(ii) for every faithful nondegenerate x-representation A C B(H) and for every se-
quence of unital completely positive maps ¢, : B(H) — B(H), we have

,}g{}o%(g):o forallg e G = nli_r)r;qbn(a):o foralla € A;

(iii) for the zero map 0 : A — C, 0|g has the unique extension property;

(iv) for every separable Hilbert space K and 0 : A — B(K), O|g has the unique
extension property;

(V) there are no states on A vanishing on G.

Proof. (v) = (iii) Clearly, if 0|g has the unique extension property, then there
are no states on A vanishing on G, and conversely, if 0|g has a nontrivial positive
contractive extension ¢, then (1/||¢||)¢ is a state on A vanishing on G.

(i) = (iii) is clear.

(ii) = (v) Assume that (v) does not hold and let A C B(H) be a faithful
nondegenerate *-representation. By Arveson’s extension theorem we obtain a
state ¢ on B(H) vanishing on G but not on A. Define ¢ : B(H) — B(H) by
¢(x) := @(x)Iy, then ¢ is a unital completely positive map vanishing on G but
not on A. Setting ¢, = ¢ for every n € N yields a contradiction to (ii).

The assertion (iii) = (iv) follows by Proposition while the assertions
(iv) = (ii) and (iv) = (i) both follow by Lemma iii). ]

In Corollary 3.4 of [4], Arveson shows that for every n € N the set of n
isometries G, = {Sj,..., Sy} generating the Cuntz algebra O, is hyperrigid. In
Continuation of Example 2.7 of [20], Muhly and Solel show that the infinite set of
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isometries Goo = {S1, Sy, ... } generating the Cuntz algebra O is not hyperrigid
(more precisely, they showed that the norm-closed algebra generated by G is
not hyperrigid). In the next example we show that for any #, finite or not, G, is
not rigid at 0 in O,.

EXAMPLE 3.4. Letn € NU {0}, let O, be the Cuntz algebra, and let G, =
{S1,S2,...,5n} be the set of n isometries generating it. We will show that there
exists a state on O, vanishing on G.

For n = 1 note that 01 = C(T), and the state

o(f) = [ f@)dn(z),

where y is the normalized Lebesgue measure on the unit circle, vanishes on z; a
precomposition with the above isomorphism yields a state on 07 vanishing on
the unitary 5.

Assume now that n > 2. Let O, C B(H) be some faithful nondegenerate -
representation, and let p : O, — B(H) be the completely contractive completely
positive map defined by

6(a) = S557a51S,, foralla € O,.
Then p|g, = 0.

REMARK 3.5. When 7 is finite, the study of Davidson and Pitts on Cuntz
algebra atomic representations [9] gives rise to an alternative proof of G, being
not rigid at 0 in O,. Indeed, suppose that 7 : O, — B(H) is any atomic *-
representation, namely, that there exists an orthonormal basis {{,‘j} of H, n en-
domorphisms ¢; : N — N, and scalars A;; € T such that 77(5;)¢; = A;;Gs,(j)-
Let ¢ be a wandering vector for the set of noncommutative words in 77(G,,) (see
Corollary 3.6 of [9]). Then the state defined by

¢(a) = (m(a)¢,¢), forallae O,
vanishes on G,,.

PROPOSITION 3.6. Let A be a C*-algebra and G a generating subset of A. If
span(G) contains an approximate identity for A, then it must be rigid at 0 in A.

Proof. Let {e,} C span(G) be an approximate identity for A. If ¢ : A — Cis
a contractive positive linear functional vanishing on G, then for every 0 < a € A

¢(a) = p(lim ey 2ae/?) < ||al| lim ¢ (en) = 0.
Thus ¢ = 0, so by Theorem[B.3|G is rigid at 0 in A. &

EXAMPLE 3.7. Let G be a directed graph, and letG := {P,,S,: v € V,e € E}
be the universal Cuntz—Krieger family generating O(G). Then span(G) obviously
contains an approximate identity for O(G), namely, the finite sums of the form

Y. P, where F runs over all finite subsets of V. Thus, G is rigid at 0 in O(G). Note
veF
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that when G is row-finite, this already follows from Theorem 3.9 of [10] (together
with Theorem 3.3).

When A is a nonunital C*-algebra generated by a subset G, it is natural to
ask not only whether G is hyperrigid in A, but also whether G U {1} is hyperrigid
in Al; see Section 6 of [4]. The answer depends on whether G is rigid at 0 or not.

PROPOSITION 3.8. Let A be a nonunital C*-algebra generated by a subset G, and
let A denote its minimal unitization. Then G U {1} is hyperrigid in Al if and only if G
is rigid at 0 and hyperrigid in A.

Proof. If G U {1} is hyperrigid in A!, then obviously G is hyperrigid in A.
As for rigidity at 0, by Theorem[2.8|we have that for every unital *-representation
7 : A — B(H), 7t|g has the unique extension property. By Proposition [2.6} this
implies that for every (perhaps degenerate) *-representation 7 : A — B(H) —
and, in particular, for the zero representation — 77|g has the unique extension
property. By Theorem[3.3] G is rigid at 0 in A.

Conversely, assume that G is rigid at 0 and hyperrigid in A. As G is hyper-
rigid, Theorem [2.8|implies that for any nondegenerate *-representation 77 : A —
B(H), rt|g has the unique extension property. As G is rigid at 0, Theorem
implies that for the zero representation 0 : A — C, 0|g has the unique exten-
sion property. By Proposition for every unital x-representation 77 : Al —
B(H), mt|gu1y has the unique extension property. Thus, Theoremimplies that

G U {1} is hyperrigid in Al. &

In the following theorem we give some equivalent conditions for a set of
generators G of a C*-algebra A being both rigid at 0 and hyperrigid in A; we
assume, without the loss of generality, that when A is unital G conatins the unit.

THEOREM 3.9. Let A be a C*-algebra generated by a subset G. Then the following
conditions are equivalent:
(i) G is rigid at O and hyperrigid in A;
(ii) for every x-representation 7w : A — B(H) on a separable Hilbert space H, mt|g
has the unique extension property;
(iii) for every faithful x-representation A C B(H) and every sequence of unital com-
pletely positive maps ¢, : B(H) — B(H), we have that

lim ¢,(g) =g forallge § — lim ¢pn(a) =a forallac A
n—oo

n—oo
where all convergences are in norm.
If A is unital , then (i)—(iii) are also equivalent to
(iv) G is hyperrigid in A.
If A is nonunital, then (i)—(iii) are also equivalent to
W) G U {1} is hyperrigid in A"
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Proof. If A is unital and 1 € G, then G is always rigid at 0 (see Remark ,
so in this case we have (i) < (iv). If A is nonunital, then by Proposition [3.8| we
have (i) < (iv)'.

(i) = (ii) Assume that G is both rigid at 0 and hyperrigid in A. As G is rigid
at 0 by Theorem we have that for the zero representation 0 : A — C, 0|g
has the unique extension property. As G is hyperrigid, by Theorem [2.8| we have
that for any nondegenerate *-representation 7 : A — B(H), 7t|g has the unique
extension property. By the equivalence (i) < (ii) of Proposition 2.6} we are done.

(ii) = (iii) follows by Lemma 2.7]i).

(iif) = (i) We clearly have that condition (iii) implies hyperrigidity, so we
only need to show it implies rigidity at 0. We will do so by obtaining the equiv-
alent condition (ii) from Theorem Let: : A — B(H) be a faithful nonde-
generate x-representation and let ¢, : B(H) — B(H) be a sequence of unital
completely positive maps satisfying nlgr.}o ¢n(g) = O for every ¢ € G. Consider

the faithful (degenerate) *-representation t 0 : A — B(H @ H) and identify
A with 1 @ 0(A). For every n € N, let ¢, denote the extension to B(H & H) of
idp(p) © ¢n. Then nlgn Pu(g) = g for every g € G, so nlgn Py (a) = a for every
a € A. Thus, 1211 ¢n(a) =0foreveryac A. 1

n—oo

4. HYPERRIGIDITY OF THE EDGE SET

Let G = (V,E,s,r) be a directed graph. Recall that the Cuntz-Krieger al-
gebra O(G) is the universal C*-algebra generated by a Cuntz-Krieger G-family
(V,E), where V := {P, : v € V} and € := {S, : e € E} satisfying the relations
(I), (TCK) and (CK) described in the Introduction. We sometimes call V and £ the
vertex set and the edge set of O(G), respectively. As was mentioned in the Intro-
duction (see Theorems 3.5 and 3.9 of [10]), it is known that V U £ is hyperrigid
in O(G) if and only if G is row-finite, so if G is non-row-finite, £ can never be
hyperrigid in O(G).

If G is row-finite, then £ generates O(G) if and only if G contains no isolated
vertices (namely, there are no vertices that emit and receive no edges). In this
section, we show that in this case £ is hyperrigid in O(G). We start with a finite
graph and then continue, by taking inductive limits, to any row-finite graph.

4.1. FINITE GRAPHS. A directed graph G = (V,E,s,r) is called finite if both V
and E are finite. To show that for finite graphs with no isolated vertices & is
hyperrigid in O(G), we will use the machinery of maximal dilations of unital
completely positive maps on operator systems.

Let S be an operator system. A unital completely positive map ¢ : S —
B(H) is said to be maximal if whenever ¢ : S — B(K) is a unital completely
positive map dilating ¢ — thatis, K O H and ¢ = Pyyp(-)|g —thenp = ¢ $ p for
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some unital completely positive map p. It is known that any completely positive
map ¢ : S — B(H) dilates to a maximal map; see Theorem 1.3 of [3] (this was
originally proved in [11]], but in terms of operator algebras rather than operator
systems).

The notions of maximality and the unique extension property are strongly
related. Suppose A is a unital C*-algebra generated by an operator system S,
then a unital completely positive map ¢ : S — B(H) is maximal if and only if
it extends uniquely to a unital completely positive map on A and additionally
this extension is #-representation. In particular, if 7 : A — B(H) is a unital
s-representation, then 7t|g is maximal if and only if it has the unique extension
property; see Proposition 2.2 of [3] (the original proof appeared in [19], but again
in terms of operator algebras rather than operator systems).

THEOREM 4.1. Let G = (V,E,s,r) be a finite graph with no isolated vertices.
Then € := {S, : e € E} is hyperrigid in O(G).

Proof. Let m : O(G) — B(H) be a unital *-representation. By Proposi-
tion and Theoremwe need to show that 7t|¢ | ¢+, 1 has the unique exten-
sion property, or equivalently, that it is maximal. Let p be a maximal dilation of
7| 4e+1c1 to a Hilbert space K O H, and let p : O(G) — B(K) be its extension to
a x-representation. Denote

p(Se) = [ﬂg}%) )ZQ} foralle € E.

Let W be a subset of V containing all sources and no sinks. For every v € W
choose a representative e, € s~1(v). Then

1=Y P+ Y, Po=) S:Se,+ Y, Y. ScS;.

veW veV\W veW veV\Wr(e)=v
Thus,
1= Z 0(Se,)*0(Se,) + Z Z P(Se)o(Se)”
veW veV\Wr(e)=v
-y n(Sez,)*n(S:vHY;,Yev *]+ Y Oy [n(se)n(se*)wxex; :
veW veV\Wr(e)=v

so Y YoYe,+ L Y X X; = 0. We therefore conclude that X, = 0 for all
veW veV\Wr(e)=v

e €r Y (V\W),and Y,, = 0 forall v € W. Since the representatives {ey},cw
were chosen arbitrarily, we have Y, = 0 for all e € s~1(W).

Finally, note that choosing W to be the set of all sources in the graph, we
obtain that r~1(V\ W) = E, so X, = 0 for all ¢ € E; similarly choosing V \ W to
be the set of all sinks in the graph, we obtain that s’l(W) =E,soY, = 0 forall
e € E. Thus, 7t|¢ ¢+ c1 is maximal. 1
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4.2. ROW-FINITE GRAPHS. We will now show that for a row-finite directed graph
G, whenever £ generates O(G), it must be hyperrigid. For this, we first recall
that a row-finite graph G is an inductive limit (or equivalently, a direct union)
of a sequence of finite subgraphs, and consequently that O(G) is the inductive
limit of the corresponding finite graph Cuntz—Krieger algebras. These results are
considered as folklore, but we provide the details for completeness.

Let G = (V4,E1,51,11) and Gy = (V, Ep, Sp,12) be two directed graphs.
Then Gy is said to be a subgraph of G, if Vi C V,, Ey C Ep, 51 = s|g, and
11 = 12|E,. If furthermore whenever v € V; is not a source or an infinite receiver
in G; we have r; ' (v) = r5 !(v), then G; is said to be a CK subgraph of G,.

Let {Gyx = (Vi, Ea, Sa, o) fac 4 be a family of CK subgraphs of G = (V, E,s, 1)
directed under CK inclusion, i.e., (A, <) is a directed set of indices, and whenever
« < B we have that G, is a CK subgraph of Gﬁ. Then G = (V,E,r,s) is said to
be the direct union of the family {Gy}yen if V = UV, E = UE,, and for every

o o

€ A, e € Eywehaver(e) :=ry(e), s(e) := sq(e).

PROPOSITION 4.2. Let G = (V, E,s,r) be a directed graph. Then G is row-finite
if and only if it is a direct union of finite CK subgraphs. If G is a row-finite graph
containing no isolated vertices, then we can choose the finite CK subgraph to contain no
isolated vertices as well.

Proof. Suppose G is row-finite. For every X finite subset of V, let Ex consists
of all edges with r(e) € X (by the row-finiteness assumption Ey is finite) and
let Vx := X Us(Ex) (so Vx is finite as well). Let sx := s|g,, rx := r|g,, and
Gx = (Vx,Ex,sx,rx). Clearly, Gx is a subgraph of G. Since each v € Vx \ X
is a source in Gy, and each v € X has ry!(v) = r~!(v), we have that Gy is a
CK subgraph of G. A similar argument shows that if X C Y, then Gx is a CK
subgraph of Gy. Thus, G is the inductive union of the family {Gx } indexed over
all finite subsets X C V, which is directed under CK inclusion.

If G is not row-finite, there is an infinite receiver v € V, and any finite CK
subgraph of G cannot contain all the edges r~!(v). Therefore, v is a source for
every finite CK subgraph of G containing it. Indeed, if G; = (Vj,Eq,s1,11) is a
finite CK subgraph of G containing v, and the latter is not a source for Gy, then
rl_l(v) = r~1(v), which is impossible as r~1(v) is infinite. Thus, v must be a
source in any union of finite CK subgraphs of G, so G is not the union of finite
CK subgraphs.

Suppose now that G contains no isolated vertices, and let S C V be the
subset of all sources in G. Since G contains no isolated vertices, we can choose
for each v € S a representative e, € s~!(v). For every X finite subset of V, let
X' '=XU{r(ey) : v € SN X} (so X' is finite as well). Let Gx» = (Vxr, Exr, sx, 'x1)
be the CK subgraph of G described in the first paragraph of the proof (constructed
with respect to X’). Then clearly, G is still the inductive union of the family {Gx}
where X is a finite subset of V. Assume that Vs contain an isolated vertex v of
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Gy As v is isolated it is not in s(Eys), so v € X'. But Exs = r~1(X’), so that v
must be a source (of G). Butthenv € SN X' = SN X, so that r(e,) € X'. Thus,
e, € Exs and s(ey) = v, which is a contradiction. &

PROPOSITION 4.3. If G; = (V4,Eq,s1,11) is a CK subgraph of a directed graph
Gy = (Va,Ep, sp,12), then there is an embedding of C*-algebras O(Gy) — O(Gy)
mapping generators to generators.

Proof. As Gy is a subgraph of G, we have V; C V, and E; C E;. We show
that the Cuntz—Krieger family {P,,S, : v € Vj,e € E;} C O(Gy) of Gy is also
a Cuntz—Krieger family for G;. Condition (I) is clearly satisfied. As for (CK), let
v € Vj. If v is either a source in G; or an infinite receiver, then there is nothing
to check. Otherwise, since Gy is a CK subgraph in G,, we have r{’ L) = Ty L(w),
so ), S.S5; = Y S.S; = Py, and (CK) is satisfied as well. Thus, by the

eerfl(v) eer;l(v)
universality of O(Gy), there exists a *-homomorphism ¢ : O(G;) = O(G,), and
by the gauge-invariant uniqueness theorem, ¢ must be injective. 1

We now obtain the following corollary.

COROLLARY 4.4. If G is a row-finite graph, then there is a directed family {Gy :
a € A} of finite CK subgraphs of G such that the union of O(Gy) is dense in O(G). If
G is a row-finite graph containing no isolated vertices, then we can choose the finite CK
subgraph G, to contain no isolated vertices as well.

We now show that hyperrigidity is preserved by taking inductive limits
with injective connecting maps.

PROPOSITION 4.5. Let A bea C*-algebra and G a generating subset of A. Suppose
that there is a collection { Ay} of C*-subalgebras of A directed under inclusion and with
a dense union, and let G, := G N Ay. If for every a we have that G, is hyperrigid in Ay,
then G is hyperrigid in A.

Proof. Let m : A — B(H) be a nondegenerate *-representation. For every
w, let my : Ay — B(H,) be the nondegenerate part of 7|4, : Ay — B(H), that
is, Hy = m(Aq)H and 71y = Py, 7|4, (+)|H,. By assumption, 7, |g, has the unique
extension property.

Let ¢ : A — B(H) be a completely contractive completely positive exten-
sion of 7t|g, and consider ¢|4, : Ay — B(H). Then x — Py, ¢|a, (x)|H, is a com-
pletely contractive completely positive map A, — B(H,), and for every g € G,
we have

Py, ¢la,(8)|H, = Pr,7(8)|H, = 7a(g)-

Thus, 71(a) = Py,¢(a)|n, for every a € A,. Now for every a € A, and { € Hg
choose v > a, B. Then,

nt(a)¢ = Py, m(a)|p, ¢ = 1y (a)¢ = Pu,¢(a)Py, ¢ = Pu, ¢(a)g.
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Since this holds for any ¢ > «,p and since |J H, is dense in H, we have that
m(a)¢ = ¢(a). As this is true for every ¢ € Hgand a € A, and for every a and
we conclude that 7 = ¢. 1

Proposition[d.5together with Theorem [.T|and Corollary [4.4)implies that for
row-finite graphs, whenever £ generates O(G), then it must be hyperrigid.

THEOREM 4.6. Let G be a row-finite graph with no isolated vertices. Then & is
hyperrigid in O(G).

Note that while for row-finite graphs an equivalent condition for £ to gen-
erate O(G) is that the graph contains no isolated vertices, in the not necessarily
row-finite case one needs to add to the latter condition the requirement that every
infinite receiver is also an emitter.

COROLLARY 4.7. Let G be a directed graph with no isolated vertices and in which
every infinite receiver is an emitter. Then & is hyperrigid in O(G) if and only if G is
row-finite.

Proof. If G is not row-finite, then by (the proof of) Theorem 3.9 of [10], even
the larger set {P,,S, : v € V,e € E} is not hyperrigid in O(G), so that £ itself
obviously cannot be hyperrigid. If G is row-finite, then Theorem {4.6|implies that
€ is hyperrigid in O(G). 1

Let A be an operator algebra. A C*-cover of A is a pair (B,) consisting
of a C*-algebra B and a completely isometric homomorphism ¢ : A — B such
that 1(A) generates B. Arveson defined the notion of the C*-envelope. Let A
be a unital operator algebra. A C*-cover (C}(A),«) is called a C*-envelope of A
if for every other C*-cover (B, 1) there exists a (necessarily unique and onto) *-
homomorphism 77 : B — C}(A) such that mo: = «. In this case, (Ci(A), k)
must be unique up to *-isomorphism. Hamana proved that every unital operator
algebra admits a C*-envelope ([13], Theorem 4.4).

If an operator algebra A is nonunital, then a theorem of Meyer ([5], Corol-
lary 2.1.15) shows that it admits a unique minimal unitization. More precisely,
if (1, B) is a C*-cover for the operator algebra A, and B C B(H) is some faith-
ful nondegenerate *-representation of B, then the operator algebraic structure of
Al = ,(A) 4 Cly is independent of the C*-cover B and of the faithful nondegen-
erate x-representation B C B(H).

In this case, the C*-envelope of A is defined as follows: let (C}(A!), x) be the
C*-envelope of A!, then the C*-envelope of A is (C*(x(A)), ) where C*(x(A))
is the C*-algebra generated by x(A) in C:(A?'). It satisfies a universal property
generalizing the one for C*-envelopes of unital operator algebras: for any other
C*-cover (B, 1) of A there exists a (necessarily unique and onto) *-homomorphism
m:B— Ci(A)suchthat mor =«.

The following proposition and corollary are known for unital operator al-
gebras; see Theorem 4.1 of [11]] and Section 2.2 of [1].
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PROPOSITION 4.8. Let B be a C*-algebra generated by an operator algebra A. Let
t : B — B(H) be some nondegenerate faithful x-representation. If 1|4 has the unique
extension property, then B is the C*-envelope of A.

Proof. If A is unital, then this follows from the proof of Theorem 4.1 in [11].
If B is nonunital, then by Proposition for the unital faithful *-representation
i : B — B(H), i}| 51 has the unique extension property. Thus, by the unital case
Ci(A') = B!, so that C}(A) is the C*-algebra generated by A in B!, namely, B.

Finally, if B is unital and A is not, then as (|4 has the unique extension
property, ¢| 41 must have the unique extension property as well. Thus, C:(A!) =
B, so that C}(A) is the C*-algebra generated by A in B, namely, B itself.

COROLLARY 4.9. Let B be a C*-algebra generated by an operator algebra A. If A
is hyperrigid in B, then C}(A) = B.

Proof. If B is nonunital or A is unital, then this follows from Proposition [4.§]
together with Theorem[2.8] Otherwise, B is unital and A is not. If A is hyperrigid
in B, then A! is hyperrigid in B. Thus, by the unital case, C;(A!) = B, so that
C&(A) is the C*-algebra generated by A in B, namely, B itself. 1

Katsoulis and Kribs showed in Theorem 2.5 of [17] that O(G) is the C*-
envelope of the norm-closed algebra generated by the Cuntz—Krieger family —
namely, the tensor-algebra 7 (G) = @{PU, Se:v € V,e € E} (in fact, the tensor-
algebra is usually defined as the norm-closed algebra generated by the universal
Toeplitz—Cuntz—Krieger, but as O(G) is a C*-cover of the latter algebra, the two
definitions are equivalent). Our hyperrigidity result shows that for a row-finite
graph G the smaller operator algebra A(€) := alg{S, : e € E} is hyperrigid in
O(G), and therefore, the latter must be the C*-envelope of A(E).

COROLLARY 4.10. Let G be a row-finite graph containing no isolated vertices,
and let A(E) := alg{S, : e € E} be the operator algebra generated by € inside O(G).
Then, C(A(E)) = O(G).

5. RIGIDITY AT ZERO OF THE EDGE SET

Let G = (V,E,s,r) be a directed graph. As was mentioned in the Introduc-
tion and in Example the Cuntz—Krieger G-family V U £ is hyperrigid if and
only if G is row-finite, and is rigid at 0 in any case. In the last section we showed
that whenever &£ generates O(G), then it is hyperrigid in O(G) if and only if G
is row-finite. In this section we show that £ is never rigid at 0 in O(G). More
precisely, we show that a generating subset G C V U £ is rigid at 0 if and only if
VCg.
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THEOREM 5.1. Let G = (V,E,s,r) be a directed graph and let G be a subset of
the Cuntz—Krieger family {P,,S. : v € V,e € E}. If there exists a vertex v € V such
that P, & G, then G is not rigid at 0 in O(G).

Proof. Let v be a vertex in V such that P, ¢ G and let O(G) C B(H) be a
nondegenerate faithful *-representation. By Theorem [3.3]it suffices to show that
for the zero map 0 : O(G) — B(H), 0|g does not have the unique extension
property.

If there are no edges e € E with r(e) = s(e) = v — namely, if there are no
loops at v — then the nontrivial completely contractive completely positive map
p: O(G) — B(H) defined by p(a) = P,aP, vanishes on G, and we are done. On
the other hand, if there are two (or more) loops, e and f, at v, then the nontrivial
completely contractive completely positive map p : O(G) — B(H) defined by
p(a) = SJ’ESZ PyaP,S,S f vanishes on G. Thus, we may assume that there is exactly
one loop at v, which we denote by e.

If there exists an edge f € E\ {e} with r(f) = v, then the nontrivial
completely contractive completely positive map p : O(G) — B(H) defined by
p(a) = S§tPyaPySy vanishes on G.

Thus, the only case we need to consider is when there is only one edge
going into v, namely, e. In this case 5;S, = P, = 5,5}, so there exists a *-
homomorphism 7t : C(T) — C*(S,) mapping z to S,. As O(G) admits a natural
gauge action and 71 must be equivariant with respect to this gauge action, the
gauge invariant uniqueness theorem implies that 7t is faithful. Thus, by Exam-
ple[3.4] there exists a state on C*(S,) vanishing on {S.}. By Arveson’s extension
theorem it extends to a state ¢ on P,O(G)P,. The nontrivial completely contrac-
tive completely positive map p : O(G) — B(H) defined by p(a) := ¢(PyaPy,)Iy
must vanishon G. 1

REMARK 5.2. As the referee pointed out, one can prove Theorem [5.1|alter-
natively using an integration over the gauge action. More precisely, if P, ¢ G
and -y denotes the natural gauge action, then an integration of P, (+)P, over the
unit circle gives rise to a nontrivial completely contractive completely positive
extension of 0|g.

Recall that O(G) is unital if and only if G contains only finitely many ver-
tices. In case O(G) is nonunital, then due to Proposition 3.8, whenever § is not
rigid at 0, G U {1} is not hyperrigid in O(G).

COROLLARY 5.3. Let G = (V, E,s,r) be a directed graph with infinitely many

vertices and let G be any subset of the Cuntz—Krieger family. If there exists a vertex
v € V such that P, & G, then G U {1} is not hyperrigid in O(G)*.

COROLLARY 5.4. Let G be a directed graph with no isolated vertices and in which
every infinite receiver is an emitter (or equivalently assume that O(G) is generated by
E). Then & is not rigid at 0 in O(G).
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EXAMPLE 5.5. Let n € NU {co}. Define a directed graph by setting V =
{i:1<i<n+1}and E = {e; : 2 < i < n—+ 1} where for eachi € V we have
s(e;) =iand r(e;) =i — 1. Set

Eij:=Se;,1Seisn " Sejs foreveryi < j;

]
-—_ * j B
Eij:=Ej; foreveryi>j; and

Eii:=Ei1E; = P.

A simple computation shows that the E;;’s are matrix units, so that O(G) =
C*(€) can be identified with the C*-algebra /C(H) of compact operators on a
separable Hilbert space H (in case 7 is finite, then we obtain M, (C)). By Corol-
laries [4.7] and & = {Ei_1;: 2 <i < n+1} is hyperrigid but not rigid at
0 in O(G). In addition, note that if n = oo, by Proposition E U {1} is not
hyperrigid in K(H)!.

To conclude this section we give the following observation for the case
where the edge set £ generates O(G). As we showed, in this case, £ is hyper-
rigid if and only if G is row-finite, and £ is never rigid at 0. The set £ U £*E is
also hyperrigid if and only if G is row-finite and is always rigid at 0. To complete
the picture, we show that for any graph G, row-finite or not, £ U £*E U EE* is
hyperrigid (and rigid at 0). More precisely, we have the following theorem.

THEOREM 5.6. Let G = (V, E,s, r) be a directed graph. Then the set
{Py,S¢,S5.S; :veV,ecE}
is hyperrigid and rigid at 0 in O(G).

Proof. First assume that V is infinite. By Propositions B.8]and 2.1 we must
show that the operator system S = span{1, P,,S,,S.S; : v € V,e € E} is hyper-
rigid in O(G)!. To this end, we use Theorem Let 7 : O(G)! — B(H) be a
unital *-representation. We will show that 77| has the unique extension property,

or equivalently, that it is maximal. Let p : S — B(K) be a maximal dilation of 7|g,
and let p : O(G)! — B(K) be its extension to a x-representation. Denote

_|7(Se)  Xe _|(P) Xo
p(Se)—[ Y. 7z, foralleeE, p(Py)= Y, 2z, forallveV, and
* !
[ SES )Z(f} foralle € E.
e

Let P : K — H denote the orthogonal projection of K onto H, then for everyv € V
Pp(Py)*(1 = P)p(Py)P = Pp(Py)P — Pp(Py)Pp(Py) P = 7(Py) — 7t(Po)7t(Py) =0,

and the C*-identity implies Y, = (1 — P)p(P,)P = 0 for every v € V. As p(P,) is
self-adjoint, we have X, = 0 for every v € V as well. A similar argument shows
that X; = Y; = 0 for every e € E. Now, for all e € E, we have that S;S, = Py(,) so
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that

*

[n(%(eﬂ ﬂ = 0(SiSe) = p(Se)*p(Se) = [

which implies Y, = 0 foralle € E.
Finally, for all e € E we have

[H(SSS:) 0] = p(SeS;) = p(Se)p(Se)" = [

and we have that X, = 0 for all e € E. Thus 7 is maximal.
If V is finite, then a similar argument shows that the operator system S =
span{ Py, S¢, S¢Si : v € V,e € E} is hyperrigid and rigid at 0in O(G). &

70(Se)*70(Se) + Yo Ye *]

71(Se)7T(Se)* + Xe X5 *}

*

To summarize our results, we state the following theorem.

THEOREM 5.7. Let G be a directed graph with no isolated vertices and in which
every infinite receiver is an emitter (or equivalently assume that O(G) is generated by
E). Then inside O(G)

(i) EUEEUEE is rigid at 0 and hyperrigid;
(i) £ U E*E is rigid at 0, and is hyperrigid if and only if G is row-finite; and
(iii) & itself is not rigid at 0, and is hyperrigid if and only if G is row-finite.
If, furthermore, G has infinitely many vertices, then inside O(G)?
() EUEEUEE* U1} is hyperrigid;
(ii') £ U E*E U {1} is hyperrigid if and only if G is row-finite; and
(iii') € U {1} is not hyperrigid.
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