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ABSTRACT. We define partial product systems over N. They generalise prod-
uct systems over N and Fell bundles over Z. We define Toeplitz C*-algebras
and relative Cuntz-Pimsner algebras for them and show that the section C*-
algebra of a Fell bundle over Z is a relative Cuntz—Pimsner algebra. We de-
scribe the gauge-invariant ideals in the Toeplitz C*-algebra.
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1. INTRODUCTION

The Cuntz-Pimsner algebras introduced by Pimsner in [15] were gener-
alised, among others, by Muhly and Solel [14] and by Katsura [9]. Fowler [§] gen-
eralised Pimsner’s construction to product systems. A self-correspondence & of
a C*-algebra A generates a product system over N by taking &, := £%4" with the
obvious multiplication maps py,m : En ©®4 Em — Entm for n,m € N. Any product
system over N is isomorphic to one that is built from a C*-correspondence like
this. Another source of product systems over N are Fell bundles over Z (see [7]).
They consist of Hilbert bimodules (&), cz with involutions &, = £*,, x — x*,
and multiplication maps pum : En @4 Em — Entm, now for all n,m € Z. Due
to the involutions, the Hilbert bimodules &, for n € N with the multiplication
maps py,m for n,m € N suffice to recover the entire Fell bundle. This data gives a
product system over N if and only if the maps i, », are surjective and hence uni-
tary for all n,m € N. Then the Fell bundle is called semi-saturated. In general, the
multiplication maps are only isometries of Hilbert bimodules, possibly without
adjoint.

The construction of a (relative) Cuntz—Pimsner algebra of a product system
splits into two steps. The first builds a Fell bundle over Z, the second takes the
section C*-algebra of that Fell bundle. This viewpoint is used in [13] to interpret
relative Cuntz-Pismner algebras in bicategorical terms. So there is a close and
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important link between product systems over N and Fell bundles over Z. This
article describes a common generalisation for both, which we call partial product
systems.

A partial product system over N consists of a C*-algebra A with A, A-cor-
respondences &, for all n € N and isometries pym : En @4 En — Engm for all
n,m € N, subject to several conditions. The obvious conditions are that the mul-
tiplication maps yn,n be associative, that & = A and that g, : A®4 E — En
and pu0 @ £ ®4 A — &, be induced by the A-bimodule structure on &, for
each n € N. Then we speak of a weak partial product system. Weak partial prod-
uct systems on von Neumann algebras have already been used in the study of
Ep-semigroups, where they are called “superproduct systems” (see [5], [12]).

For a partial product system, we impose two more conditions to get a well-
behaved theory. Their role is similar to the compact alignment condition for prod-
uct systems over quasi-lattice orders. The correspondences &£, in a weak partial
product systems over N are much more independent than in an ordinary product
system, and so the freeness of the monoid N no longer helps. This makes compact
alignment and Nica covariance relevant already over N. Our Toeplitz algebra is,
in fact, an analogue of the Nica-Toeplitz algebra.

Our first goal is to define the Toeplitz C*-algebra of a partial product system.
We define partial product systems so that, on the one hand, this C*-algebra has a
universal property for suitable representations of the partial product system and,
on the other hand, is generated concretely by an analogue of the Fock representa-
tion. The definition of a representation has some obvious data and conditions and
a non-obvious condition needed to make the Toeplitz C*-algebra well-behaved.
We first discuss our definition of a representation. Then we discuss the Fock rep-
resentation. Only then can we formulate the remaining two conditions on partial
product systems. They say simply that the Fock representation exists and is a
representation.

DEFINITION 1.1. Let B be a C*-algebra. A weak representation of a weak par-
tial product system (A, £y, fnm)nmen in B consists of linear maps wy, : &, — B
for all n € N, such that:
(1) wn(x) - wm(y) = Wpsm(pnm(x@y)) foralln,m e N, x € &,y € En;

(i) wn(x)*wn(y) = wo((x|y)) foralln € N, x,y € &,.
A weak representation is a representation if, in addition,

(iil) wn (En)* - wm(Em) C wp—n(Em—n) - Bforalln,m € Nwithm > n > 0;

(iv) wn(En)* - wm(Em) C Wn—m(En—m)* - Bforalln,m € Nwith0 < m < n.
By convention, X - Y for two subspaces in a C*-algebra B always denotes the
closed linear span of the products x -y forx € X,y € Y.

Conditions (i) and (ii) for n = m = 0 hold if and only if wy is a *-homomor-
phism. If n € N, then (i) for (n,0) and (0, n) and (ii) for n say that w, is a (Toeplitz)
representation of the C*-correspondence &;.
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The definition of a partial product system uses the Fock representation. This
should be a representation in B(F), where F is the Hilbert A-module direct sum
@D &, Forn,m e N, x € &,, define
neN
Sum(x): Em = Entm, Y nm(X R Y).

This map is linear and || S, (x)|| < ||x||. The first assumption for a partial prod-
uct system asks S, (x) to be adjointable for all n,m € N, x € &,. Then the oper-
ators Sy, (x) for m € N combine to an operator S,(x) € B(F) and the maps S,
form a weak representation. The second assumption for a partial product system
is that they even form a representation, which we call the Fock representation.

DEFINITION 1.2. A partial product system is a weak partial product system
for which the Fock representation exists and is a representation.

To understand this condition better, we reformulate (iii) and (iv) in Defini-
tion [L.1]in case S, (x) is adjointable for all n € N, x € &,. Then (iii) and (iv) are
equivalent to the first two cases in the following equation:

Win—n(Sn(x)*y) ifm >n,
(1.1) wn(x)*wm(y) = § Wnem(Sm(y)*x)* ifn >m,
wo((y|x))* ifn=m

heren,m e N,x € £,y € Ey. Thecasesn < mand n > min are equivalent
to each other by taking adjoints, and the case n = m is condition (ii) in Defini-
tion So a weak partial product system is a partial product system if and only
if the operators S, (x) on F are adjointable for all n € N, x € &, and satisfy

(1.2) Sn(x)*Sm(y) = Sm—n(Sn(x)"y)

forall n,m € N, x € &,y € &, withm > n. And a weak representation
of a partial product system is a representation if and only if wy(x)*wm(y) =
Win—n(Sn(x)*y) foralln,m € N, x € &, y € &y with m > n. The formulation
of the extra conditions in Definition [1.1|is inspired by a similar treatment of the
Cuntz-Pimsner covariance condition of a proper product system in [3] and makes
sense without the adjointability of S, (x). The reformulation in guarantees
that there is a universal C*-algebra for representations of our partial product sys-
tem.

We describe an example of a weak partial product system where fails.
Its definition uses correspondences based on graphs. A graph with vertex and
edge sets V and E gives a C*-correspondence C*(E) over Cy(V). To define a weak
partial product system using graphs, we need a common vertex set V, graphs
Iy = (V,En, 1a,8n) for all n € N, and associative, injective multiplication maps
Unm * En Xsr Em — Eym, where Ey = V and rg,sp are the identity map, and
Hon and py, o are the canonical maps. We study when p; , induces an isometry
C*(En) ®cy(v) C*(Em) < C*(En+m) and when these isometries form a partial
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product system. These conditions are rather restrictive. As it turns out, the cat-

egory with object set V and arrow set || E, must be the path category of an
neN
ordinary graph. The only variation is that the grading is not the standard one,

that is, elements of E,, need not be paths of length #.
The next theorem generalises an important feature of Pimsner’s Toeplitz
algebras. Our definitions above are arranged so as to make it true.

THEOREM 1.3. Let £ = (A, En, fnm)nmen be a partial product system. Let
(Sn)nen be its Fock representation. The closed linear span of Sy (Ey)Sm(Em)* for m,n €
N is a C*-subalgebra T of B(F), and the maps S, form a representation twy, of € in T.
This representation in T is universal: for any representation (wy : Ex — B)yen of €
there is a unique x-homomorphism ¢ : T — B with w, = ¢ o w, foralln € N.

We describe a gauge action of the circle group T on 7 and prove a gauge-
equivariant uniqueness theorem for 7. This allows us to prove Theorem
We also describe the fixed-point subalgebra of the gauge action explicitly as an
inductive limit C*-algebra. For m,n € N, there is a unique linear map

Omn : K(Em, En) = T
with
O, (|%)(y[) = @n (x)cm (y)*
forall x € &, y € &y These maps are injective and their images are linearly
independent subspaces of 7. Their direct sum over all m,n € N is a dense *-
subalgebra in 7 because of (L.I).

We classify gauge-invariant ideals H < 7 in the Toeplitz C*-algebra by two
ideals in A, namely, the kernel A N H and the covariance ideal, consisting of all
a € A that are equal modulo H to an element in the closed linear span of K(&;)
fori > 1. Theoremdescribes H through its kernel and covariance ideal. The
kernel I is always an invariant ideal, and any invariant ideal may occur. We do
not know, in general, which covariance ideals are possible. We also define what it
means for a representation to be covariant on an ideal. If an ideal ] is the covari-
ance ideal of some representation, then there is a universal C*-algebra O(€, J) for
representations of £ that are covariant on J. We characterise when the canoni-
cal representation of £ in O(€, ]) is faithful: this happens if and only if ] C K+

for K := ) ker(d]), where 8 : A — B(&,) is the left action in the correspon-
n=1

dence &,. This allows us to define an analogue of Katsura’s C*-algebra for partial
product systems. We also define an analogue of Pimsner’s C*-algebra as the quo-
tient of 7 by the closure of the finite block matrices in the Fock representation.
For global product systems, we show that the Katsura and Pimsner C*-algebras
defined here agree with those previously constructed. We show that the Katsura
C*-algebra of a Fell bundle over Z, restricted to a partial product system over N,
is the section C*-algebra of the Fell bundle. Using this, we characterise when a
partial product system over N is the restriction of a Fell bundle over Z. For the
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partial product systems built from graphs, we show that the Katsura algebra is
the graph C*-algebra.

2. WEAK PARTIAL PRODUCT SYSTEMS AND REPRESENTATIONS

In this section, we recall some basic notions and study general properties of
weak partial product systems and their weak representations. We examine when
a weak Fock representation exists, that is, when the operators S, (x) on the Fock
module mentioned in the introduction are adjointable. We illustrate our theory
with C*-correspondences built from graphs.

Let A, B, C be C*-algebras. An A, B-correspondence is a right Hilbert mod-
ule £ over B with a *-homomorphism ¢ : A — B(E) satisfying (¢(a)x|y)g =
(x|9(a)*y)g foralla € A, x,y € £. We often write ax instead of &(a)(x). We do
not require the left action of A on € to be nondegenerate, and we allow representations
of C*-algebras to be degenerate throughout this article.

Let £ and F be an A, B- and a B, C-correspondence. We equip the algebraic
tensor product £ ® F with the obvious A, C-bimodule structure a(x ® y)c = ax ®
ycforae A,c € C,x € £,y € F, and with the C-valued inner product

(2.1) (1 @y1|x2@y2)c = (Y1l {x1]x2) 4 Y2)p

for x1,xp € € and y1,y2 € F. The Hausdorff completion of £ ® F for this inner
product is an A, C-correspondence denoted by £ @p F (see [11]). The identity
correspondence A on A for a C*-algebra A is A viewed as an A, A-correspondence
using the obvious bimodule structure and the inner product (a | b) 4 := a*b.

LEMMA 2.1. Let 4€p, pFc and cGp be C*-correspondences between the indicated
C*-algebras A, B, C, D. There are canonical isomorphisms of correspondences

(E@BF)®cG=ER® (F®cY), (x@y)®z—x®(y®z),
AR EX2A-ECE, a® x s ax,
E@pB=E, X ® b xb.
We usually omit parentheses in tensor products and the associator isomor-

phism in Lemma to reduce the size of our diagrams. They are canonical
enough that this cannot cause confusion.

DEFINITION 2.2. A weak partial product system over N consists of
(i) a C*-algebra A,
(if) A, A-correspondences &, for n € N5,
(iii) isometric bimodule maps pum : En ®4 Em — Engm for n,m € N34,
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such that the following diagrams commute for all n,m, ! € N> (“associativity”):

1&, ®Aﬂm,l
En@pAEm®@AE — = £ @4 Enny
(22) ﬂn,m@Alé‘l\[ \[]‘n,erl .
Hntm,l
Entm @4 & - 5n+m+l

(Being isometric means that (1(x) [:(y)) = (x|y) for all x,y € &, ®4 Em.) Let
Eo:=Aandlet pyy : ARaEm — Emand o 1 Em @4 A — &y be the canonical
isometries from Lemma[2.1] Then the diagram commute for all n,m, € N.

Let (A, En, finm)nmen be a weak partial product system. Let (wy),en be a
weak representation of it in a C*-algebra B as in Definition[I.1} That is, w; : £, —
B for n € N are linear maps satisfying the conditions (i) and (ii) in Deﬁnition
Let m,n € N. By definition, K(&,,, £,) is the closed linear span in B(&y, &) of
|x) (y| for x € &,y € En, where (|x)(y|)(z) := x(y|2z) 4 forall z € &,,. Thereis a
unique map Oy, , : K(Ep, £,) — B with

(23) Omn(|%)(y]) = wn(x)wm(y)*

forall x € &, y € &y; this follows from Lemma 3.2 of [15] applied to the repre-
sentation wy, ® wy : En B Ex — My(B) of &y @ &y, by viewing K(Ey, E,) as an
off-diagonal corner in K(&;, @ &£,). These maps are compatible with the multipli-
cation maps and adjoints, that is,

(24) Omn(S) - Opu(T) = O1y(S-T), Oum(S*) = Omu(S)”

forall S € K(Em, En), T € K(&,Em); this follows from the case of rank-one
operators, which in turn follows easily from the conditions in Deﬁnition
wWn (x)wm(y) " wm(z)w (w)" = wn(x)wo((y | 2))wi(w)* = wn(x - (y]2z))wi(w)"
In particular,
Ono(x) = wn(x), BOpu(x*) = wy(x)”

forallx € &, 2 K(A, &) So implies
(2.5) Omn(T)wm(x) = wn(T(x))
forallm,n e N, T € K(Ey, En), x € Epr.

The maps O, , map K(E,, £,) into the C*-subalgebra of B that is generated

by w;, (Ey). The closed linear span of @, ,(K(Ey, £y)) for m,n € N need not be
an algebra. We will impose more relations to arrange for this later.

DEFINITION 2.3. An ideal | < A is invariant with respect to a weak partial
product system £ = (A, En, nm)nmen if |- En C Ey - Jforalln € N.

LEMMA 2.4. Let (wy),en be a weak representation of a weak partial product sys-
tem & in a C*-algebra B. The ideal I := ker wy is invariant and

kerw, =&, 1 C &y, kerOpp =K(Em, En- 1) CK(Em, En).
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Proof. Let x € £,. We have wy(x) = 0if and only if 0 = wy(x)*w,(x) =
wo((x]x)), if and only if (x|x) € I. The latter is equivalent to x € &, -I. So
kerw, = &, - 1. This implies that I is invariant because I - £, C kerw,. Let
T e K(En,En). ThenT € K(Ep, Ey - I) ifand only if T(x) € &, - I for all x € &y,.
By the first part, this is equivalent to wy,(T(x)) = Ouu(T)wm(x) = 0 for all
x € &y. This follows if Oy, ,(T) = 0. Conversely, if O, (T)wm(x) = 0 for all
x € Ep, then Oy, n(T) - Oy (S) = 0forall S € K(E,, Ep). Taking S = T*, this
implies Oy, ,(T) = 0 because O,y (T*) = Oy (T)*. 1

Next we seek an analogue of the Fock representation. We want this to exist
because it is used by Pimsner [15] to define the Toeplitz C*-algebra. The Fock
representation should be a (weak) representation on the Hilbert A-module F :=

[e9)
@D &, which we call the Fock module of £. Fix n € Nand x € &,. In the Fock

n=0
representation, x should act on the summand &, by the operator

Sum(X) : Em = Enm, Y= XY = Upm(X @ Y).

More precisely, S, (x) is the composite of the isometry p, ,, with the creation
operator &, — En ®4 Em, ¥ — x @ y, which is adjointable. So the operator above
is a well defined bounded linear map. It is always adjointable for n = 0, but not
for n > 0. Sufficient conditions for this are the following:

(1) if the isometries yy, ;; are adjointable;

(2) if the correspondence &, is proper, that is, A acts by compact operators
on &,: then the creation operator £, — £, @ 4 Ey is compact, and then so is Sy, 1 ()
because K(F) C K(&) if F C & is a Hilbert submodule in a Hilbert module;

(3) if (€n)nen comes from a Fell bundle over Z: then the left multiplication
map Enim — Em, y — x* -y, for x* € £_, is adjoint to Sy (x).

Condition (1) contains product systems in the usual sense, where each py ; is
unitary and hence adjointable.

The adjointability of the operators S, (x) is one of the requirements for a
partial product system. In other words, we require that for all x € &,, t € Ey4m,
there is z € &, necessarily unique, with (¢t |x-y) 4 = (z|y) 4 forally € &;,. If the
maps Sy, (x) are adjointable, then so is the creation operator S,,(x) :== Y. Sy m(x)

meN

on the Fock module F; we call the adjoint S,,(x)* an annihilation operator. 1t is
easy to see that the maps S, (x) form a weak representation of our weak partial
product system in B(F). That is, S, (x)Sm(y) = Snym(x-y) forx € &,y € Em,
n,m € Nxq,and S, (x)*S,(y) = So((x|y) 4) for x,y € E,, n,m € N51, n € N3q.

2.1. CORRESPONDENCES ASSOCIATED TO GRAPHS. A (directed) graph is given
by countable discrete sets V and E of vertices and edges and maps (r,s) : E 2 V
sending an edge to its range and source. It yields a Cy(V), Co(V')-correspondence
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by completing C(E) in the Cy(V)-valued inner product
Iy =} x(eyle)

e€s—1(v)

for x,y € C.(E) and v € V or, equivalently,

Os (vy fx=1y,
<5x|5y>A={O"“ ’

otherwise;

the Cy(V)-bimodule structure is given by

(x-a)(e) == x(e) -a(s(e)), (a-x)(e):=a(r(e))-x(e)

fore € E,a € Cy(V), x € C.(E). This is a C*-correspondence, and its Cuntz—
Pimsner algebra (as modified by Katsura) is the graph C*-algebra of our graph
(see [16]).

Now consider two graphs with the same vertex set V, with sets of edges E;
and E; and range and source maps (7;,s;) : E; = V fori = 1,2. As above, we
build two Cy(V), Co(V)-correspondences £; and &. The composite correspon-
dence & ®¢,(v) &2 is associated to the graph with edge set E := E; X, E; and
r,s : E =2 V defined by r(f, g) := r1(f) and s(f, g) := s2(g)-

Now let r,,s, : E; = V for n € Ny be graphs with the same vertex set V.
Let fiym : En Xsy Em — Eygm be injective maps for all n,m € N, which we write
multiplicatively as x - y 1= fum(x,y) for x € E,, y € Ep with s,(x) = ru(y).
Assume that 7, (x - y) = r,(x) and sy4m(x - y) = s (y) and that these multipli-
cation maps are associative. Let Ey = V and rg = 59 = idy and let the multiplica-
tion maps yigm : V Xsr Ey = Epand Jiy, 0 : Ejy X5, V — Ej; be the obvious maps
(r(x),x) — x, (x,s(x)) — x. We are going to build a weak partial product system
out of this data. The construction will also show that the assumptions above are
necessary to get a weak partial product system.

Let A := Cp(V) and let &, be the A, A-correspondence associated to the
graph E, as above. The characteristic functions (éy)xcE, form a basis in C.(Ey),
which is dense in &,. So (dx ® dy)xcE, yeE,, i a basis in Cc(Ey) © Ce(Ep), which
maps to a dense subset in £, ® 4 £y. For x € E;;, y € Ey;, define

Oxy 1 su(x) = rm(y),
O ®0y) =4 Y
Hon,m (Ox y) {0 otherwise.

LEMMA 2.5. The map pnm : Cc(En) © Ce(Em) — Co(Entm) is isometric for
the Co(V)-valued inner product and extends uniquely to an isometric bimodule map
En ®A gm — En+m~

Proof. Let x,x' € En, y,y' € E,. We write 6, for the Kronecker delta
to distinguish it more clearly from our characteristic functions. We declare that
Oxy = 0if 5, (x) # rm(y), so that piy y (6x ® 8y) = dx.y holds forall x € E,, y € Ejp.
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On the one hand, we compute

= Os(m)=r(y) " Os(x)=r(y) " Oxx'=yy’ * Os(ry)=v-
On the other hand, we compute
(0x @y [0 @ 8y) (0) = (y | (0x [ 831)0y1) (V) = Gy (Oy | O (x)0y1) (V)
= 5x:x/§s(x):r(y’) <‘5y | éy/>(v) = éx:x/és(x):r(y’)5y:y/5s(y):v'
Since Jiy,m is injective, x - x' = y -y’ if and only if x = ¥’ and y = y'. We as-
sumed s(x - y) = s(y) as well. So both expressions above are equal. This shows
that yi,,,m preserves the inner products between the elements 6, ® éy and J ® 6,/
for (x,y), (x',y") € E4 X5y Ep. Hence it induces an isometry &, @4 Em — Entm.
The condition 7y (x - y) = ry(x) forall (x,y) € E, X, Ey, implies that piy,
is a left module homomorphism. The condition s, (x - y) = su(y) implies that
it is a right module homomorphism. 1

The associativity condition in (2.2) is clearly equivalent to

(x-y)-z=x(y-2)

forallx € E;, y € Ey, z € E;, n,m,l € Nyy. Thus we obtain a weak partial
product system when we add this to our requirements. Our choices for Ey, o,
and jiy o say that & = A and that yg,, and 0 are the canonical maps A4 ®4
En = Enand £, 24 A = Ey asin Lemma

The disjoint union E := || E, is a category with object set V, using the
neN
multiplication maps iy, for n,m € N. The decomposition of E as a disjoint

union may be encoded by the functor from E to the monoid (N, +) which maps
elements of E, to n. We want to describe a representation (wy),cn of the weak
partial product system above through representations of this category. The rep-
resentation w; of &, is given by the operators Ty := w;,(dy) for x € E,. Since wy
is a representation of Cy(V), the operators T, for v € Ey = V are orthogonal
projections. Conditions (i) and (ii) in Definition say, first, that Ty Ty is Ty if
s(x) = r(y), and 0 otherwise and, secondly, that Ty Ty = 0x, Ty, if x,y € E, for
the same n € N. So each Ty is an isometry from T(,)B C B into T,(,)B C B, and
the ranges of these isometries for x € E, with fixed n € N are orthogonal. If V has
only one element, then our category E becomes a monoid, and the map x — Ty
is a representation of this monoid by isometries with the extra property that the
isometries Ty for x € E, with fixed n € N have orthogonal ranges.

We now examine the Fock representation. The Fock module F is the Hilbert
Co(V)-module with basis (dy)ycr with E = || E, as above, and with the inner
product (dx|dy) = dx=yds(x). The creation operator for x € E acts on F by
S5.(6y) 1= Ox.y for x,y € E. Since the multiplication map on E, X5, Ey, is in-
jective for each n,m € N by assumption, the map S;_ is a partial isometry with
domain spanned by &, with 7(y) = s(x) and image spanned by 4,., for all such y.
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This image is complementable, the complement being spanned by those J, with
y € E\ (x-E). So S, has the adjoint

S:,fx (dy) == {

Since the adjointable operators form a Banach space, it follows that S is ad-
jointable for all ¢ € &,. Hence the Fock representation exists as a weak repre-
sentation.

z ify=x-zforsomezcE,

0 otherwise.

3. REPRESENTATIONS AND PARTIAL PRODUCT SYSTEMS

In this section, we restrict attention to weak partial product systems for
which the weak Fock representation exists. We show that the extra conditions for
a representation, (iii) and (iv) in Definition are equivalent to (I.I). We show
an example as in Section[2.1]for which these conditions fail for the Fock represen-
tation. We define partial product systems by requiring that the Fock representation
be defined and be a representation. We study the extra conditions needed for
representations for global product systems and Fell bundles. Finally, we relate
our notion of representation and partial product system to Nica covariance and
compact alignment for product systems over quasi-lattice orders.

PROPOSITION 3.1. Let £ = (A, En, hnm)nmeN be a weak partial product system
for which the weak Fock representation exists, that is, the creation operators on its Fock
module are adjointable. Let (wy),cn be a weak representation of € in a C*-algebra B.
Define @y, : K(Ey, En) — B as in (2.3). The following are equivalent:

(1) wn(x)*wm(y) = Wm—n(Sn(x)*y) for all n,m € Nsq with m > nand x €
En, VAS Em;
(i) wn(x)*wm(y) = Wn—m(Sm(y)*x)* for all n,m € Nsq withn > mand x €
En, VAS Em;
(iif) wn (En)* - Wi (Em
&

) Wi—n(Em—n) forall n,m € Nog with m > n;
(1Av) wu(En)* - wm(Em
) .

W (En—m)* forall n,m € Nog withm < n;

(V) wn(En)* - wm(Em) - B C Wim—n(Em—n) - B foralln,m € N withm > n;
(Vi) wn(En)* - wm(Em) - B C wnem(En—m)* - Bforalln,m € Nug withm < n;
(vii) if m,n,p,q € N, then

-
-

— — — —

Om—gtpn(K(En—grp, En)) ifm =g,
O (K(E ,5))-@,(K(5,5))g{ e ,
mmn msCn 12 pr&q @p,n+q7m(K(5prgn+qu)) 1fm < .

These equivalent conditions characterise when (wy)yeN iS a representation.

Proof. The condition in (ii) is the adjoint of the condition in (i). So these two
conditions are equivalent. Similarly, (iii) and (iv) are equivalent. The implications

(i) = (iii) = (v), (i) = {v) = (vi)
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are trivial. We are going to show that (v) implies (i). An analogous argument
shows that (vi) implies (ii). This will complete the proof that conditions (i)—-(vi)
are equivalent. A representation is a weak representation that also satisfies the
conditions (v) and (vi). Hence each of our equivalent conditions characterises
representations among weak representations.

Letz € £,_,. Then

Wm—n(2) Wm—n(Sn(x)"(y)) = wo((z] Su(x)"(¥))) = wo((Su(x)(2) |y))
= wo((x-z[y)) = wm(x-2)"wm(y)
= Win—n(2) wn(x) wm(y).
Letting
X = Wmn—n(Sn(x)"(y)) = wn(x) wm(y),
this becomes wy,—n(z)*- X = 0forall z € &,y or X* - wy—n(Em—n) - B = 0.
Condition (v) implies X - B C wy—n(Em—n)B. Thus X* - X - B = 0. Hence X = 0.
Condition (vii) contains (iii) and (iv) as special cases because
Wy (gn) = @O,n (K(go, 5n)); Wy (Sn)* = @n,O(K(Sn/ 50))-
It remains to prove that (iii) implies (vii). By definition,
Omn(K(Em, En)) = wn(En)wm(Em)*.
Hence
@m,n(K(Em/gn)) '@p,q(K(‘Sp/ gq)) = wn(&n) - (wm(gm)*wq(gq)) 'Wp(gp)*-
Now we apply (iii) to the two factors in the middle. If m > g, then
Wn(En)wm(Em) wq(Eq)wp(Ep)”™ C wn(En)wm—gq(Em—q) wp(Ep)”

C wn(En)wm—q+p(Em—gp)”

= ®m—q+p,n (K(‘Sm—q+pr 511))/
both for g > 0and g = 0. If m < g, then

wWn(En)wm (Em) " wq(Eq)wp(Ep)™ S wn(En)wq—m(Eq—m)wp(Ep)*
- wn+q7m(gn+qu)wp(gp)*
- @p,n+q—m(K(5p/ 811-‘1—1]—771))/

both for m > 0 and m = 0. The case m = g also works. Thus (iii) implies (vii). 1
Equation and condition (vii) in Proposition [3.1)imply that
Y. Oun(K(Em, &) C B
m,n=0

is a *-subalgebra for any representation. For n = m and p = g, the condition (vii)
in Proposition 3.1]says that

3.1) QH(K(EW)) ’ @P (K(SP)) - @max{n,p} (K(gmax{n,p}));



382 RALF MEYER AND DEVARSHI MUKHERJEE

N
here we abbreviated O, := Oy,,. So Y, 0,(K(&,)) is a *-subalgebra as well for

n=0
all N € NU {co}.

The conditions (v) and (vi) concern inclusions between certain right ideals
(or Hilbert submodules) of B. Hence they are similar to nondegeneracy condi-
tions. Thus Proposition [3.1]is similar in spirit to Proposition 2.5 of [2].

A partial product system is a weak partial product system for which the weak
Fock representation exists and is a representation, that is, satisfies the equivalent
conditions in Proposition 3.1} These assumptions will be used in the next section
to define and study the Toeplitz algebra of a partial product system.

We now examine the difference between weak representations and repre-
sentations for several classes of weak partial product systems. First, we examine
product systems, then restrictions of Fell bundles over Z. Finally, we study ex-
amples coming from graphs as in Section[2.1]

A product system is a weak partial product system (A, Eu, tnm)nmen Where
the multiplication maps pium : En ®4 Em — Engm for n,m € N are unitary.

PROPOSITION 3.2. Any weak representation of a product system is a representa-
tion. Product systems are partial product systems.

Proof. Let (A, En, tnm)n men be a product system and let (wy, ) e be a weak
representation of it in a C*-algebra B. Let n,k € N-(. Then w,(&,) - wi(&) =
Wy ik (Enyk), that is, the closed linear span of wy (&) - wi(y) for ¢ € &y, 11 € & is
dense in w;  ((E,1¢). If m > n, write m = n + k. Then

(Un(gn)* 'wm(gm) = wn(gn)* 'wn(gn) 'wk(gk) - cUO(A) : Cl)k(gk) c Cl)mfn(gmfn)'

So any weak representation satisfies the condition (i) in Proposition[3.1} The Fock
representation exists as a weak representation because the maps py ., for n > 0
are adjointable. It is a representation by the statement already proved. That is,
our product system is a partial product system. 1

A Fell bundle over the group Z is given by Banach spaces B, for n € Z
with multiplication maps B, x By, — By1 and involutions B, — B_, with cer-
tain properties (see Definition 16.1 of [7]). These properties are equivalent to the
existence of injective maps B, — B for some C*-algebra B such that the multipli-
cation maps and involutions in (By),cn are the restrictions of the multiplication
and involution in B. In particular, By is a C*-algebra. Each B, becomes a Hilbert
By-bimodule by (b | c)) := bc* and (b | c) := b*c for all b, ¢ € B,. The Fell bundle
multiplication maps By, X By — Byt induce isometries py, : By ®p, By —
By+m of By, Bp-correspondences for all n,m € N.

PROPOSITION 3.3. Let B = (By)ycyz be a Fell bundle. Its restriction to N is
a partial product system; here each By is viewed as a By, Bo-correspondence, even a
Hilbert By-bimodule, as above.
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Proof. The creation operator S, (x) : By — Buim, y — x-y, for x € By is
adjointable with adjoint S, (x)*(y) = x* - y. So

$n(¥)"Sm(y)z =" (y-2) = (x" - y) - 2= Sw-n(5a(x)"y)(2)

forn,m,k € Nwithn < mand x € B, y € By, z € By. Thus the Fock representa-
tion (S,) e satisfies condition (i) in Proposition So it is a representation and
we have got a partial product system over N. 1

DEFINITION 3.4. Let D be a C*-algebra. A representation of a Fell bundle
B = (By) ez in D consists of linear maps wy, : B, — D for n € Z such that:
(i) wo : By — D is a x-homomorphism;
(i) wn(b)wm(c) = wpim(bc) foralln,m € Z,b € By, ¢ € By;
(ill) w—p (b*) = wy(b)* foralln € Z, b € B,,.

It is immediate from the definitions that the restriction of a representation
of a Fell bundle over Z to N is a representation of the partial product system
over N. The Fock representation, however, is never the restriction of a Fell bundle
representation. So a Fell bundle over Z has strictly fewer representations than its
partial product system restriction to N.

When is a (weak) partial product system over N the restriction of a Fell
bundle over Z? We shall answer this question in Theorem In this section,
we only study some easy aspects of this question. A necessary condition is that
each &, be a Hilbert A-bimodule. The following example show that this is not yet
sufficient, even if we also assume & to be a partial product system.

EXAMPLE 3.5. Let A = C ® C and let ¢ be the partial isomorphism on A
that maps the first summand identically onto the second summand. This partial
isomorphism corresponds to the Hilbert A-bimodule £, = C with the A-bimodule
structure (a1,ap) - x - (b1, by) 1= ap - x - by and the left and right inner products
{(x]y) = (0,xy), (x|y) := (Xy,0) for ay,a, x,y,b1, by € C. Since the range and
source ideals of £, are orthogonal, £, ®4 £y = 0. Let &, := &, forall n € Ny
andlet pym : En ®4 Em = 0 = 4 be the zero map for all n, m € N5 1. We claim
that this is a partial product system over N. All its fibres are Hilbert A-bimodules.
The maps i, are isometric and associative. The creation operator S, (x) for
x € &, vanishes on &, for m € N1 and maps (by,bp) € & = Atox-b; € &,
Hence S, (x) is adjointable, and its adjoint vanishes on &, for all m # n. Thus the
Fock representation satisfies condition (i) in Proposition[3.1} So we have a partial
product system of Hilbert bimodules. It cannot come from a Fell bundle over Z,
however. A Fell bundle also has injective multiplication maps

54:; RQAEMZE_ 1 RAEL — Em—n.

Wehave £ @4 En = € ; @4 Ep, which is the Hilbert bimodule that corresponds
to the identity map on the first summand in A. Since there is no non-zero map
from this to &, there is no multiplication map &; ®4 En — Ep—n for m > n.
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REMARK 3.6. Any product system of Hilbert bimodules is the restriction
of a Fell bundle over Z. Indeed, a product system is determined by the corre-
spondence &1, and so a product system of Hilbert bimodules is given by a single
Hilbert bimodule. The Fell bundle generated by it is described in [1]. This does
not yet give all Fell bundles over Z, however: we only get those Fell bundles
that are semi-saturated, that is, have surjective multiplication maps i, ;, for all
n,m = 0.

EXAMPLE 3.7. There is a weak partial product system of the type intro-
duced in Section 2.1| for which the weak Fock representation exists but is not a
representation. Let

EO =V = {UOI 01,02, Z}3}/ El - {ﬂ}, EZ - {C/ d}/ E3 - {b}/ E4 - {6},

and E, = @ forn > 5witha: vy — v3,b:09 — v, c:v — v3,d: vy — Uy,
and e = a-b = c-d. This determines the range and source maps 74,5, : E;, = V
and the multiplication maps fiym : En Xs,ry Em < Enqm for all n,m € N. The

category || Ej; is the one that describes commutative squares:
neN

UO*HH

l \l e=aob=cod.

Uy —( U3,

The resulting C*-algebra is A = C[V] = C*. The Fock module over A is the
C-vector space with basis

E := {vy,v1,v2,03,a,b,c,d, e}

with the A-bimodule structure given by the range and source maps and with
(x|y) := dx=ys(x) for all x,y € E. The Fock representation of the weak partial
product system is given on the basis vectors by the following table:

S0 81(&1)F = Cla,e], 52(&)F = Cle,d, ], and $1(&1)*(S2(&)F) = C[b]. This is
not contained in S (&) F

v9 U1 v v3 a b c d e

Sia) 0 a 0 0O 0 e 0 0 O

So¢) 0O 0O ¢ 0O OO0 O0 e O

Sody 4 0 0 O 00 OO0 O

S3) b 0 0O O O O 0 O O

Sge) ¢ 0 0 0 00 0 0O
(

PROPOSITION 3.8. A weak partial product system of the form built in Section[2.1]
is a partial product system if and only if E = |_| E,, is the path category of some directed

graph I, but where generators in I may have degrees different from 1.
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Proof. We have already seen that the weak Fock representation exists, that
is, the operators S, (¢) for ¢ € &, are adjointable. When is it a representation?
This means that S, (x)*Sw(y)z € Sm—n(Em—n)F for m,n € N with m > n and
all x € Ey, y € Ey, z € Ey. By definition, S,,(6x)*Sm(dy)(3z) = S$n(dx)*(dy.) is
equal to (0y | ds)dr = Oy—sd¢if y-z = s-t forsomes € E, and t € E,, .y, and 0
otherwise. So S (6x)*Sm(dy)(dz) = étif y-z = x -t and 0 otherwise. We need
this to belong to S;—n (Em—n)F, that is, to be either 0 or of the form 4., for some
a € Ey—y, b € Ei. Thus the weak Fock representation is a representation if and
onlyify-z=x-tforx € E,,y € Eyy,z € Er, t € Ejqf_p, impliesthatt =a-b
for some a € E;_y, b € Eg. Since we already assumed that the multiplication
map E, Xs, Ex — E, i is injective, the equation y -z = (x - a) - b implies z = b
and y = x - a. That is, the equation y - z = x - t has only the trivial solutions with
y=x-aandt=a-zinE.

We call an element x € |_| E,, irreducible if the only product decompositions

x=a-bwithabe Earex = 1 r(x) - ¥ and x = x - 1;,). The irreducible elements
in E with the restriction of the range and source maps form a directed graph I'.
Since E is a category, any path in the graph I" defines an element in E. This defines
a functor from the path category of I" to E. This functor is the identity on objects.
It is surjective on arrows because if an arrow is not irreducible, we may write it
as a non-trivial product of two strictly shorter arrows, and decomposing these
as long as possible will eventually write our arrow as a product of irreducible
arrows.

In a path category, the equation y - z = x - t only has the trivial solutions.
Conversely, we claim that the functor from the path category of I' to E is injective
if the equation y - z = x - t has only the trivial solutions and the multiplication
maps E; Xsr Esy — Ey4m are injective for all n,m € N. Indeed, assume that
two paths a; ---a; and by - - - by in the graph I' are mapped to the same arrow
in E. Since y - z = x - t has only trivial solutions and a; and b; are irreducible, we
must have ay = by and a7 ---ax_1 = by ---b;_1. By induction, we conclude that
our two paths are equal. So the functor from the path category of I" to E is an
isomorphism of categories if E gives a partial product system. The path category
of I" differ from E only through the grading, that is, the functor to N. Whereas all
generators in a usual path category have length 1, they may belong to E; for any
neN. 1

Roughly speaking, Proposition[3.§/says that the “partial” analogues of graph
C*-algebras are not more general than graph C*-algebras. The only thing that is
modified is the gauge action because the edges of the graph I may belong to &,
and thus have degree n for any n € N.

3.1. ANALOGY WITH NICA COVARIANCE. We briefly discuss the analogy be-
tween the extra condition for a weak representation to be a representation and
Nica covariance for representations of product systems over quasi-lattice orders
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(see Definition 5.1 of [8]]). Let (G, P) be a quasi-lattice ordered group; for p,q € P,
let pV q € PU {oo} be their least upper bound or  if p,q have no upper bound
in P. Let (A, &y, tp,q) pgep be a product system over P. Let (wy),cp be a Toeplitz
representation of the product system in a C*-algebra B. The representation is
called Nica covariant if, for all p,q € P,

* pVgeP,

B2) @) wplE)" - wy () 'wq<€q>*£{§)ﬁvq(5pvq) ol
pVg=co.

Here we use O, (K(E&p)) = wp(&Ep)wp(Ey)* by @.3).
LEMMA 3.9. A Toeplitz representation (wy)pep of a product system over (G, P)

satisfies if and only if

(3.3) wp(Ep)*wq(Eq)C{wP1(qu)(gp1(qu)>“’q1(qu)<5ql(iﬂvq))* pVaer,
10

pVg=oo.

Proof. Equation multiplied on the left by w,(€,) and on the right by
wy(&;)* becomes because wp(Ep) - W,-1(pvg) (Ep-1(pvg)) = Wpvg(Epvg) asin
the proof of Proposition Conversely, multiply on the left by w,(€,)* and
on the right by w,(&;). We may simplify

wp(Ep)™ - wp(&p) - wp(Ep)*™ = wo((Ep [ Ep)) - wp(Ep)”
= wp(&p - (Ep|&p))" = wp(&p)*

and similarly for . And

wp(Ep)™ - Wpvg(Epvg) = wp(Ep)™ - wp(Ep) - Wp-1(pvg) (Ep-1(pvg))

= wo((Ep | Ep)) - Wp1(pve) (Ep1(pvg))

= @p1(pvg) ((Ep [ Ep) - Epi(pyg)) S Wpm1(pvg) (Epm1(pvg))-
In this way, implies (3.3).

Now let (G, P) be (Z,N). If p,qg € N, then p~(pV q) = max{p,q} — pis 0 if
p > qandq— pif p < g.So (3.3) becomes wy(Ep)* - wy(Ey) € wy—p(Eq—p)if p < g
and wy(Ep)* - wy(&y) € wp—q(Ep—q)* if p > q. Proposition (3.1)shows that each of
these conditions is equivalent to the conditions in Definition Proposition 3.2
shows that holds automatically for weak representations of a global product
system. In other words, any Toeplitz representation of a product system over N
is Nica covariant, which is Remark 5.2 of [8].

4. THE TOEPLITZ ALGEBRA
In this section, we define the Toeplitz C*-algebra as the universal C*-algebra

for representations of a partial product system. We equip the Toeplitz C*-algebra
with a gauge action of the circle group T, describe the spectral subspaces, and
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prove a gauge-equivariant uniqueness theorem. We describe the fixed-point sub-
algebra of the gauge action as an inductive limit and then show that the Fock
representation generates a faithful representation of the Toeplitz C*-algebra.

DEFINITION 4.1. Let £ = (A, (En)n, n,m) be a partial product system. Its
Toeplitz algebra is a C*-algebra 7 with a representation (@, ),cn that is universal
in the following sense: for any representation (wy),en of € in a C*-algebra B,
there is a unique *-homomorphism ¢ : 7 — B with g o w, = wy foralln € N.

For a product system in the usual sense, any weak representation is a repre-
sentation by Proposition[3.2] Hence the universal property of the Toeplitz C*-alge-
bra is the usual one in this case. So our definition of the Toeplitz C*-algebra gen-
eralises the usual definition for product systems.

PROPOSITION 4.2. Any partial product system (A, En, Wn,m) has a Toeplitz alge-
bra. It is the universal C*-algebra generated by the symbols w,(x) forn € N, x € &,
subject to the following relations:

(i) wo is a x-homomorphism;
(ii) the maps x — @y (x) are linear for all n € Nxq;
(iii) @y (X)W (Y) = Dnim(Pnm(x @Yy)) forallx € Ey,y € Ey, n,m € N;
(1Av) Wn(x)* W (y) = wWo((x |y)4) forallx € Ep,y € Eyn eN;
(V) wn(x)*win(y) = Wn—n(Sn(x)*(y)) foralln,m € Nwithm > nand x € &,
y € En.

Proof. Let T be the x-algebra with the generators and relations as above.
Any C*-norm on ¥ satisfies

[@n (x) || = [[@n(x) @ (x) |2 = [[@o (x| x) )M < (x| 2) o lIV2 = |2l

where the inequality uses that Wy is a *-homomorphism. Hence the set of all
C*-norms on ¥ has a maximum. We claim that the completion of ¥ in this maxi-
mal C*-norm is the Toeplitz algebra of the partial product system. The relations
that define T are exactly those that are needed to make w, a representation of
our partial product system in 7. Here we use Proposition 3.1} which shows that
(v) implies wy (X)*wm(y) = wWn—m(Sm(y)*(x))* form < n,x € &,y € Ey. Any
representation (wy),cn of the partial product system in a C*-algebra B induces
a unique *-homomorphism 7 — B mapping w,(x) — wy(x) for all n € N,
xe&. 1

Next we define a gauge action on 7. The maps
ay: & — C(T, T), x> (t—t"wy(x)),

form a representation of the partial product system because w,, is one. By the
universal property of 7, there is a unique *-homomorphism « : 7 — C(T,T)
with a(wy,(x)) = an(x) foralln € N, x € &,. Definea; : T — T fort € T by
a; := evyow. Since « is a *-homomorphism, each a; is a *-homomorphism and
t — a;(x) is continuous for each x € 7. Since a¢(as(wy(x))) = (t5)"@w,(x) =
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ats(Wn(x)) and aq(wy(x)) = Wu(x) = idy(wWu(x)) for x € &, and n € N, the
uniqueness part of the universal property of T implies ayas = ays for all t,s € T
and a1 = idy. Thus each a; is bijective and T > ¢ — a; is a continuous action of T
on 7 by *-automorphisms.

A circle action on a C*-algebra gives a lot of useful extra structure (see [6]]).
We now use this for the gauge action on 7. We define its spectral subspaces

To:={x €T :a:(x) =t"xforallt € T}

for n € Z. These spectral subspaces form a so-called Z-grading, that is, 7,7, C
Tngm and T = T_, for all n,m € Z, and the closed linear span of the sub-
spaces 7, is dense in 7. In particular,

To:={x €T :a(x) =xforallt € T}

is a C*-subalgebra, the fixed-point subalgebra of .
We define the spectral projections E,, : T — T for n € Z by

En(x):= [ t7"a(x)dt
!

for x € T, where dt denotes the normalised Haar measure on the compact
group T. Each E, is norm contractive and is an idempotent operator with im-
age T, that vanishes on 7, for m # n. In particular, Eg : T — 7y is a conditional
expectation. It is well known to be faithful, that is, if x € T satisfies x > 0 and
Ep(x) = 0, then x = 0. This implies the following gauge-invariant uniqueness
theorem.

THEOREM 4.3. Let B be a C*-algebra with an action B of T. Let ¢ : T — B be
a T-equivariant x-homomorphism. If ¢ is injective on To C T, then it is injective on T .

Proof. Let ¢(x) = 0 for some x € T. Let E§ denote the 0% spectral projection
on B. Since ¢ is T-equivariant, it intertwines the spectral projections Ey on T
and E§ on B. So

0(Eo(x*x)) = Eg (¢(x"x)) = Ej (0(x)*e(x)) = 0.
This implies Eq(x*x) = 0 because Eo(x*x) € 7o, and ¢|7; is injective. Then x = 0
because Ej is faithful. 1

Let @m,n : K(Em, En) — T be the maps defined by the representation @y,
as in 23), that is, @y n(|x)(y|) = @n(x)@Wm(y)* forn,m € N, x € £y, y € Ep.
The relations in Proposition 4.2l imply that any word in the generators of ¥ may
be reduced to one of the form @y (x)w,(y)* for some n,m € N, x € &, y €
Emn. Therefore, the closed linear span of @y, (K(Ep, €,)) for n,m € Nis a dense
subspace in 7. It is a *-subalgebra by Proposition [3.1}(vii).

LEMMA 4.4. The spectral subspace Ty, C T for k € Z is the closed linear span
of O nik(K(En, Epsx)) foralln € Nwithn > —k.
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Proof. If x € Eyip, y € En, then ay(@Wy e (x)wn(y)*) = @1 (%)@ (1)
Thus @, ¢ (x)@w,(y)* € Tr. Now implies that ©,, ,,+ ¢ (K(&n, £y 4k)) is con-
tained in 7;. We have already observed that the linear span of Oy, (K(Ey, En))
isdensein 7. If x € T and ¢ > 0, then there is a finite linear combination

Y Oum(xnm) with xp, € K(Ey, Ey) that is e-close to x. Then
n,meN

Ek( Z @ﬂ,m(xﬂ,m)) = Z @n,n-i-k(xn,n-i-k)
n,meN n,n+keN

is still e-close to x. So the closed linear span of 0, ,x(K(&Ey, £,4k)) is dense
inTe. 1

THEOREM 4.5. The map

N N
Do;: PK(E) =T
j=0 j=0
is injective and its image To N is a C*-subalgebra of To. These C*-subalgebras for N —
oo form an inductive system with colimit 7.

Proof. The Fock representation (S,),cn induces a *-homomorphism ¢ :
T — B(F) with ¢(@Wu(x)) = Su(x) foralln € N, x € &,. Define the -
homomorphisms @, : K(&,) — B(F) as in 2.3). Then ¢(0,(x)) = @,(x) for
alln € N, x € K(&,). The operator @,(x) is block diagonal on F := @ &;. Its

j=0
first n — 1 diagonal entries are 0, and the nth diagonal entry is x acting on &,.
Let x; € K(&;) for j = 0,...,N satisfy Z @j(xj) = 0. We prove recursively
]_

that xo = 0, x; = 0, x, = 0, and so on, by looking at the j* diagonal entry for
j=0,...,N. So the composite map

N
DPK(E) — Ton €T 5 B(F)

is injective. Even more, the recursive proof above shows that this injective map
has a bounded inverse on its image. So its image is closed in 7j. Equation (3.1)
and Lemma [4.4] Himply that 7 y is a *-subalgebra in 7. Since it is closed as well,

it is a C*-subalgebra. Lemma (4.4|shows that the union U To,N is dense in Ty.
Hence 7y is the inductive limit C*-algebra of the 1nduct1ve system (ToN)NeN- B
THEOREM 4.6. The Fock representation (Sy),cn on the Fock module F over A

induces a faithful representation of T. So T is isomorphic to the C*-subalgebra of B(F)
generated by S, (E,) foralln € N.



390 RALF MEYER AND DEVARSHI MUKHERJEE

Proof. Let ¢ : T — B(F) be the representation induced by the Fock rep-
resentation; this exists because £ is a partial product system. The proof of The-
orem 4.5/ shows that the restriction of ¢ to 7oy C 7T is injective for all N € N.
Since 7 is the inductive limit of these C*-subalgebras by Theorem it follows
that ¢|7; is injective. The Fock Hilbert module carries an obvious gauge action
with spectral subspaces F,, = &,. Let p : T — B(F) be the induced action. The
Fock representation ¢ is T-equivariant because S, (x) belongs to the n" spectral
subspace of B(F) forall n € N, x € £,. Hence Theorem [4.3|shows that ¢ is injec-
tive. Its image is the C*-subalgebra generated by the operators S, (x) for n € N,
x € &, because the elements w, (x) forn € N, x € £, generate 7. 1

PROPOSITION 4.7. Themap @ Ouyp: @ K(Em, En) — T is injective.

m,neN mneN

Proof. 1t suffices to prove that @ Oy, : D K(Epm, En) — T — B(F) is in-
mmn mmn

jective. We describe operators on F by block matrices. If x € K(&y,, £,), then the
j, k-entry of ©y, ,(x) vanishes unless j — k = n — m and k > m, and the n, m-entry

isx: & — En. Let Y Opu(xmn) = 0 for some xp,, € K(Em, Ex) with only
mneN
finitely many non-zero x,,,,. Now we examine the j, k-entries of Y. O (Xy,n)
mneN
for increasing j. For j = 0, we see that x,, 0 = 0 for all m € N. An induction over j

shows that x,,; =0 forallm € Nandallj € N. &

4.1. HEREDITARY RESTRICTIONS AND QUOTIENTS. Throughout this subsection,
let A be a C*-algebra and let £ := (A, &y, tnm)nmen be a partial product system
over A. Let T be its Toeplitz C*-algebra. We are going to restrict the partial
product system to a hereditary C*-subalgebra H C A and a quotient A/I for an
invariant ideal I in A. We show that the Toeplitz C*-algebra for the restriction
to A/Iis a quotient of 7.

First let H C A be a hereditary C*-subalgebra. Define

5n|H::H~5n-HQSW;

the set of all products a-x-b with a,b € H, x € &, is already a closed linear
subspace of &, by the Cohen-Hewitt factorisation theorem. The multiplication
maps in the given partial product system (&), cn restrict to multiplication maps

Hn,m|H : gn|H KH gm|H — 5n+m|H-

LEMMA 4.8. The Hilbert H, H-correspondences & | and the multiplication maps
Hn,m|H form a partial product system |y over H.

Proof. Let Fbe @ &, with the Fock representation (S, ),cn of £. The Hilbert
n=0

submodule F-H = @ &, - H is invariant for S, (x) and S, (x)* forall x € &,. The
n=0
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Hilbert submodule H- F - H = 69 H-&, - Hisstill invariant for S, (x) and Sy, (x)*

forallx e H-&, - H. WeclalmthatS’( )=Su(x)|lgruforneN,xeH- & -H
defines a representation (S;,)nen Of (En|H, Mnm|H)nmen on H - F - H. The opera-
tors S),(x) forn € N, x € &, are adjointable with adjoint S}, (x)* = S, (x)*|g.7.4.
The conditions in Definition[I.1]are inherited from the corresponding ones for the
representation (Sy),en of £,. The representation S), is unitarily equivalent to the
Fock representation of (& |m, fnm|H)nmen. 1

Let I <« A be an invariant ideal. Then
SH|A/I = En/gn i

is a Hilbert A/I, A/I-module in a canonical way. The left action of A descends
to A/Ibecause I - &, C &, - I. The multiplication map i, induces a well defined
multiplication map

2Enlas1®astEmlasr — Envmlasr

Hn,m

PROPOSITION 4.9. The restriction E| /1 := (A/L Enl a1 Wnm|As1) nmen 1S a
partial product system. Its Toeplitz C*-algebra is a quotient of T by a T-invariant ideal.

Proof. The beginning of the following proof works for any ideal I < A and

will later be used in this generality. Let 7 be @ &, with the Fock representa-
n=0
tion (Sy)yen of €. The Hilbert submodule F - I = @ &, - I is invariant for all
neN
adjointable operators on F. Hence there is a unital *-homomorphism

7 :B(F) = B(F/FI).

We may identify F/FI = F ®4 A/I,and then 7(T) = T®1forall T € B(F).
The Hilbert modules F and J/F1I carry obvious Z-gradings, which induce ac-
tions of the circle group T on B(F) and B(F/FI) that are continuous in the strict
topology. The homomorphism 77 is grading-preserving. Composing the Fock rep-
resentation (Sy,),cn with the x-homomorphism 7t gives a representation (S},),en
of £ on F/FI. The C*-algebra generated by S),(€,) is 7t(T). Thus it is a quotient
of T. Since 7t is T-equivariant, its kernel is a gauge-invariant ideal in 7.
Now assume that [ is invariant. Then S} |¢,; = 0 because

En T -Em CEp-Em-1C Epym -1

for all n,m € N. Hence (S;,),en descends to a representation of £|4,;. This
representation is unitarily equivalent to the Fock representation. Hence £|4,;.
is a partial product system. Its Toeplitz C*-algebra is isomorphic to 71(7) by
Theorem 4.6} And this is a quotient of 7 by a gauge-invariant ideal. 1
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5. GAUGE-INVARIANT IDEALS IN THE TOEPLITZ ALGEBRA

Let B be a C*-algebra with a continuous T-action and let B, C B be the
homogeneous subspaces. Call an ideal | < Bg invariant if | - B, C By, - | for all
n € Z; since B, = B_,, this is equivalent to [ - B, = B, - ] only for n € Ny.
Given a T-invariant ideal I < B, its restriction I N By is an invariant ideal in By.

Conversely, if | < By is an invariant ideal, then | - B = B - | is a T-invariant
ideal in B. It is well known that these two maps are isomorphisms inverse to each
other between the lattices of gauge-invariant ideals in B and of invariant ideals
in Bo.

We are going to apply this general result to the Toeplitz C*-algebra of a
partial product system with its canonical T-action. The gauge-invariant ideals of
the Toeplitz C*-algebra of an ordinary product system are described completely
by Katsura [10]. Like Katsura, we describe gauge-invariant ideals in a Toeplitz
C*-algebra by a pair of ideals I < | < A. Here the ideal I is invariant, and any
invariant ideal occurs. We do not know, in general, which ideals | are possible.
So our result is not as complete as Katsura'’s result for product systems.

Throughout this section, we fix a C*-algebra A and a partial product system
E = (A, & Mnm)nmen- Let T be its Toeplitz C*-algebra and let 7, C T forn € Z
be its homogeneous subspaces for the canonical T-action. Let F be é Eq with

n=0
the Fock representation (S,),cn of €. To simplify notation, we view K(&,, £,)
for m,n € N as subspaces of T, that is, we drop the name @y, ,, for their canonical
embeddings. In particular, we view &, = K(A,&,) and A = &) as subspaces

of T.

LEMMA 5.1. If H <« T is an ideal, then I := HN A < A is an invariant ideal,
thatis, I - £, C &, - I for all n € N. Conversely, if I is an invariant ideal in A, then
the kernel H of the canonical homomorphism T — T (€| /1) is a gauge-invariant ideal
with I = HN A. It is the minimal ideal H <« T with I C HN A.

Proof. Let H < T. There is a canonical representation (wy,),en of £in 7T /H,
and [ is its kernel. Hence I is invariant by Lemma Conversely, let I < A
be an invariant ideal. Then we may restrict our partial product system to the
quotient A/ as in Section This restriction is a partial product system E| 4/,
whose Toeplitz C*-algebra 7 (£]4,;) is a quotient of 7 by some gauge-invariant
ideal H by Proposition[4.9] The map from A/ to the Toeplitz C*-algebra of £| 4/,
is injective by Theorem 4.5} So the intersection HN A is I.

Let L < T be any ideal with I C L N A. The canonical representation of £
in 7 induces a representation in 7 /L. This representation kills I and hence also
&y - I for all n € N. Therefore, it descends to a representation of £|4,;. Hence the
quotient map 7 — T /L factors through the Toeplitz C*-algebra of £| 4 /;. Thus H
above is minimal among the ideals L <7 with ] C LN A. 1
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DEFINITION 5.2. Let (wy),cn be a representation of the partial product sys-
tem € ina C*-algebra B. Let £, B C B denote the closed linear span of wy, (Ey,) - B
for all m > n. The covariance ideal of the representation is

J(wy) :={a € A:wy(a)-B C E>1B}.
We call (wy),en covariant on an ideal J < A if J C J(wy).

We are going to characterise a gauge-invariant ideal H by the pair (I,])
of ideals in A, where [ := HN A and ] is the covariance ideal of the canonical
representation of £ in 7/ H.

For any ideal | < A, there is a C*-algebra extension

B(F, F]) — B(F) — B(F/FJ),
which is also T-equivariant (see the proof of Proposition[4.9). Hence
V(]) :=T NB(F,FJ)

is a gauge-invariant ideal in 7 for each ideal | < A. It consists of those operators
in 7 that act by zero on F/F]. Let L°(J) C B(F/F]) be the T-invariant x-
subalgebra of finite block matrices:

L%(]) := {x € B(F/F]J):thereis N € N with x,,,, = 0 forn > N or m > N}.

Here x,m € B(Em/Em], En/En]) denotes the n, m-matrix entry of x. Let L(J) C
T be the preimage of LO(J) C B(F/F]J). This is an ideal because wy(x) is a
multiplier of L°(]) for each x € &,, n € N. The ideal L(]) is also T-invariant.

THEOREM 5.3. Let H be a gauge-invariant ideal in the Toeplitz C*-algebra of £.
Let I := H N A and let ] be its covariance ideal. Then H = V(]) N L(I). In particular,
the ideals I and | determine H uniquely.

The proof will use a couple of lemmas. First we examine the covariance
ideal more closely. The right ideal £-;7 is easily seen to be the closure of
Y K(&, Em). Its intersection with 7y is the closure of Y K(&,,). So the co-
n=0,m>1 m=1
variance ideal | for the canonical representation in 7/ H is the set of alla € A that
are identified with an element in the closure of Y K(&;,) in the quotient 7 /H.
m=1
For instance, a Cuntz-Pimsner-like covariance condition for &, would identify
a ~ 9§ (a) for certain elements 2 € A with 9 (a) € K(&). Here 19;-‘ t K(&) —
B(&) for 0 < j < k is the map defined by the Fock representation, that is,
19;‘(|x>(y|)(z) = 5j(x)Sj(y)*z for all x,y € &, z € &. The covariance ideal al-
lows more complicated relations that identify some elements of A with elements
of the closure of Y. K(&p).

m=1

If n,k € N, then
(5.1) wWn(En)ExkB C ExyikB,  wn(En) ExpikB C EiB;
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the second property uses condition (v) in Proposition Hence the induced
representations Oy, , : K(&,, ) — B satisfy
(5.2) Onm (K(En, Em))ExkB € Esmax{mk—n+m)B-
LEMMA 5.4. Let (wy),en be a representation of the partial product system & in
a C*-algebra B with covariance ideal ]. Then
K(&n, Em]) ={T € K(En, Em) :Onm(T) - EsnB C Exp1B}-

Proof. Let T € K(&Ey, Em). We first assume T € K(&,, EyJ). Then T is in the
closed linear span of operators of the form |x)a(y| withx € &,,a € ],y € &,
Equation implies

Onm(|x)a(y|)ExnB C wm(x)wo(a)B C wiy(x)E51B C E5p1B.
Hence @, (T)(ExnB) € E=y+1B.
Conversely, assume Oy, (T)(E>nB) C Espy1B. Letx € &, y € &y. Then
wo((y [ T(x)))B = wi(y) wn(T(x))B = wi(y)" Onm(T)wn(x)B
C wn(y) Oum(T)E=nB € wimn(y)* Exmi1B € E1B.
Thus (y | T(x)) € J. Since y is arbitrary, this implies T(x) € &, - . Since x is arbi-

trary, this implies T - K(&,) C K(&y, Em - J). Multiplying T with an approximate
unit in K(&,), weget T € K(Ey, En - ). 1

LEMMA 5.5. Let (wy),en be a representation of the partial product system & in
a C*-algebra B. Let | be its covariance ideal and let I := ker wy. Let w : T — B be the
associated representation of the Toeplitz C*-algebra T. Let x; € K(&;) fori =0,...,N
N
and X := Y x; € T. The following are equivalent:
i=1

1=

(i) w(X)=0inB;
(ii) f 0f(x;) € B(E, & - ]) if £ < N and % O (x;) € B(E, & - 1) if £ > N.
i=0 i=0

Proof. We prove (i) = (ii) and assume w(X) = 0. Let / € Nand y € &.
Assume first that £ > N. Then

N
0= w(X)wi(y) = wr( Y 8 (x)y)
i=0
N
by (2.5). This implies Y~ ¢/(x;)y € & - I by Lemma[2.4|as asserted in (ii). Now let
i=0
£ < N. The same computation as above shows that
N

4
wr( Loey) + 1 wxwry) =0

i=(+1
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Since w(x;)B C £>y41B for i > £ + 1, this implies
: 14
we( Y. ﬂi’(xi)y) B C &p1B.
i=0

4
Hence Y- 0/ (x;)y € K(&,& - ]) = & - ] by Lemma Since y € & is arbitrary,
i=0

{
this implies Y l9f (x;) € B(&p, & - ]). This finishes the proof that (i) = (ii).
i=0

Now we prove, conversely, that (ii) implies (i). If X satisfies the conditions
in (ii), then so does X*. Hence we may replace X by the two self-adjoint elements
X + X* and i"1(X — X*). So we may assume without loss of generality that X is
self-adjoint. The assumption in (ii) for £ > N and Lemma[2.4]imply w(X)w,(y) =
Oforally € &, ¢ > N. Thus w(X) vanisheson EsyB = 0. Now let 0 < £ < N

{
and y € &. Then 'Z ﬁf(xi)y € &yJ by assumption. Hence

N

y)B = Zwe y)B+ Y w(xi)we(y)B C wi(E)B+ E=¢41B
i=(+1

- Cdg(gg)g>1B + 5>g+13 - 5>g+13.

This implies w(X)E>¢B C E-/41B because w(X)Exy11B C E5p1B forany X €
To by 5.2). Thus w(X)NB C ExnB. Hence w(X)N*! = 0. Then w(X) = 0
because X is self-adjoint. This finishes the proof that (ii) implies (i). &

Proof of Theorem Both H and V/(J) N L(I) are gauge-invariantidealsin 7.
Hence they are equal if and only if their intersections with 7y are equal. And by
Theorem[4.5] these intersections are equal if and only if the intersections with 7g
are equal for all N € N. Since these intersections are ideals, it suffices to prove
that they have the same positive elements. So let y € Ty be a positive element.
Describe y by a block diagonal matrix on F with entries y, € B(&y) for £ € N.

Here y, = Z 19Z (x) in the notation of Lemma So Lemma [5.5[says that y € H

if and only 1f ye € B(Ep, &) for 0 < £ < Nand y, € B(&E,EI) for £ >

Since I C J, this implies y, € B(&,, Sg]) for all £ € N. And this is equivalent to
y € TNB(F,FJ]) = V(J). Let i, be the operator on & /&I induced by y,. We
have y, € B(&;, &) if and only if 7, = 0. The condition y € L(]) is equivalent
to Zlgn l7,]| = 0. This clearly follows if 7, = 0 for £ > N. We claim the converse

implication. Since y is positive, we may rewrite }Ln;o ly,|| = 0 as follows: for each

g > 0, thereis M € N such that (i, —¢)+ = 0 for all £ > M; here (y, — €) . means
the positive part of §, — e. We may choose M > N. Then y € T », and Lemmal[5.5]
and the conditions (7, —¢); = 0for{ > Mandy € V(]J) imply (y —¢)4 € H.
Since (y — ¢€)+ € To,v, Lemma5.5)implies (7, — ¢); = 0 already for £ > N. Since
this holds for all e > 0, we getyy, = Oforall/ > N. 1
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By Theorem the lattice of gauge-invariant ideals in 7 is isomorphic to
the lattice of pairs of ideals (I, J) in A that occur as the kernel and covariance ideal
for a gauge-invariant ideal in 7. If (I, ]) comes from a gauge-invariant ideal H,
then H = V(J) N L(I) by Theorem[5.3] So the question is when ANV (J) NL(I) =
I holds and the covariance ideal of V(J) N L(I) < T is J.

We already know that I must be invariant and that any invariant ideal may
occur. And I C ] is trivial. Given an invariant ideal I, we may form the quotient
partial product system &, /&, I. Its Toeplitz C*-algebra is isomorphic to a quotient
of 7 by a gauge-invariant ideal by Proposition[4.9} Its kernel and covariance ideal
are I, I by Theorem[4.5 So

T(Elam) =TE)/(V()NL(I)) =T(E)/V()

by Theorem We may replace the original partial product system by &|4,;.
This reduces our problem to the case I = 0.

DEFINITION 5.6. Let & = (A, &, finm)nmen be a partial product system and
let ] < A be an ideal. Let

O(&,]) =T/ (V(]) N L(0)).

This quotient inherits a representation of £ and a T-action from 7 because V(J) N
L(0) is a T-invariant ideal in 7. We call O(&,]) the J-covariance algebra if the

canonical representation of £ in O (&, |) has covarianceideal J. Let K := () ker .

n=1
We call
Opimsner (£) = O(€,A),  Okatsura(€) 1= O(E, Kl)
the Pimsner algebra and the Katsura algebra of £, respectively.

The name “covariance algebra for J” is justified by the universal property
in Proposition [5.7| below. The Pimsner algebra is the quotient 7 /L(0) because
V(A) = T. Here L(0) is defined as the norm-closure of the finite block matrices
in 7. This is exactly how Pimsner defines his C*-algebra for a C*-correspondence
in [15]. By Theorem 5.3} the Pimsner algebra is the smallest quotient of 7 that is
defined by a covariance condition: any gauge-invariant quotient that is strictly
smaller is of the form 7 /(V(]) N L(I)) with a non-zero invariant ideal I.

PROPOSITION 5.7. Let | <« A be an ideal such that the canonical representa-
tion of € in O(E,]) has covariance ideal J. Then x-homomorphisms O(E,]) — B
for a C*-algebra B are naturally in bijection with representations of the partial product
system & in B that are covariant on |.

Proof. Representations of O(E, ]) are in bijection with representations of 7~
that kill V(J) N L(0) < 7. The universal property of the Toeplitz C*-algebra
gives a bijection between representations of 7 and representations of £ in B.
Let (wn)yen be a representation of £ in B and let w : 7 — B be the induced
s-homomorphism. Let I = kerwy < A and let J(wy) be the covariance ideal
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of (wn)nen- Then kerw = V(J(wy)) N L(I) by Theorem .3] If (wy) is covari-
ant on J, that is, ] C J(wy), then V(J) N L(0) € V(J(wy)) N L(I) and hence
wly(pnro) = 0. Then w factors through O(&, ]). Conversely, assume that w fac-
tors through O(&, ). The covariance ideal for the representation of £ in O(&,])
is ] by assumption. So w is covarianton J. 1

THEOREM 5.8. The canonical x-homomorphism A — O(E,]) is faithful if and
only if | C K* for the ideal

K:= [ ker(d): A — B(&)).
(=1
Proof. Assume first that | is not contained in K. Then ] N K # 0 and we
may pick a non-zero element a € | N K. In the Fock representation, a € A acts by
the block diagonal operator with entries 8§(a) € B(E;) for ¢ € N. By assumption,
this belongs to | for ¢/ = 0 and vanishes for £ > 0. Soa € ANV(J])NL(0)
becomes 0 in O(E,]). Conversely, assume that ] is contained in K*. We must
show that the map A — O(E,]) is faithful. We prove a slightly more general
claim, which will be needed below. Namely, we treat x € 7y instead of 2 € A.

N
We may write x = Y x; with x; € K(&;). In the Fock representation, this acts by
i=0
the diagonal operator with entries
min{{,N}

yei= ), 8(x)
i=0

fori € N. We assume x € V(]), thatis, y, € B(&,, &) forall £ € N.

CLAIM 5.9. An element x € Ton N V(]) satisfies x € L(0) if and only if y, =0
forall £ > N.

If N =0, then 7o = A and the claim says that x = 0if x € ANV(]J) N L(0),
which is what we have to prove. So the following proof of the claim will also
finish the proof of the proposition. The claim does not follow from Lemma
because we do not yet know the vanishing and covariance ideals of the homo-
morphism A — O(E,]).

The proof of Theorem [5.3| shows that elements for which there is M € N
with y, = 0 for all # > M are dense in 7y y N V(]) N L(0). To prove the claim, we
must show that if there is M € N with y, = 0 for all / > M, then already y; = 0
for all £ > N. Let M be maximal with yp; # 0. We assume M > N in order to get
to a contradiction. Let {1, € Epmand 7 € &; for somei > 0. Then & -7 € Eppyi
and so x - & - 17 = Yum+i(C2 - 7) = 0 because yy = 0 for ¢ > M. (Here the product
x - & - 17 takes place in 7, whereas yp14;(C2 - 77) = 0is an element of Ey1; C T.)
We may also write x - &, - 7 = ypm(&2) - 17, and

0=237 x-Ca-n=(C1|ym(G2)) 1.
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The right hand side is the product of (¢ |ypm(¢2)) € A with 7 € &;. Since this
vanishes for all 7 € &; for all i > 0, we get (1 |ym(G2)) € K. Hence yp(2) €
Em - K. We also assumed yp(&2) € Em-J. So ym(&z) € Em - (J NK). Hence
ym(C2) = 0 because we assumed J LK. Since ¢, € &)y is arbitrary, this implies
ym = 0. This is the desired contradiction, which proves the claim. &

Theorem[5.8|shows that the covariance ideal of the representation of £ in its
Katsura algebra is maximal among the covariance ideals of faithful representa-
tions. In other words, the Katsura algebra is the smallest quotient of 7 for which
the canonical map A — 7 — Okatsura (€) is injective. This is the design principle
of Katsura’s construction of a C*-algebra for a C*-correspondence in [9].

Product systems are easier than partial product systems because for them
the maps 87, : K(E,) — K(&,) for m < n satisfy 9, o o) = 0] forall{ <m < n,
where 5:1 is the canonical extension of 8", to B(&,,). Hence () ker 8§ = ker 8} for

(=1
product systems.

THEOREM 5.10. Let £ be a product system and let H < T be a gauge-invariant
ideal with AN H = 0. Then its covariance ideal is contained in

Jmax = (88) "HK(&1)) N (ker 83) .

Any ideal | < Jmax is the covariance ideal of a unique gauge-invariant ideal H < T
with ANH = 0, namely, H = V(J) N L(0). The quotient T /H is the J-covariance
algebra O(E,]). The Katsura algebra and the Pimsner algebra of € are the C*-algebras
defined already by Katsura and Pimsner in this case.

Proof. Let | be the covariance ideal of H. Then H = V(J) N L(0) by Theo-
rem|5.3| Theorem [5.8/implies | C (ker 9})L. We must prove 8} C K(&).
5.3 plies | 0 p olJ

N
Let N > 1and let x; € K(&) fori = 0,...,N be such that }_ x; € Ton
i=0
belongs to H = V(J) N L(0). For 0 < ¢ < N, define

¢
yei= Y 00 (x;) € B(&).
i

(-1
CLamM 5.11. y, e K(&p) and Y x;+ (xy —yy) € Hfor1 < £ < N.
i=0
Proof. We prove this recursively for { = N,N —1,N —2,.... Claim[5.9im-

N
plies yny = 0. So the claim for £ = N is our assumption }_ x; € H. Assume the

i=
claim has been shown for some ¢ > 1. We prove the claim for ¢ — 1. Since & is

. . . 4
a global product system, the unique strictly continuous extension ¢, ; of 19571 to
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P4 (=1 _ of . .
B(En) satisfies 9, 0, =8 for 0 <i </ —1. S0

1, .
2 0 (9 () = =81 (ye)-

xz—w:—Z

i=0

We first prove y, 1 € K(&y_1). This is clear if / = 1 because yp = xp € A =
K(&). Solet £ > 1. Then piy_11 : E/—1 @ &1 — & is unitary. Let (1)) e be an
approximate unit for K(€,_1). Then limu, = 1 in the strong topology on &;_1.
Since the net (u,) is self-adjoint and bounded, this implies strong convergence
limuy ®4idg, = 1 on & _1 ®4 &. This is equivalent to the strong convergence

lim@i_l(u A) = 1in B(&;). Since the net 55_1(14 )) is self-adjoint and bounded,
this is equivalent to strict convergence. The operator 55,1 (y¢_1) is compact by
the claim for ¢. Hence the strict convergence of 55,1 (u,) implies norm conver-
gence 11;11%_1(% Yee1) = 01 (o) S0 By 1 (ye_1) € By_1(K(E1)). This is

equivalent to v, € K(&y_1) + ker 5?_1 because
¢ ¢ ¢
O 1(K(Er-1)) = (K(Ep-1) + kerdy_1)/ kerdy_;.

The homomorphism 5?_1 is injective on the ideal B(£;_1,&y_1]) by Lemma [2.4
and because | Nker ¢} = 0. Lemmaimplies Y1 € B(Er_1,E¢_1]). This is or-

thogonal to ker@ﬁ,l. Hencey, 1 € K(&_1) + ker@ﬁ,l implies y, 1 € K(&_1).

(-2
Now Y. x;+ (xp—1 —y¢—_1) € Tor—1 makes sense. It belongs to V(]) because
i=0

(-1
Y. x; € V(J) by the claim for £ and y, 1 € B(E,_1,&_1]) by Lemma And
i=0
2 )

x; + (xp_1 — yy_1) belongs to L(0) because ﬁf‘l(xi) +(xp1—yrq) =0
i=0 i=0

(=2 |
implies Y. 195.‘(351-) + ﬂllfil(xg,l —1yy_1) =0forallk > ¢ — 1because 19]2_1 ° 195_1 =
i=0
195? . This finishes the proof of the claim. 1
The proof of Theorem [5.3| shows that the set of elements xy € A for which
N
there are N € Nand x; € K(&;) fori = 1,...,N with }_ x; € H is dense in J.
i=0
The claim for ¢ = 1 says that 8} (xp) € K(&;) and xo — 8}(xp) € H for all such
xg € A. Hence 8}(]) C K(&;). This completes the proof that the covariance ideal
of H is contained in [max. In the Fock representation, x — 19(1)(x) for x € A with
8} (x) € K(&) acts by x - Py, where P is the orthogonal projection onto &. So
the claim also shows that xPy € H for any x € J. Conversely, if xPy € H for
some x € A, then 8}(x) € K(&) follows, and so x € J. Thus the covariance

ideal | of H is the set of all x € A with xPy € H. The standard definition of
a relative Cuntz-Pimsner in Definition 2.18 of [14] is to take the quotient of T
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by the ideal generated by | - Py for some ideal | C Jmax. The argument above
shows that this relative Cuntz-Pimsner has the covariance ideal . Hence any
J < Jmax is a covariance ideal for some gauge-invariant ideal H with HN A =0,
and the resulting covariance algebra is the usual relative Cuntz-Pimsner algebra.
In particular, we get the C*-algebra defined by Katsura [9] for | = Jmax. We have
already observed after Definitionthat Opimsner (€) is the C*-algebra associated
to the C*-correspondence &1 by Pimsner [15]. &

REMARK 5.12. Theorem[5.10]says that the covariance ideal of any represen-
tation of a product system & with K = 0 is contained in (8}) 1 (K(&)). This may
fail if K # 0. Namely, it can happen that 83(a) = 0 for some a € A for which
8} (a) is not compact. Then a € L(0), although 8} (a) is not compact. The Pimsner
algebra in such a case is not a relative Cuntz—Pimsner algebra.

Next we study the restriction of a Fell bundle B = (By),cz over Z. The
multiplication and involution of the Fell bundle give a *-algebra structure on the

direct sum & B;,. This *-algebra has a maximal C*-norm. Its completion for
nez
this norm is the section C*-algebra C*(BB) of the Fell bundle. It carries a canoni-

cal T-action where the subspaces B, C C*(B) for n € Z are the homogeneous

subspaces. Since the maximal C*-seminorm on @ B, is a C*-norm, the canon-
nez
ical maps B, — C*(B) for n € Z are all injective, even isometric. In particular,

By — C*(B)

THEOREM 5.13. Let B be a Fell bundle over Z. The section C*-algebra C*(B) is
naturally isomorphic to the Katsura algebra of the restriction By of B to a partial product
system over N. The covariance ideal of the canonical representation of B|y in C*(B) is

the closed linear span of g {(By | Bn))-
n=1

Proof. The restriction B|y is a partial product system by Proposition
Let 7 be its Toeplitz C*-algebra. The canonical maps B, — C*(B) for n € N form
a representation of B|y. Hence they induce a *-homomorphism 7 — C*(B). It
is T-equivariant, and it is also surjective because its range contains the dense *-
subalgebra 69 By,. Thus C*(B) is the quotient of 7 by a gauge-invariant ideal H

in 7. We have HNA = 0because A = By — C*(B). Let | denote the covari-
ance ideal of the representation of B|y in C*(B). It follows from Theorem
that C*(B) is the covariance algebra O(Bly, J). Theorem 5.8|shows that Hmax :=

L(0) N V(K+) with K = ﬂ ker(d) is the maximal gauge-invariant ideal Hpyax <
=1

T with Hpax N A = 0. We claim that H = Hpax. Since H N A = 0, the maximality
of Hmax gives H C Hmax. For the converse inclusion, we show that LN A # 0
for any gauge-invariant ideal L <« 7 with H C L. Since H C L, the quotient 7 /L
is a quotient of C*(B) by a gauge-invariant ideal. The gauge-invariant ideals in
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C*(B) are naturally in bijection with the B-invariant ideals in By. Since H # L,
the map By — C*(B)/(L/H) is not injective. Thus LN A # 0 as claimed if H C L.
So H = Hmax and C*(B) is the Katsura algebra of B|y.

Finally, we show that the covariance ideal | of C*(B) is the closed linear

span of )0_% ((Bn | Bn)). The relation ((x|y)) = x-y* for x,y € By, n € N holds
n=1

in C*(B). Hence ((x|y)) € B>y -C*(B) if n > 1. Thus the closed linear span
of the ideals (B, | By)) for n € N is contained in the covariance ideal. The
right ideal £51C*(B) in C*(B) is the closed linear span of B, - B, for { € Ny,
n € Z. Since By - B - By = By, it is equal to the closed linear span of B, - B} - B, =
(B¢ | By)) - By. In particular, its gauge-invariant part is the closed linear span of
{(Bg | B¢)) - Bo = (B¢ | By)). The covariance ideal must be contained in this ideal.
This inclusion and the reverse inclusion proved above give the assertion. 1

Now we may answer the question when a partial product system of Hilbert
bimodules over N is the restriction of a Fell bundle over Z. We mean here that
the Fell bundle is such that it induces both the multiplication maps and the inner
products in the partial product system.

THEOREM 5.14. A weak partial product system € = (A, En, hnm)nmen is the
restriction to N of a Fell bundle over Z if and only if each &, is a Hilbert A-bimodule and

(5-3) <<gn ‘ 5n>> “En C ,un,mfn(gn KA gmfn)/
(5-4) Em - <€n |€n> C #m—n,n(gm—n ®a Sn)

as submodules of Ey for all m,n € N with m > n; here ((-|-)) denotes the left inner
product. The extension to a Fell bundle over 7 is unique up to a canonical isomorphism.
The reverse inclusions to those in and always hold, so that these inclusions are
equivalent to equalities.

Proof. The left action of the ideal (€, | £4)) < A is nondegenerate on &, and
hence also on &, @4 En. Therefore, (€ [ En)) - Em 2 Mnm—n(En @4 Em—n) holds
for any weak partial product system of Hilbert bimodules. A dual proof shows
the inclusion &y, - (€ | ) 2 tm—nn(Em—n @4 Ex). Thus the reverse inclusions to
those in and always hold.

Now assume that £ is the restriction of a Fell bundle over Z, which we also
denote by (€,),ecz. We may rewrite (x|y)) = x-y* and (x|y) = x* -y for all
x,y € €y, n € N. Hence

<<€71 |511>> 'gm = 5,1 : 5:; . gm c gn 'gmfn,

which is equivalent to (5.3). A dual argument gives (5.4). Hence these two con-
ditions are necessary for a weak partial product system to be the restriction of a
Fell bundle over Z. Now we assume these two conditions. We are going to prove
that our weak partial product system extends to a Fell bundle over Z.
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First, we show that it is a partial product system. Then we prove that | :=

Y ((En| En)) is the covariance ideal for a gauge-invariant ideal H <« 7 with HN
n=1
A = 0. So we get a faithful representation of the partial product system (&,),en
in 7 /H. Finally, we show that the images B, of £, in 7 /H for n € N and their
adjoints B_,, := B;, form a concrete Fell bundle over Z, that is, B;; = B_; for all
n € Zand By, - By, C By for all n,m € 7Z. Since the representation of £ in 7 /H
is faithful, this is the desired extension of (B ),z to a Fell bundle over Z.

Let n,m € Nyg satisfy m > n. The operator S,(x) : Em—n — Em, Yy —
x ® y, is an adjointable map onto the Hilbert submodule py im—n(En @4 Em—n) C
Em. Equation identifies this with (€, |&y)) - Em. Hence (y]z))Sn(x) =
Sw({{y|z))x) for x,y,z € &, is an adjointable operator &,_, — ;. Since any
element of £, may be written as ((x | y))z for suitable x,y,z € &,, this shows that
the operators S, (x) : En—n — En are adjointable. And

Sn(gn)*gm = Sn (gn)*«gn | gn>>gm = Sn (gn)*ﬂn,m—n(gn XA gm—n) - Sm—n-

Thus the Fock representation of our weak partial product system exists and is a
representation. Equivalently, £ is a partial product system.

Now let ] <« A be the closure of Y ((€,|&x)). We claim that the gauge-
n=1

invariant ideal V(J) N L(0) < 7 has zero intersection with A. If b € ﬁ ker 0,
=1

thenb-& = 0and hence b- (/&) = 0forall ¢ > 0. Sob-] = 0. Hence
ANV(J)NL(0) = 0 by Theorem The covariance ideal of V(J) N L(0) is
always contained in . We prove the reverse inclusion. Let a € ((£,|&,)) for
n > 1. Then 9 (a) is a compact operator on &, because the left action on a Hilbert
bimodule maps (£, | £:)) isomorphically onto the compact operators. We claim
that a — 9 (a) € T belongs to V(J) N L(0). Since 8§ (a) € E>4T € Ex17T, this
implies that a belongs to the covariance ideal.

We prove the claim. Let m > n. Then the operators 9 (a)* and ¢} (9 (a))*
on &, agree on the Hilbert submodule &, - £, —,. This is equal to (&, | £x))Em by
assumption and hence contains (9 (a) — 9} (9] (a)))b for all b € &. So

(85! (a) — 8} (85 (a)))" - (8§'(a) — 8} (8§ (a))) -b = 0.

This shows &' (a)* = 0} (8](a))* for m > n as needed. Now let £/ < n. Then
a—0(a) € To acts on the summand & in the Fock representation by 9(a). It
maps & into (&, | ) - . We claim that this is contained in E,(&,,_¢ | E,_¢)) C
&¢]. The proof of this claim will finish the proof that a — d;(a) € V(J) N L(0),
which is all that remains to prove that the covariance ideal of V(J) N L(0) is J.
Assumption implies that the range ideal of £ ®4 &, ¢ is (&7 &) N
((En | En))- So the submodule ((Ey | En))Er) @ a £, has the same range ideal and
hence is equal to it. Since its range ideal is equal to the range ideal of (€, | £4))Ey,
the source ideal of (&, | &x))Ep contains the range ideal (€, 4| &, _¢)) of &,y
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Hence
«511 | 5n>>5£ = <<€n |5n>>52 : <<5n—£ | 5n—£>> C&- <<5n—€ ‘ 5n—f>>-

This proves the claim and shows that the covariance ideal of V(J) N L(0) is J.

We have already seen that AN V(J) N L(0) = 0. Hence the canonical rep-
resentation wy, : &, — T /(V(J) N L(0)) is faithful. We define B, := wy(&,) for
n € Nand B_, := B, C T/(V(J) N L(0)). This satisfies B, = B_,, foralln € Z
by construction. We claim that

(55) Bn : Bm g Bn+m

holds for all n,m € Z. Thus (By),cz is a concrete Fell bundle. It extends the
partial product system of Hilbert bimodules £.

If holds for (n,m) € Z?, then also B_, - B_,, = B}, - B}, = (B, - Byy)* C
Bi,,u = B_n_m, thatis, holds for (—m,—n) € Z?. Thus it suffices to
prove for those cases with n 4+ m > 0.

Let n,m € Z satisfy n + m > 0. Conditions (i), (ii) and (iv) in Definition
imply if m > 0and eithern > 0orn = —mor —m < n < 0. This covers all
(n,m) € Z> withn +m > 0 and n > 0. It remains to treat (1, m) € Z> with m < 0
and n+m > 0. So ¢ := —m satisfies 0 < ¢ < n. We compute

BuB_y = B;B;B;B; = Bu(By|B¢)B; C B,_¢B¢B; = B,_¢(B¢|By)) € By_y;

here the first step uses B_, = B; = B;B/Bj; the second step uses the relation
x*y = (x|y) for all x,y € By in the Toeplitz algebra; the third step uses (5.4);
the fourth step uses xy* = ((x|y)) for all x,y € By. Hence holds for all
nméeZ. 1

neN
a directed graph I, where generators in I may have degrees different from 1. The Katsura

algebra of the partial product system defined by E is the graph C*-algebra of I', with
the gauge action where the partial isometry associated to e € E, is n-homogeneous for
alln € N.

Proof. Let £ be the partial product system associated to E by Proposition 3.
and let 7 be its Toeplitz C*-algebra. The graph C*-algebra C*(I') receives a rep-
resentation of the partial product system £ associated to E. This induces a homo-
morphism 7 — C*(I'). It is surjective because all the partial isometries and pro-
jections generating C*(I') belong to its range. It is T-equivariant for the T-action
specified in the proposition. Hence C*(I') is a quotient of 7 by a gauge-invariant
ideal. The canonical map Cy(Ey) — C*(I') is injective. Hence C*(I') is the covari-
ance algebra for some ideal | in Cy(Eyp). The gauge-invariant ideals in C*(I') are
described in Theorem 3.6 of [4] through a hereditary and saturated subset of Eg
and a set of breaking vertices. As a consequence, the map Cy(Eg) — C*(I')/H
for a non-zero gauge-invariant ideal H < C*(I') is not injective. Now it follows as
in the proof of Theorem[5.13|that C*(T') is the Katsura algebra of £. 1

PROPOSITION 5.15. Asin Proposition let E= || Ej be the path category of
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REMARK 5.16. All examples of covariance algebras treated above are quo-
tients of the Toeplitz algebra by relations of the form a ~ 8§(a) for some a € A,
¢ € N3 with 85(a) € K(&;). These relations are direct analogues of the usual
Cuntz-Pimsner covariance condition. We should allow all £ > 1 because £, = 0
may happen. And even for a global product system, it is possible to have co-

variance ideals that are larger than (83) 1(K(&;)). Our formalism also allows
N

relations of the form Y x; ~ 0 for x; € K(&;). We do not know an example of a
i=0

covariance algebra that cannot be obtained from relations of the simpler Cuntz-

Pimsner form a ~ 8§(a).
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