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ABSTRACT. We propose a new approach to the spectral theory of perturbed
linear operators in the case of a simple isolated eigenvalue. We obtain two
kinds of results: “radius bounds” which ensure perturbation theory applies
for perturbations up to an explicit size, and “regularity bounds” which control
the variations of eigendata to any order. Our method is based on the implicit
function theorem and proceeds by establishing differential inequalities on two
natural quantities: the norm of the projection to the eigendirection, and the
norm of the reduced resolvent. We obtain completely explicit results without
any assumption on the underlying Banach space.

In companion articles, on the one hand we apply the regularity bounds to
Markov chains, obtaining non-asymptotic concentration and Berry—Esseen in-
equalities with explicit constants, and on the other hand we apply the radius
bounds to transfer operators of intermittent maps, obtaining explicit high-
temperature regimes where a spectral gap occurs.

KEYWORDS: Bounded operators, simple isolated eigenvalues, perturbations, spectral
gap, effective inequalities.
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INTRODUCTION

Let X be a real or complex Banach space and denote by K the field of scalars
and by B(X') the space of bounded linear operators acting on X', endowed with
the operator norm. Given an operator Ly € B(X’) (the case of a closed operator
can be treated similarly using the graph norm on its domain) it is a natural and
old set of problems to ask how its spectral properties change under perturbation,
i.e. when one considers L = Ly + M where M is small in operator norm. A par-
ticularly important question with many applications, for example in the study
of Markov chains and of transfer operators of dynamical systems, is the analytic
dependency of a simple, isolated eigenvalue with the perturbation.

This question is often considered for “Gateaux” perturbations, i.e. of the
form t — Ly, t € (—¢,€) and in a purely asymptotic form. At least in some fields,
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authors often refer to the book of Kato [7] (see also [3]), without using the quanti-
tative statements that are present there (written in the finite-dimension chapters,
but adaptable to infinite-dimensional spaces). Kato uses contour integrals, as in-
troduced by Sz.-Nagy [13] but it has been noticed by Rosenbloom [12] that one
can use the implicit function theorem to easily obtain similar results, and this will
serve as a starting point.

We shall distinguish two types of quantitative statements: one can estimate
the allowable size of a perturbation below which an analytic simple isolated
eigenvalue is ensured (radius estimates), or bound the variations or the iterated
derivatives of the eigenvalue and other eigendata (regularity estimates). Radius
estimates are present in various works. We refer to [1]], notably page 322, for an
account which is about as complete as we could give; more recent references are
[4] and [11]. Regularity estimates are much less common, the only one I know of
being in [12] (Corollary 1a.); it is quite involved and insufficient for some appli-
cations (see e.g. Remark[T.7).

The goal of this article is to produce radius and regularity estimates that:

(i) hold in any Banach space;
(if) are uniform over directions (as in “Fréchet” dérivatives), non-asymptotic
and entirely explicit;
(iif) control higher order derivatives of eigendata (for the regularity estimates).

The motivations for these properties lie in the applications developed in
dynamical systems [9] and probability theory [10], which both rely on the present
article. The operators to be perturbed (transfer operator and Markov averaging
operator) are not self-adjoint and in fact very often act on spaces which are not
Hilbertian, thus preventing the use of a large part of the literature (e.g. pseudo-
spectrum). The uniformity and explicitness is also crucial, as the applications are
about effective results. The control of higher order derivatives is crucial to [10],
where the spectral method is needed up to order 3. To the best of my knowledge
none of the numerous previously known estimates have these qualities.

To achieve this we mostly rely on the comparison principle for differential
inequalities, an approach that feels simpler than the majorizing series method. We
also want to argue for dropping the parametrized approach (which considers a
map t — L;) to perturbation theory in favor of a direct approach inside B(X')
(specific parametrized perturbation being then handled by composition), as it
seems to clarify the computations. As a testimony to this point of view, let us
give right away a short proof of the qualitative perturbation theory of a simple
isolated eigenvalue. The proof does not differ substantially from the one given
in [12], but we include it with our notation as it serves as a starting point to our
new results, and also to advertise further the point made by Rosenbloom that
this approach should simplify the matter at hand. Note that a similar approach is
taken in [6]].
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THEOREM. IfLg € B(X') has a simple isolated eigenvalue, then there is an open
neighborhood V of L such that all L € 'V have an eigenvalue Ay, close to Ag. The map
A2V — Kis analytic, L does not have other eigenvalues near Ao, and there is another
analytic map u : V — X such that uy, is an eigenvector of L for Ay.

Proof (Rosenbloom). Denote by 1 an eigenvector, let ¢y be an eigenform (i.e.
¢o is an eigenvector of L for A) and up to multiplying either of them by a scalar
assume ¢ (1) = 1. Consider the obviously analytic map

F:B(X)x (X xK)—=XxK
(L, u,A) — (Lu — Au, ¢po(u) —1).

We have F(Lg,up,Ag) = 0 and the partial derivative of F with respect to the
(X x K) factor at the point (Lo, ug, Ag) is

92Fo(v, p) = ((Lo — Ao)v — puo, o (0)).
Decomposing along (1) & ker ¢y we see that
azFo({lu() + k,p) = ((LQ — /\0)k — puo,a)

so that forall b, 7 € Kand h € ker ¢ the equation 0, Fy(aug + k, p) = (bug + h, 1)
has a unique solution
a=t, p:—b, k:(Lo—)\o)‘;l h
er ¢

where the invertibility of (Lo — Ag) from ker ¢ to itself follows from the fact that
Ag is simple isolated. The implicit functions theorem then ensures that there is
an analytic map (u,A) : V — X x K defined in a neighborhood of Lj such that
F(L,up,AL) = 0 and (up, Ap) is the unique solution to this equation in a neigh-
borhood of (19, A). In particular Ay is an eigenvalue of L and uy, is an eigenvec-
tor. 1

ORGANIZATION OF THE ARTICLE. In Section [T we fix some notation and gather
our main statements, to ease later reference. Section [2| gives information on a
few tools we need: analyticity in Banach spaces, the implicit function theorem,
and metric derivatives. In Section | we give formulas for the derivatives of the
eigendata, from which in Section |4 we derive Lipschitz estimates on eigendata
and on two crucial parameters T, y. Last, SectionE] contains the end of the proofs
of the main results.

1. MAIN RESULTS

NOTATION AND CONVENTION. All norms will be denoted by ||-||. Operators,
linear and multilinear forms will always be endowed with the operator norm.
We denote by B(y, r) the ball of radius r and center y.



178 BENOIT R. KLOECKNER

We shall denote the composition of operators and the application of an op-
erator to a vector by simple juxtaposition (as in 779pMug) unless it feels necessary
to mark them with o and parentheses for more clarity (e.g. 719 o M(1)). When
P € X*and v € X, we will write (-)v for the rank-one operator X — X map-
ping x to i(x)v (often denoted by v ® ), not to be confused with the scalar ¢v.

In the complex case, we take the convention that X'* is made of linear forms
(not semi-linear) and we pair forms with vectors without taking conjugate, i.e.
(¢,v) = Yo, so that adjoints have the same spectrum as the original operator
instead of the conjugate one.

To state more conveniently some of our results, we will use the following
two variations on the big-O notation. First, O¢(-) will mean a big-O with explicit
bound: if f is a Banach-valued map and g is a function,

f=0c(g) ifandonlyif [f(x)]<Clg(x)| Vx.

Second, we write f = O,, . (g) when for all a, by, ..., there exist a constant
C = C(a4,bs,...) > 0 such that for all arguments x with a(x) < ay,b(x) <
by,... wehave

£ < Clg(x)]-

All maps with operator-valued arguments have their operators written in
subscript indices, e.g. we write u, Ap, rather than u(L), A(L); the index 0 refers
to Lo in this notation, e.g. up = uy,.

Among the possible equivalent definitions of a simple isolated eigenvalue
the following one is closest to our needs.

DEFINITION 1.1. We say that L € B(X') has the scalar A as a simple isolated
eigenvalue if there exists a non-zero u € X such that Lu = Au and if there exists
a complement G to (u) which is preserved by L and such that the restriction and
co-restriction of L — A to G — G is invertible.

Note that by a complement we shall always mean a topological (i.e. closed)
complement and that we write A for the scalar operator A Id when no confusion is
possible. In the above circumstances, we will denote by (L — A)~! the inverse of
L — A viewed as an operator on G. From now on, we will write all eigendata for
L with a subscript, implicitly assuming L is in a sufficiently small neighborhood
of Ly. In particular, the subspace G will be denoted by G, and will be called the
stable complement of L.

If Ap is a simple isolated eigenvalue of L, it is also a simple isolated eigen-
value of the dual operator L*, which has an eigenform ¢, € X'™* (i.e. ¢y L(x) = Apx
forall x € X). The stable complement G, coincides with the kernel of ¢, and the
L*-stable complement of ¢y is the the set ui- of forms that vanish on the eigen-
vector uy .

If we normalize the eigenvector or eigenform such that ¢y (1) = 1, we can
write Py = ¢ (-)up and 7, = Id —¢p (-)ur, for the projections with respect to the
decomposition X = (ur) @ Gr.
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The reduced resolvent (at A1) of L is the operator
SL=(L—AL) ' € B(X),

which takes its values in Gy..

Our method relies on two particular quantities associated to an operator
(with a simple isolated eigenvalue), which on the one hand control all derivatives
of eigendata (to all order), and on the other hand are defined in terms of some
eigendata.

DEFINITION 1.2. Let L € B(X') have a simple isolated eigenvalue Ay, with
eigenvector ur, and eigenform ¢p. We shall consider the quantities

_ el
|pru

respectively, called the condition number and the spectral isolation.

T, =|PL|l and 7 :=[|(L—Ap) o]l = [ISL],

Let us quickly explain their relevance. A large condition number means
that the eigenspace (u) is close to the stable complement G ; when X’ is a Hilbert
space and L is normal the condition number is 1, but the condition number is also
1 in many other cases. The spectral isolation controls how far A must be from the
rest of the spectrum (small vy entails a very isolated eigenvalue).

It will be convenient to say that every L in an open connected set V > Ly
“has an ASIE” (standing for Analytic Simple Isolated Eigenvalue) if there is an
analytic map A defined on V such that Ay, is a simple isolated eigenvalue of L. It
will then follow that the other eigendata will also be analytic in the same region.

1.1. RADIUS ESTIMATE. We assume Ly € B(X') has a simple isolated eigenvalue
Ao with eigenvector ug, eigenform ¢y, stable complement Gy := ker ¢y and asso-
ciated projections Py, 7.

Our first result is a simple radius estimate.

THEOREM 1.3. All L such that ||L — Ly|| < ﬁ have an ASIE.

REMARK 1.4. This is very close to the estimate of Baumgirtel [1], see
page 322 and further. However Baumgértel assumes & is a Hilbert space; it might
be possible to extend the method he employs to general Banach spaces, but the
level of technicality makes it tedious to check.

It is not easy to compare with the result of [11] in general, notably because
our choice of balance between precision and simplicity is slightly different. When
T =1, |(Lo — )7t =: % and ||79]] = 2 (which is not uncommon, see Re-
mark , in the worst case Nair gets a radius of ‘15—% while we get %.

REMARK 1.5. A toy application consist in applying Theorem in X =

R" with the supremum norm |-||e, to (a multiple of) the matrix Ly having all
coefficients equal to %, yielding the following.



180 BENOIT R. KLOECKNER

A matrix L = ({;;);; that has almost constant coefficients in the sense that
for some ¢, on all rows i it holds

1 c|
: — Yl —c < =,
(1.1) - § [l —cl < 3

must have a simple eigenvalue (here the 12 comes from 7p = 1 and vy < 2). Un-
der a slightly stronger bound, Theorem [I.6| will also imply that the eigenvalue is
positive, and we could further find conditions ensuring the eigenvector is posi-
tive too.

This can be seen as a variation on the Perron-Frobenius theorem since (1.1
is fulfilled whenever for all coefficients |/;; — c| < % (the Perron—Frobenius theo-
rem would ask this with {5 replaced by 1, taking c as the middle of the range in-
terval of the coefficients); but is more flexible in that it allows for coefficients
of variable sign (a small proportion of the coefficients can be very far from c).

1.2. REGULARITY ESTIMATES. Next, at any distance smaller than our radius es-
timate we obtain effective regularity estimates. This is the main result of this
article, to be used intensively in [10].

THEOREM 1.6. Given any K > 1, whenever |L — Lg|| < 6I<rlw we have

K-1
|IDAJ| < 19 + —5 | DPL|| < 2KT970,
ID?A|
ID3A|

< 2K770, ||D7Lll < 2KTo70,
< 12K*1575,

|
|
and the following Taylor formulas with explicit bounds:

AL = Ag + Oy (k-1)/3(IIL — Lol[),

AL = Ao+ ¢o(L — Lo)ug + Okryyo (IL — Lo||?),

AL = Ao+ ¢o(L — Lo)uo — ¢o(L — Lo)So(L — Lo)uo + Oz 2,2 (L~ Lo®),
PL = Po + O2kryq, (IIL = Lol]),

L = 710 + Oy (k—1)/3(IL — Lol[)-

REMARK 1.7. We stopped our estimates at order 3 while it is easy (but
slightly tedious) to use our methods up to any finite order, notably Proposition[3.7]
is easily extended. Our motivation to go precisely this far is in Berry-Esseen
bounds: in [10] we apply these estimates to Markov chains, seen as averaging
operators on a suitable space of functions. Under a natural spectral gap assump-
tion, the order 1 term gives a law of large numbers and the order 1 Taylor formula
gives effective estimates in the convergence speed; the order 2 Taylor develop-
ment gives a central limit theorem and the order 2 Taylor formula gives effective
estimate in the convergence speed, notably Berry-Esseen bounds.



EFFECTIVE PERTURBATION THEORY FOR SIMPLE ISOLATED EIGENVALUES OF LINEAR OPERATORS 181

REMARK 1.8. Expressed in terms of r = ||L — Ly ||, these bounds are
_2nm0r
1-— 6T0’)/01”

2790
D?A|, |DP.|, ||D < —,
[D=All, [|DPL]|, || nLII\l_émor

IDA]l < w0 +

127573
(1—6T19707)?

1.3. SPECTRAL GAP ESTIMATES. Insome applications, we have more than an iso-
lated eigenvalue: a spectral gap below Ag. It is well-known that the operators
having a spectral gap form an open set, and we shall provide a quantitative ver-
sion of this statement.

ID?A] <

DEFINITION 1.9. We shall say that L € B(X') has a spectral gap (of size 6 €
(0,1) with constant C > 1) below its eigenvalue A if on the stable complement G
to the one-dimensional eigenspace it holds

IL"x|| < C]A|"(1—8)"||x|| Vx € G,VneN.

Under the assumption of a spectral gap, A is not only isolated from the rest
of the spectrum: the rest of the spectrum is contained in a disc of radius |A|(1 —§).
We shall then call A the leading (or main) eigenvalue.

When it comes to perturbations, the simplest case to handle is when C =1,
ie. /\%LO is contracting on Go.

THEOREM 1.10. Assume Ly has a spectral gap of size &y below its leading eigen-
value Ay with constant Cy =1, i.e.

[Lox[| < (1= do)|Aolllx]  Vx € Go.
Set a=2(|Ag|(1—080)+||Lol|). Given 6 € (0,dp), let p(6) be the unique positive root of

1-6 1-6 1
X?(a+——) +X(6|Ao|(6 — ) + a4+ —— + —— ) +6|Ag|(6 — ).
( 61'070) ( |Aol( 0) - TO%) |Aol( 0)
Then every L € B(X') such that
p(%)
L-ILy||<—— 45—
IL=Loll < G+ o @m0

has a spectral gap of size § below Ap, with constant 1.

Note that p(6) tends to 0 as & — Jy and has a finite limit when § — 0, which
gives a lower bound on the radius around Ly where some spectral gap persists.
The expressions are a bit intricate, but they only depend on the numerical quan-
tities 79, 0, || Lol|, | Ao, do, neither on the specific value of Ly nor on any property
of X.

Under quite common further assumptions, we can simplify the result if we
accept to lose some precision.
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COROLLARY 1.11. In the case Ag = ||Lo|| = Co = 1, all L such that
do(%0 — )
(1460 — )0l ol
have a spectral gap of size 6 below A1, with constant 1. In particular, all L such that

5
L-L < ——rn———
| ol 6(1 4 o) 10| 7m0]|

L—-Ly| <
IL - Lol <

have some spectral gap, with constant 1.

REMARK 1.12. While the assumptions may seem quite restrictive, they are
relevant to the case when L belong to a family of “transfer operators” associated
with various potentials for a fixed dynamical system; we apply Corollary to
this context in [9].

The case when Cy > 1 is technically more involved. Instead of working out
the numbers, we simply state a uniform but non-effective result.

COROLLARY 1.13. If Ly has a spectral gap of size 5y with constant Cy below its
eigenvalue Ay, then all L such that

”L - LO” < O*Co,éal/To,\/\d (1)
have a spectral gap below Ay

REMARK 1.14. Continuity of eigenvalues has been proved by Keller and
Liverani [8] for more general perturbations. More specifically, they considered
(under a specific set of assumptions) the case when we have an additional weaker
(not complete) norm |||l on X and the perturbation is small in the strong-to-
weak operator norm

[ILllsw := sup{|[Lxflw : [[x]| <1}

It would be interesting to see whether radius bounds and regularity estimates
as above can be derived in this setting, which is notably important in dynam-
ical systems (for example, the perturbation induced on the “transfer operator”
of a perturbed dynamical system of hyperbolic type is often large in the usual
operator norm, but small in the strong-to-weak norm).

2. PREREQUISITES

2.1. ANALYTICITY IN BANACH SPACES. Analyticity in Banach spaces is very sim-
ilar to analyticity on R or C, but for the sake of completeness let us recall the
definition and a few properties. Note that the definition we give is a strong one,
some authors only asking for composition with analytic paths to be analytic. This
weaker definition gives no uniformity with respect to the direction of a perturba-
tion and is thus not suitable for our present purpose.
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Let X and Y be two (real or complex) Banach spaces, whose norms will
both be denoted by ||-||. A continuous, symmetric, multilinear operator & : X* —
Y has an operator norm denoted by ||¢||; if x is a vector in X, we set {(x) :=
&(x,x,...,x) and we have ||¢(x)|| < ||&]|||x||. We shall say that a sequence & :
X* — Y of continuous symmetric k-linear operators (k > 0) is a series with
positive radius of convergence if the complex series

3 l1Gkll="

k=0

has a positive radius of convergence in C.

Let F: U C X — Y be a map defined on an open subset of X. We say
that F is analytic if for each x € U there is a series of k-linear, symmetric, contin-
uous operators &, : X* — ) with positive radius of convergence such that the
following identity holds for all / in a neighborhood of the origin in &’

(2.1) F(x+h) =} &ux(h)

k>0
(note that as soon as ||1]| is small enough, the sum is absolutely convergent, hence
convergent).

An analytic map is smooth (in particular, Fréchet differentiable and locally
Lipschitz-continuous) and the operators ¢, ; are uniquely defined by F. More-
over it suffices to check at a point x to have a similar expansion F(y + h) =
Y&y x(h) for all y in a neighborhood of x.

2.2. THE IMPLICIT FUNCTION THEOREM. The implicit function theorem is well-
known for smooth maps between finite-dimensional spaces; it holds as well in
the analytic regularity, for maps between Banach spaces, with basically the same
proof (see e.g. [2], [14]).

IMPLICIT FUNCTION THEOREM. Let F: U C X x Y — Z be an analytic map
defined on an open set of the product space, such that F(xo,yo) = 0 for some (xg,yo) €
U. If 02F(yy ) = Y — Z is a linear isomorphism of Banach spaces, then there is an
analytic map Y : V — Y defined in a neighborhood V of xo such that Y (xg) = yo and
forall x € V, F(x,Y(x)) = 0. Moreover for each x close enough to xo, y = Y (x) is the
only solution to F(x,y) = 0 in a neighborhood of y.

Here 9, denotes the second partial derivative of F, i.e.
azp(w) (h) = DF(x,y)(O,h).

REMARK 2.1. To treat the case when L is closed rather than bounded, one
needs a more general implicit function theorem, suitable for a map of the form
F(x,y) = Ay + b(x,y) where b is analytic and A is linear and closed with domain
D C Y. Such an implicit function theorem is easily deduced from the above one
by endowing D with the graph norm max(||-||, || A-||) making it a Banach space.
Then Ay + b(x,y) defines an analytic map from an open set of X x D and the
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above theorem yields an implicit function Y : ¥V C & — D, which is still analytic
when seen with target ).

The key point to observe is that in the proof of analyticity of the eigendata
we can replace the factor X x K in the source by D x K, but let the target be
X x K. Then we need that Ly — Ag be invertible from D N Gy to Gy, with bounded
inverse (which is the usual hypothesis).

2.3. METRIC DERIVATIVE. Our effective estimates are obtained by controling the
evolution of the quantities T and -y when the operator L moves away from Ly. We
shall use differential inequalities to compare T and -y to the solution of a system
of ODE, with the slight complication that T and v are not differentiable. We shall
rely on the simple notion of the metric derivative, also named pointwise Lipschitz
constant, of a function f : ) — K, which we denote by |D|:

e e s )=S0
|D‘f( ) : rjOpyesB(Ec),r) Hx*yH ‘

Of course, if f is (Fréchet) differentiable then |D| f = || Df||, and if f is C-Lipschitz
then |D| f < C.

A way to reword this definition is by saying that [D| f(x) is the least con-
stant C such that

[f(x) = fWI < Cllx =yl +o(lx—yl) asy—x

This makes it easy to check that for all (locally Lipschitz, say) functions f, g, (fi)icr
from )Y to K we have

<[D[f,
< (IBIA)lgl+IfI(IDlg),
Ssu UmﬁL

ID||f]
IDI(fg)
Hﬂiﬂﬂ)

and if f takes it values in a Banach space and is differentiable,

IDIIfIl < IDAI-

Moreover, we have the usual comparison result for differential inequalities
(which we state here in a version which is easy to prove and sufficient for our
purpose, but certainly less general than possible).

PROPOSITION 2.2. Let f : V C Y — R be a function defined on a convex
open set of a Banach space and F : [0,+00) — [0, +00) be a non-decreasing locally
Lipschitz function. Fix xo € V and let s : [0,R) — R (with R finite) be the solution to
(ﬁzF()()—waD

IfID| f(x) < F(|f(x)|) forall x € V, then for all x € V N B(xg, R) we have

f ()] < s(]x = xo])-
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Proof. We first restrict ourselves to dimension 1. Let x € V such that ||x —
xo|| < R and consider x; = xo + tu(f—_fé)ﬁ and g(t) = |f(x¢)| for t € [0,R). Then
DI g(f) < Df f(x) < F(g(t))-

Let C be a Lipschitz constant for F, valid on [0, R]. Given ¢ > 0, consider
the set

A= {ty € [0,R):Vt < tg:g(t) <s(t) + ee*“}.
We have 0 € A by the initial data imposed on s, and A is clearly an interval closed
in [0,R). Assume T := sup A < R; then we have ¢(T) < s(T) + €e2‘T and thus

DI g(T) < F(g(T)) < F(S(T) +e2T) < /(T) + Cee2C.
Fort — T and t > T, taking the difference between
g(t) < s(T) +ee®T 4 (s'(T) + Cee®T)(t — T) +o(t — T)
and
s(t) + ee®t = 5(T) 4 ee®“T + (s'(T) 4 2Cee®“T)(t — T) + o(t — T)

we get

g(t) <s(t) +ee®t —Ce®T(t —T)+o(t—T).
Therefore there exists a T' > T such that g(t) < s(t) + ee?“! for t € [0,T’), con-
tradicting the definition of T. Thus T = R and forall t € [0,R) and alle > 0
we have g(t) < s(t) + ee?“!. Passing to the limit when ¢ — 0, we get the desired
conclusion. &

3. DERIVATIVES OF THE EIGENDATA

We fix a bounded operator Ly defined on X to itself having a simple iso-
lated eigenvalue Ag, an eigenvector ug and an eigenform ¢p. For simplicity, we
shall assume that ¢pup = 1. This has no incidence on statements and quantities
which are invariant under changing this normalization, such as estimates on A,
the value of 7, etc. Other cases can be recovered by homogeneity considerations
if necessary.

3.1. THE PERTURBED EIGENVALUE IS SIMPLE ISOLATED. Our starting point is the
qualitative theorem stated and proved in the introduction, according to which
there are analytic maps A, u defined in a neighborhood V of Lg in X, with values
in K and X respectively, such that Lu;, = Apuy; moreover Ap is the only eigen-
value of L near Ag. Up to further restrictions we assume V to be star-shaped with
respect to Lo.

We moreover apply the same result to L to obtain an analyticmap ¢ : V —
X* such that ¢, is an eigenvector of L* for an eigenvalue that is close to Ag and
must thus be A;. Then ker ¢, =: Gy, is a closed hyperplane which is L-invariant
and complementary to both (up) and (ug). The hyperplanes G and Gy can then
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be identified through 7. Since L — A is close to Ly — Ag € B(Gp) through this
identification, it must be invertible. This proves the following classical strength-
ening of the qualitative theorem stated in the introduction.

PROPOSITION 3.1. Each L in some neighborhood V of Ly (which has possibly been
further reduced) has Ay, as simple isolated eigenvalue.

We insist on the difference between the two eigendata A and uy: A is com-
pletely specified, while u is subject to normalization, as for every analytic func-
tion f : V — K, the map e/ u also defines an eigenvector. Similarly, ¢; can be re-
placed by e8¢ freely. We shall assume that u is as constructed above (i.e. ¢pup, = 1)
but rescale ¢ to enforce the relation

¢prup =1 VLeV
which we assume from now on.
3.2. FIRST DERIVATIVE OF THE EIGENVALUE AND THE EIGENVECTOR. As is clas-
sical when one uses the implicit function theorem, the derivatives of the implicit

function can be recovered by differentiating F(L, ur, A1) = 0, yielding the follow-
ing proposition.

PROPOSITION 3.2. On V we have
D)\L(M) = (PLMML VM € B(X)
and there is an analytic map a : V — B(X)* vanishing at Lo such that atall L € V:
DML (M) = —SLMML +ag, (M)ML.
Proof. Recall that u and A are obtained by applying the implicit function
theorem to the map
F:B(X)x (XxK)—XxK
(L u,A) — (Lu— Au, po(u) —1).

Differentiating F(L, up, Ap) = 0in a direction M € B(X') we obtain
((L = ApL)Dup (M) + Mup, — DAL (M)ug, (f)o(DuL(M))) =0.

Applying ¢p, to the first member and using ¢ (L — Ap) = 0, we get DAL (M) =
¢rMuy,. Applying 7y, to the first member and using L — A, = (L — Ap) 7, we get
iy Dup (M) = —S Muy, and setting ap (M) := ¢ (Dur(M)) we are done. 1

REMARK 3.3. In the general case where we do not assume the normalization
¢Luy, = 1, by invariance with respect to normalization we have

_ (PLMML

DA (M) = TR
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REMARK 3.4. We have D[efU]. (M) = Dfy(M)e/Lur + e/t Dug (M) so that,
for any fixed L, by choosing f such that Df; () = —¢p(Duy(-)) we can ensure
D[efU]L(M) € G for all M. However we may not be able to ensure this property
simultaneously at all L, because we would need L — —¢ (Duy (-)) to be a closed
1-form.

3.3. FIRST DERIVATIVE OF THE EIGENFORM. Let G = uj be the stable com-
plement of (¢r) for L* and 7} the corresponding projection. Note that 77{ also
happens to be the dual operator to 71, and that as before (L* — Ap) ™! is by con-
vention a map from G to itself.

LEMMA 3.5. Forall p € X*, we have
(L= A) i = p(L—Ay) "'

i.e.S{ = Sy+. Asa consequence, yy+ = yr. It also holds 1+ = 7.

The order of composition with (L — Ap) and 711, may seem wrong, but this
is a subtlety in the definitions related to the domain of (L* — Ap)~! (note that the
other order of composition would not make sense).

Proof. Wehave (L — Ap) 'y = 7t (L — AL) 7 (and similarly in the dual)
so that
(L =AL) 'rfyp=nf (L' —Ar) ' =yo (m(L-AL) 'm) =¢p(L—AL) 7.
We deduce 71+ < 71, and the equality follows by usmg the Hahn-Banach the-
orem to find a i whose norm is realized by (L — Ap) 7t (x) where x almost
realizes y.

Last, since the natural image of up, in the bidual X** is obviously the eigen-
vector of L** for A;, we have i+ = 1. 1

PROPOSITION 3.6. Forall L € V it holds
D¢L(M) = —¢LMSy, —a(M)¢r
where a is the 1-form on V C B(X) defined in Proposition

Proof. Applying Proposition 3.2 to L*, there must be an analytic map b :
VY — B(X)* such that

D¢L(M) = (AL — L) 77 (LM) + b (M) ..
Lemma allows us to rewrite this as
D¢r, (M) = ¢LM(AL — L)_leL + by, (M)gbL = —¢LMSL + by, (M)qu

Differentiating 1 = ¢puy, and using that Spu;, = 0 and that ¢ vanishes on the
range Gy, of Sy, we then get

= D(¢u)L(M) = [~¢LMSL + b (M)¢rJur, + ¢r[~SLMur, + ap (M) u ]
= by (M)¢rur + ¢r(aL(M)ur).
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It follows 0 = by, (M) +a;.(M). 1

3.4. FURTHER DIFFERENTIATION FORMULAS. We will now compute derivatives
of other quantities and higher derivatives of A. Unsurprisingly, the normalizing
function a will often disappear: it cannot impact the quantities that are normali-
zation-insensitive.

It is sometime useful to consider the operator Ry defined by L=A; P +Rp. It
takes its values in Gy, vanishes on uj and therefore satisfies P R;, =R P, =0. The
spectral gap condition can then be rephrased as an exponential decay of ||R} ||.

Recall that the normalization ¢pup = 1 is assumed; we also gather the pre-
viously computed derivatives to ease future reference.

PROPOSITION 3.7. For all L having an ASIE, we have the following expressions:
(i) DAL(M) = ¢LMuy,;

(ii) Dup (M) = =Sy Muyg, + ap (M)ug;

(iii) Dp (M) = —pLMS —a . (M)¢r;

(iv) D2AL (M) = —2¢ MS_ Mg

(v) DPL(M) = *(PLMSL(’)ML — (PL(')SLMML,‘

(vi) Drt, (M) = ¢LMSy(-)ur, + ¢r.(-)Sp Muy;
(vii) DSL(M) = —SLMSL(-) + ¢1.(-)S Mur, + (pLMur St + [pLMSF (-)]ur;
(viii) DA (M) = 641 MSL[M — ¢ Muy ]Sy Muy ;

(ix) as soon as Ay, #0, D[%R}L(M) =1M- %L—HPLMSL(~)uL+4>L(-)SLMuL.

L

In the bracket of the second-to-last item, the scalar ¢y Muy is to be inter-
preted as the scalar operator (¢r Muy ) Id.

Proof. The first three items have been proved above. Differentiating the
equality DAL (M) = ¢y Muy we get:
D*AL(M) = (—=¢LMSt, — ar(M)¢r)Mur, + ¢rM (=S Muy, + ar,(M)ur)
= —2¢LMSLMML — aL(M)<pLMuL + (PLM({ZL (M)ML) = —2¢LMSLMML.
The formula for DP is obtained similarly by differentiating Py = ¢ (-)uy, with
some caution: the terms —ap, (M) ¢ (+)ur and ¢p (-)ap (M)uy, do cancel out, but the
two remaining terms —¢p MSy (-)up and —¢p (-)SpMuy, are quite different: the
first one maps x € X to —(¢pMSpx)ur, € (up), while the second maps it to
—(¢Lx)S.Muy, € Gi. Differentiating 7r;, = Id —P with respect to L (observe that

Id is a constant), we get D7r;, = —DPy.
To treat S, one first differentiates (L — Ay )Sp, = 71y, to get

(L — /\L)DSL(M) + (M - QDLMML)SL = ¢LMSL(')ML + ¢L(')SLMUL
and obtains
(L—AL)DSL(M) = —MSg + QDLMSL(')L!L + (QDLMML)SL + ¢L(')SLMML
—7MSL + (¢LMur)St + ¢ (-)SLMu.
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Composing on the left by Sy and observing that S; (L — Ay) = 7 and Sy rp, = S
and using linearity to pull scalar expressions out of operator arguments, it follows
that

(3.1) LDSL(M) = —SLMS, + (prMur)S{ + ¢r.(-)S; Mur..
Then one differentiates ¢.S;, = 0 to obtain
¢LDSL(M) = ¢pLMS?,

giving the u, component of DSy (M). Combining this information with (3.I), the
claimed formula follows.
Last, differentiating D?Ap (M) = —2¢; MS; Muy, we arrive at

D3)\L (M) = —ZDC[)L(M)MSLMML —2¢MDSy, (M)MML — 24)LMSLMDLIL(M)
= 6 MSL MS; Muy, — 6(¢p MSEMuy ) (¢ Muy )

which factorizes as stated.
Finally, the definition of R can be rewritten as %LRL = % — P, from which
the derivative follows. 1

REMARK 3.8. The expression of D?A; in Proposition generalizes (and
simplifies part of the proof of) Theorem C in [5]. The only part needing additional
work from this expression is to work out the splitting of the space into the direct
sum of the tangent space to the normalized potentials and the set of coboundaries
and constants. The various reformulations of the expression are then classical.

4. BUILDING ESTIMATES FROM THE DIFFERENTIATION FORMULAS

We can now bound all above derivatives in terms of the two fundamental
quantities

1 = ||¢rl/[Jur| = [PL|| and 9 = ||St]|

(recall we normalized ¢, to ensure |¢ppur | = 1).

PROPOSITION 4.1. At each L near L we have:
@) Il < 1+ 7oand ||| < T+
(i) || DAL]| = T/
(iii) [[D2AL || < 29171
(iv) [[Dm| < 2917
(V) IDPL|| < 29p7;
(vi) [|DSL[| < 9% (1 +37);
(vii) [ DALl < 67fT(1+1L);

(viii) as soon as A, # 0, || D[AR]L|| < MlT\ +

‘/\TLL‘Z ”LH + 27,71
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Proof. All bounds follow directly from the expressions given in Proposi-

tion for example
[DALM) || = [[¢pMur[| < [[¢rl[[uc|[[M]] = 7M.

To get the equality ||[DAL|| = 71, one simply considers perturbations M of unit
norm that send uy to vectors of the same norm on which ¢; almost realizes its
norm (such M exist by the Hahn-Banach theorem). 1

REMARK 4.2. Some of the constants above can be improved if we know
more about X, for example if it is a Hilbert space. Indeed, the two terms given in
Proposition[3.7|for D7t (M) (x) are its component — [ MSy. (x)]uy, in the direction
of up, and —¢r (x)[SLMuy ] in Gr; in a Hilbert space under a good bound on 7, we
know that the two terms are close to being orthogonal and so the norm of their
sum must be somewhat lower than the sum of their norm. This kind of argument
can be more generally used in a space with some uniform convexity estimates.
We shall not pursue these improvements because they only apply in restrictive
cases and they appear to be quite modest.

We arrive at our core result, which will enable us to control T and 7 and in
turn all eigendata.

COROLLARY 4.3. We have |D| T < 297 and |D| vy < 7%(1 + 371).

Here |D| denotes the metric derivative (also known as the local Lipschitz
constant) defined in Subsection[2.3]

Proof. By Propositionfd.1lwehave 7, = || DAL||, and then |D| T = |D|||DA|| <
|[D?A|| < 297 Since ¢ = ||S|| we have |[D|y < ||DS|| < 7*(1+37). 1

There are a priori several ways to combine these bounds together; optimally,
one would compare 11, and 7, to the values t(r), g(r) at r = ||[L — Lg|| of the
solutions t, ¢ to the differential system

t =2tg
4.1) ¢ =g*(1+3t)

t0) =1 & g(0) =0
However the solutions of this system are unlikely to have a nice expression, and
the explosion time might be difficult to express exactly.

Instead, we accept to lose a little ground for the sake of simplicity and us-
ability. This leads us to the following corollary.

COROLLARY 4.4. We have |D|(y7) < 6772
Proof. We simply observe
ID|(y7) < (D] )T+ 7(ID[ 1) = ¥*(14+37)T + 7297 = ¥*(37° + 37) < 6977

sincel < 7. 1
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REMARK 4.5. Since t is increasing, ¢’ > (1 + 379)g? and the explosion time

: 1 : . 1 . i
of is at most 3y while we will get TR This shows that the loss coming

from this relaxation is modest.

5. END OF THE PROOFS OF THE MAIN RESULTS

Proof of Theorems|[1.3|and[1.6] First, we want to prove that every operator L
in B(Ly, ) has an ASIE for r( as large as possible. To simplify we will look in
one direction at a time: fix some M € B(X'), of norm 1 say. Set L, = Ly + *M and
define

B={rp€[0,+00):3e>0,Vre|0,ro,VL € B(L;,¢) : L has an ASIE}

(recall that implicitly the eigenvalue is required to be analytic, in particular con-
tinuous, on this neighborhood of a segment). By Proposition B is open and
0 € B. By definition B is an interval, so B = [0,74) for some r € (0, +o0], which
a priori depends on M but that we intend to bound uniformly from below.

By abuse of notation, let 7,7 : B — (0, c0) be the functions sending r to
7(r) := 7, and 7(r) := 7, respectively. Since |[M| = 1, Corollary [4.4] yields
again [D|(t7y) < 67292 in this notation.

By comparison (see Proposition we thus have 7y < w where w is the
solution of w’' = 6w? with w(0) = T, as long as w is defined. Solving this
equation explicitly, we conclude that for all 7 € B smaller than . it holds

67070
= 1970 1—61707

Assume by contradiction that v < #’m' Then 7 is uniformly bounded
from above on B. Let us prove that T and 7 are both uniformly bounded from
above. First T > 1 so that y < 7. Second, denoting by 7 a upper bound for v,
we have |D| T < 2,4 7 so that again by comparison, T(r) < 19 exp(ry4).

Proposition ensures that A, 7, P, S are Lipschitz on a neighborhood of
{L,,r € B}. Since r is finite and X, B(X') are complete, these eigendata all have
limits when r — 7. The limit of Py, as ¥ — r must be a rank-one projection
to some line (u, +), where L;, has eigenvalue 1}1;11 AL,. The limit of 771, must be

a projection onto some subspace G,, preserved by L,,. Since in the relations
Ppm, = 0and P + 71, = Id we may pass to the limit, G,, must be a complement
to (uy, ). The relation (L — A)S = 7t then also passes to the limit, and since S and
||S|| converge, L,, has a simple isolated eigenvalue. Applying Proposition 3.1{to
L, and using continuity of A, we see that . € B. This is a contradiction since B
is open and r := sup B.

At this point, since the bound r > ﬁ does not depend on M, we have
established that A (and the other eigendata) can be defined and is simple isolated
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on B(Ly, rg) with rg =

1 070
< (—— —6|L-L = .
LIS (T 070 | OH) — 6770||L — Lol

When ||L — Lg|| < 6K1070 this implies 11y, < K190 In particular, T is 2K1yyo-
Lipschitz, so that
K—-1 K-1
2K < _—
< 19+ 2K970 6KT70 T + 3
Then [[DAL| < 7 < 10+ 552 HDPLH |D7r|| and ||D2)\LH 2771 < 2K7970,
and | D3 || < 6TL')/L(1 + TL) < 127797 < 12K*1373. 1

Proof of Theorem The hypothesis ensures at least |L — Ly|| < ﬁ, SO
that L has an ASIE Ap. Let x be a vector of Gy. Using that 7 x = x and thus
| 7tox||< (1 + [|7rL — 770l]) [| x| we get

|[Lx|| = ||Lomox + Lo (rrp.x — 7rox) + (L — Lo)x||
< [Aol(1 = do) || rox[| + [[Lol| |7z, — 7o | [ + [|L — Lol[ |||l
< ([Aol(1 = d0) + |70 — 72l ([ Aol (1 = do) + [[Loll) + IL — Lol|)[[x]|-
Now, if |[L — Ly| < 6KT 7 for some K > 1, we have ||t — mp|| < f(K -1)
and, using the explicit-remainder first order Taylor formula of Theorem (1.6 E and
[IDAg|| = 1 we get
(K=1) (K1)
6K’)’0 36KTO’)/0

so that to ensure ||Lx|| < (1 — 8)||Ap]|||x]| it suffices to have

AL = |Ao| =

1 K—-1
5.1 Aol(1 — & —(K—=1)(|Ag|(1 =9 L
(5.1)  [Aol( 0)+3( ) (|20l ( 0) + |l 0||)+6KTW0
(K-1)  (K-1)?
< (1=9)(|Aog| — —
( )(| ol 6K 361<r070)
or equivalently,
K—1 (K=1)(1-¢ K—1)2(1-9¢
6K|Ag|(6 — ) +aK(K—1) + +( I )+( ) ) <0
00 Y0 67070
which, writing K = K — 1 4 1, can be rewritten as:
1-9 1-9 1
52) (K—1)2 K—1)(6|Ag|(6—0 —t—
6:2) (K=1)*(a+ g )+ (K1) (60| (5—do)+at— =+ )

+6|Ao](6—6p) < 0. 1

Proof of Corollary We observe that increasing the first two coefficients
in the polynomial of Theorem must reduce the value of its positive root. We
thus seek simple upper bounds for these two first coefficients.
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We also observe that in all the above we can replace g by any larger number
7Y(, as soon as we make the replacement in both the hypotheses and the conclu-

|7TOH

sions. Here we use 7y < ) = [7oll obtained by

~ || 7o
1Soll < 111 = Lo) " MllI7woll < lloll 3o I1(Lo), || < l7moll Y (1 = do)* = B
k>0 0 k>0 0

Then we have
1-6 1 25

a—+ m <4+ A
Then discarding the negative term 6 — dp, we have
-0 1
0 To% =
It follows that under the extra assumptions of Corollary [1.11|we can replace p(J)
in Theorem [I.10]by the root of

2
gxz +6X +6(5 — &),

1
6|Ag|(6 — o) +a+

which (factoring 6 and using /1 + x < 1 + 7) satisfies

—6+ /36 +100(dy — &
o(5) = 0TV HI0N =) 5 5

3

Proof of Corollary By hypothesis Ly has a spectral gap of some size &
with constant Cp, and it follows that some power ng = O*CO 55 (1) of Ly has a

spectral gap (of arbitrary size, say %) with constant 1. We have 1, = 7p. Writing
0

AR —L§0 = (Ao —Lo) Yo AfLgo 1 F
and observing that ||Lo|| is controlled by Ay, 79 and Cp, we get
r)/LgO = O*C0,561/|/\0‘/T0(70)'
Applying Corollary for allM € B(X) such that
(Lo +M)™ = LG = O, ¢ 51 120 (D)

we have that (Lo +M)" has a spectral gap (of size 1 say) with constant 1. This
implies that Ly + M has a spectral gap of size Oy, (1) = O,cp61 5 1(1), with a con-

stant O*C0,561,T0/|)\0| (1).

Developing (Lo + M)™, since ||Ly| = O (1), we see that

*Cg,ﬁal,’fo,‘/\d

(Lo +M)"™ —Lg* =0 (lIMi})

*C0,561,T0,‘A0‘

and the spectral gap is ensured for M = O 1

*CQ,Jal,To,P\O‘ (1)
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