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1. INTRODUCTION

Interpolation is one of the main tools in parabolic differential equations and
in particular in semigroup theory, see [8], Section 1.13 of [40], and Chapter 2 of
[29]. Frequently interpolation is done between two LP-spaces or between a Ba-
nach space and the domain of a power of the generator of a semigroup. The aim of
this paper is to consider abstractly interpolation of continuous semigroups, from
the viewpoint of category theory. In one of the main theorems of this paper, The-
orem we show that the generator of the interpolation of two Cp-semigroups
is the interpolation of the two generators. As a corollary this gives the following
theorem for complex interpolation.

THEOREM 1.1. Let (X, A, jt) be a o-finite measure space and let po, p1 € [1, ).
Let $(P0) and S(P1) be bounded consistent Co-semigroups in LPo and LP1 with generators
—Apy and —Ay,, respectively. Let 6 € [0,1] and let p € [1,00) be such that % =

117;09 + p%. Let S(P) be the Co-semigroup on LP which is consistent with S(Po), Let —Ap
be the generator of S(P). Then
[D(Aﬁo)rD(Am)]f) = D(Ap)-

The paper is organised as follows. In Section 2] we characterise consistency
of semigroups in terms of their resolvents and we obtain a useful expression for
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the intersection of the domain of the generators. In Section [3] we consider in-
terpolation functors and prove loosely speaking that semigroup generators and
interpolation functors commute. In Section4 we give examples of our theorem in
LP-spaces and distribution spaces for consistent semigroups. Finally in Section 5|
we present an illustration in non-linear parabolic equations, where the appropri-
ate interpolation is not between two LP-spaces or between a Banach space and a
power of a semigroup generator.

2. CONSISTENCY OF OPERATOR SEMIGROUPS

In this section we show that two Cy-semigroups are consistent if and only if
the resolvents of the generators are consistent for large A > 0. We start with the
definition of consistent operators.

DEFINITION 2.1. Let X and Y be two vector spaces. Let Ty : D(Tp) — Y
and T; : D(Ty) — Y be two (linear) operators with domains D(Ty) C X and
D(T;) C X. Then the operators T and T are called consistent if Tox = Tyx for all
x € D(Typ) N D(Ty). Let Xp and X; be two Banach spaces which are embedded in
avector space X. Let $(9) and $(V) be semigroups in X and X, respectively. Then
the semigroups S and S(V) are called consistent if St(o) and Sgl) are consistent for
allt > 0.

The following easy lemma gives a sufficient condition for two bounded op-
erators to be consistent.

LEMMA 2.2. Let (Xo, X1) be an interpolation couple of Banach spaces. Let Ty and
T be bounded operators in Xy and Xy, respectively. Let D C Xo N Xy and suppose that
D is dense in Xo N Xj. Further, suppose that Tox = Tyx for all x € D. Then Ty and Ty
are consistent.

The boundedness condition on the semigroups in the sequel is just for con-
venience.

LEMMA 2.3. Let (Xo, X1) be an interpolation couple of Banach spaces. Let S(0)
and S be bounded Co-semigroups in Xy and X1 with generators —Ag and —A,, re-
spectively. Then the following are equivalent:

(i) the semigroups S©) and SU) are consistent;
(ii) for all A > O the resolvent operators (Ag + A 1)~! and (Ay + A1)~ are consis-
tent.

Proof. (i) = (i) Let A > O and x € Xy N X;. Then
(Ag+ A1) tx = /e*)‘t Sgo)xdt = /e*/\tSEl)xdt = (A1 +AD) M
0 0
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(if) = (i) Let A > 0 and x € Xy N X;. Then it follows by induction to n that
(Ag+AI)""x = (A +Al) "xforalln € N. Now lett > 0and x € XyN X;.
Then the Euler formula gives

—n

—n
si% = fim, (A0 5 1) "x = Jim (4 1) =0

as required. 1

REMARK 2.4. In Proposition 2.2 of [2] the following is proved: the set U of
all A for which (Ag+ A1)~ and (A; + A I)~! are consistent, is open and closed
in p(—Ap) Np(—A1). From this it easily follows that if p(—Ag) = p(—A;) and
this set is connected, then the consistency of (Ag + Ao I)~! and (A1 + Ao I)~! for
only one Ag implies the consistency of all resolvent operators.

If the equivalent conditions in Lemma are valid, then it is possible that
there exists a A € p(—Ag) N p(—A;1) such that the resolvents (Ag + A1)~ and
(A1 + A1)~ are not consistent. An example has been given in Section 3 of [2].

PROPOSITION 2.5. Let (Xo, X1 ) be an interpolation couple of Banach spaces. Let
S and S be bounded consistent Co-semigroups in Xo and Xy with generators — Ay
and — Ay, respectively. Then one has the following:
(i) the generators Ay and A1 are consistent;
(ii) D(Ag) N D(A1) = {x € D(Ag) N X1 : Agx € X1} = (Ao + 1) H(Xo N Xq).

Proof. (i) Let x € D(Ag) N D(A1) and F € (Xp + X1)'. Then
1 1
=i —_ — (0) =1i —_ — (1) fd
F(Apx) ltlﬂ} tF(<I SWx) 1551 tF((I SW)x) = F(Ajx).

Hence Agx = Aqx.

(ii) Let x € D(Ag) N D(A1). Then it follows from statement (i) that Agx =
Ajx € Xy. So D(Ag) N D(A1) C {x € D(Ap) N Xy : Apx € Xi}. Conversely,
suppose x € D(Ag) N Xy and Apx € Xj. Lett > 0. Then forall F € (Xp + Xy)’
one deduces that

~
—~
—~
9]
G
N—
=
N~—
|
~
=
—~
H_(J)
=
N—
=
N~—
|
~
S
—
(J’J
O
hS
o
=
Q.
r.n
O\w
"l‘j
D>
o
R

So

in X;. Hence
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in Xp. Therefore x € D(A;1). This proves the first equality in statement (ii).

Next, let x € D(Ag) N D(A;1). Then (Ao + I)x = (A1 + I)x € Xp N X; again
by statement (i). So x € (Ag + I)~1(Xo N X1). Conversely, let x € Xo N X;. Then
obviously (Ag + I)~'u € D(Ay). Since (Ag+I)~! and (A1 + I)~! are consistent
by Lemma it follows that (Ag + I)~'x = (A; + I)"'x € D(A;). Therefore
(Ag+1)"'x € D(Ag) N D(A1).

3. INTERPOLATION OF CONSISTENT OPERATOR SEMIGROUPS

In this section we consider interpolation of semigroups and their generators.
In all what follows, we adopt the terminology of Section 1.2 of [40], with minor
modifications.

Let (Xo,X7) and (Yp, Y1) be two interpolation couples of Banach spaces.
Recall from Subsection 1.2.2 of [40] that L((Xy, X1), (Yo, Y1)) denotes the vector
space of all linear maps T : Xo + X; — Y + Yj such that T|x, € £(Xp, Yp) and
T|x, € L(X1,Y1). f T € L((Xo, X1), (Yo, Y1)), then clearly the operators T|x, and
T|x, are consistent. There is a converse.

LEMMA 3.1. Let (Xo, X1) and (Yo, Y1) be two interpolation couples of Banach
spaces, Ty € L(Xo,Yo) and Ty € L(Xq,Y1). Suppose that Ty and Ty are consistent.
Then there exists a unique T € L((Xo, X1), (Yo, Y1)) such that T|x, = To and T|x, = Tj.

Moreover, the operator T is continuous from Xo + Xj into Yo + Y7 and

T x50+ 5v0+y; < [[Tollxg—vo V 11l %, -y, -

Proof. The first part is easy and the operator T € L((Xo, X1), (Yo,Y1)) is
given by T(xo + x1) = Toxg + T1x1 for all xg € Xg and x; € X;. Here we use that
Ty and T are consistent.

Next, let x € Xy + Xj. Let xg € Xp and x; € X; be such that x = xg + x7.
Then

Tl xo+x, < [ Toxollx, + 11 Trx1 1 x, < (1 Toll x5y, V I Tallx, -, ) (10l x, + llx1 11, )-
So || Tx|lv,+y;, < (ITollxg=v, V I T1llx;—v,) [ X[| xo+x,- This proves the last asser-

tion. 1

Let (Xp, X1) and (Yp, Y1) be two interpolation couples of Banach spaces. We
provide L((Xo, X1), (Yo, Y1)) with the norm

I TN ((x0,x0),0v012)) = I T 1% 1o —v0 VI Tl Il =7

Then L((Xo, X1), (Yo, Y1)) is a Banach space. For the concept of interpolation
functor we refer to Subsection 1.2.2 of [40]. If F is an interpolation functor and
T € L((Xo, X1),(Yo,Y1)), then we denote by TF : F(Xq,X;) — F(Yo,Y1) the
restriction of T to F(Xp, X1). Note that T is a bounded operator. Alternatively,
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since we are interested in consistent operators, we also introduce another nota-
tion. Let Ty € L(Xo,Yp) and Ty € L£(X3,Y;7). Suppose that Ty and T; are con-
sistent. By Lemma [3.1] there exists a unique T € L((Xo, X1), (Yo, Y1)) such that
T|x, = To and T|x, = Ty. Then we define

F(Ty, Ty) = T7.

So F(Tp, Ty) is a bounded operator from F (X, X7) into F (Y, Y7). Since Ty, Ty
and F(Ty, Th) = T/ are all three restrictions of the same operator T on Xy + Xj,
it is obvious that the three operators Ty, Ty and F(Tp, T1) = T are pairwise
consistent.

LEMMA 3.2. Let (Xo, X1) and (Yo, Y1) be two interpolation couples of Banach
spaces and F an interpolation functor. Then there exists an M > 0 such that

TN 70, %0) > Fvovy) < MITllr((x0,%0), (%0 11)

forall T € L((Xo, X1), (Yo, Y1)).

Proof. The operator T + T7 from the Banach space L((Xo, X1), (Yo, Y1))
into the Banach space L£(F(Xo, X1), F (Yo, Y1)) has a closed graph. 1

DEFINITION 3.3. We say that an interpolation functor J has Property (d) (for
dense) if for every interpolation couple (X, X1 ) the subspace Xy N Xj is dense in
the interpolation space F (X, X1 ).

EXAMPLE 3.4. The complex interpolation has Property (d). With exception
of the limit values also the real interpolation has Property (d). For complex and
real interpolation, see Subsections 1.9.3 and 1.6.2 of [40].

EXAMPLE 3.5. The real interpolation with parameters the limit values does
not have Property (d), see Remark 1.18.3.5 of [40].

The next lemma is easy to prove.

LEMMA 3.6. Let (Xo, X1) and (Yo, Y1) be two interpolation couples of Banach
spaces and F an interpolation functor which has Property (d). Let Ty € L(Xo,Yo),
T1 € L(X1, Y1) and suppose that Ty and Ty are consistent. Then F (Ty, Ty) is the unique
extension of the operator T|x,nx, : Xo N X1 — Yo N Yy which is continuous from the
space F(Xo, X1) into the space F (Yo, Y1).

Next we consider a functor on consistent semigroups.

PROPOSITION 3.7. Let F be an interpolation functor. Let (Xo, X1) be an interpo-
lation couple of Banach spaces. Let $() and SO be consistent semigroups in Xo and X1,
respectively. Then one has the following:

(i) The family (]-"(SEO), St(l)))t>o on F(Xo, X1) is a semigroup which is consistent
with both S\ and SO,



8 A.F.M. TER ELST, AND J. REHBERG

(ii) If both S©) and SV are bounded semigroups, then the semigroup
(51", 5" o

is also bounded.

(iii) Suppose in addition that S©) and SO are Cy-semigroups and that the inter-
polation functor F has Property (d). Then the semigroup (]—'(SEO),SED))DO is a Cop-
semigroup.

Proof. (i) This is straightforward.

(ii) This follows from Lemmas [3.1]and

(iii) Without loss of generality we may assume that both S and S(!) are
bounded semigroups. For all t > 0 write S/ = .7-"(550), Sgl)). Then also (57 )=o
is a bounded semigroup by statement (ii).

Because F (X, X1) is an intermediate space for the interpolation couple
(Xo, X1), there exists a ¢ > 0 such that |[x| 7x,x,) < cllx[[xynx; for all x €
XoN Xjp. Letx € XgN Xq and t > 0. Then

0 1
157 % = x| Fx0 %) < € I1S7% = xllxonxs = € (5% = %]l + 15 x = x[|x,)-
Hence liig IS x — x[| 7(x,,x,) = 0 and ltiiglst]:x = xin F(Xo, X1).

Finally, Xy N X; is dense in F (X, X;) since the interpolation functor has
Property (d). So ltiir(r)l S{x = xin F(Xo, X) forall x € F(Xp, X1).

We wish to determine the generator of the semigroup S. We need a lemma.

LEMMA 3.8. Let F be an interpolation functor which has Property (d). Next,
let (Xo, X1) be an interpolation couple of Banach spaces. Further, let S©) and () pe
consistent Co-semigroups in Xo and X; with generators — Ay and — A1, respectively.
Let S* = (]—"(SEO), Sfl)))bo be the Cy-semigroup in F(Xo, X1) as in Proposition
Let —B be the generator of S”. Then D(Ag) N D(A;) C D(B) and D(Ag) N D(Ay) is
a core for B.

Proof. Without loss of generality we may assume that both $(©) and S() are
bounded semigroups. The resolvent
(B+1)7': F(Xo,X1) — D(B)

is a topological isomorphism. Moreover, the resolvent operators (B + I)~! and

(Ao + I)~! are consistent by Proposition i) and Lemma By Lemma iii)
the restriction

(B+ 1) xynx, = (Ao + 1) xonx, : Xo N Xq — D(Ag) ND(A)

is a bijection. Because Xy N X; C F(Xo, X1), this implies immediately the as-
sertion D(Ap) N D(A;) C D(B). Since F has Property (d), the space Xy N X is
dense in F(Xy, X1). Hence D(Ap) N D(A7) is densein D(B). 1
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We provide the domain of a generator with the graph norm. Note that with
the notation of the previous lemma, (D(Ap), D(A1)) is an interpolation couple
and Ay € L(D(Ay), Xo) and similarly A; € £L(D(A1),X1). Now we are able to
prove the main theorem of this paper.

THEOREM 3.9. Let F be an interpolation functor which has Property (d). Let
(Xo, X1) be an interpolation couple of Banach spaces. Further, let S and S0 be con-
sistent Co-semigroups in Xo and Xy with generators — Ay and — Ay, respectively. Then
—F (Ag, Ay) is the generator of the semigroup (}'(St(o), Sfl)))bo.

In particular,

D(F (Ao, A1)) = F(D(Ao), D(A1)).

Proof. Without loss of generality we may assume that both $(0) and S() are
bounded semigroups. Write S} = f(St(O),Sgl)) for all t > 0 and let —B be the
generator of the Cy-semigroup S7. We know that D(Ag) N D(A;) C D(B) by
Lemma Also Bx = Agx = A7 x for all x € D(Ag) N D(A;) by Proposi-

tion i), where we set A = F(Ag, A1). The operator A” is bounded from
F(D(Ap), D(A7)) into F(Xo, X1). Hence there exists a ¢ > 0 such that

1A x| 7 (x0,%0) < € 1% 7(D(ag),D(A))
for all x € F(D(Ag), D(A1)). If x € D(Ag) N D(A;), then Bx = A7 x and

| Bx[ 7(x0, %) < € l1xl| 7(D(A0),D(A1))-

Let x € F(D(Ap), D(A1)). Since D(Ag) N D(A1) is dense in F(D(Ap), D(A1))
by Property (d), there exists a sequence (Xy)yen in D(Ag) N D(A;7) such that
limx, = xin F(D(Ap),D(A1)). Then (Bxy),en is a Cauchy sequence in the
space F(Xo, X1) and lim x,, = x in F(Xp, X1 ). Since B is a closed operator, it fol-
lows that x € D(B) and Bx = lim Bx,, = lim A% x, = A% x in F(Xp, X;). Hence
B is an extension of A7

It remains to show that D(B) C F(D(Ag), D(A1)). The operator (Ag +1)~*
is bounded from Xy into D(Ap) and the operator (A; + I)~! is bounded from X;
into D(A1). Moreover, the operators (Ao + )~ and (A; + I) ! are consistent by
Lemma So by interpolation one obtains a bounded operator, denoted by C,
from F (X, X7) into F(D(Ap), D(A1)). Let ¢’ > 0 be such that

ICx Nl 7D (ag),D(a)) < € 1%l F(x0x)
for all x € F(Xo, X1). If x € Xo N Xy, then Cx = (Ag + I)~'x. Hence
(Ao + D) 'l 7(p(ag)piay) < € 1l 7(xox,)
for all x € Xp N Xj. Using Proposition [2.5(iii) it follows that
1%l F(D(ag),Deay) < € (Ao + Dxll 7xpx,) = € 1B+ Dxll 7(x0,x,)

forall x € D(Ag) N D(A;). But D(Ag) N D(A) is dense in D(B) by Lemma[3.8|
Since F(D(Ap), D(A1)) is complete, it follows that D(B) C F(D(Ap), D(A1)). 1
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A similar statement is valid for the resolvents.

PROPOSITION 3.10. Let F be an interpolation functor which has Property (d).
Let (Xo, X1) be an interpolation couple of Banach spaces. Further, let SO and S(1)
be consistent bounded Cy-semigroups in Xo and Xy with generators —Ay and —Aq,
respectively. Then

F((Ag+ D)7 (A1 + D)7 = (F(Ag, A + 1)

Proof. Write S{ = ]-'(SEO),SEU) forallt > 0. Letx € XoNX;. If F €
(Xo + X1)', then

F(F(Ag, Ay) + D) x) = /e*fp(sfx) dt = /e*tF(Sgo)x) dt
0

0
= F((Ag+ 1) "'x) = F(F((Ag+ )71, (Ay + ) )x).
So
(F(Ap, A1)+ D) e =F((Ao+ D7 (A1 + 1) H)x.

Moreover, the operator (F(Ag, A1) + I)~! is bounded from F (X, X;) into itself.
Hence F((Ag+ 1)1, (A1 +1)7") = (F(Ao, A1) + 1)~ by Lemma[3.6| &

4. EXAMPLE: LP-SPACES

One of the commonly used theorems states that semigroups on L?-spaces,
which are induced by forms on L?, extrapolate consistently to the whole LP-scale,
provided one knows Gaussian estimates for the L?-semigroup. We next describe
this situation.

Let Q C R be a bounded domain and D C 92 be closed. We define

CR(Q) = {¢|n: ¥ € C°(R?) and supp p N D = @}.
For all p € [1,00) let W;,’p (Q2) be the closure of CF(£2) in the Sobolev space

WP (Q). If g € (1,00], then we denote by Wzsl’q(Q) the antidual of the space

/
qu (Q2), where ¢’ is the dual exponent of q. Let i be a bounded, measurable,
elliptic function on (2 which takes its values in the set of real d x d-matrices, that
is, there exists a ¢ > 0 such that

Re p(x)x - % > c|x|?

forall k € €% and almost every x € Q. Define the sesquilinear form t : Wzl)’Z(Q) X
W5*(Q) — Cby

t{y, o] = /WIP-W-
0
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Let A be the operator associated with tin L?(Q2) and let A : W%’Z(Q) — W, (o)
be defined by (A, @) = t[ip, | forall , ¢ € W%Z(Q). Then —A and —A gener-
ate analytic semigroups S and S on L?(Q) and W, L2((2), respectively. For
all g € [2,0) define the operator ./Tq in ng’q(ﬂ) by

(4.1) D(A,) = {p € W5"1(Q) nWEA(Q) : Ay € Wy (Q)}

and A, = 'A|D(,Z,7)'
In the following we frequently need the following assumption.

ASSUMPTION 4.1. (i) The boundary around any point x € 002 \ D admits
a bi-Lipschitzian boundary chart; i.e. for all x € 002\ D there is an open neigh-
bourhood U and a bi-Lipschitz mapping ¥ from U onto the cube (—1,1) such
that ¥(x) = 0 and ¥ (U N Q) equals the lower half cube.
(i) (o) Theset Disa (d —1)-setin the sense of Jonsson-Wallin ([26], Chap-
ter II) and
(o) the set (2 is a d-set in the sense of Jonsson-Wallin, or for almost all
x € () the matrix y(x) is symmetric.

THEOREM 4.2. (i) The semigroups S and 5@ are consistent.
(if) Adopt Assumption i). Then the semigroup S has a kernel with Gaussian
upper estimates. Moreover, the semigroup S?) extends consistently to a Co-semigroup
S(P) on LP(Q) for all p € [1,00). The semigroup S'P) is holomorphic.

Proof. (i) See Subsection 1.4.2 of [34].

(if) The first assertion is proved in Theorem 3.1 of [15]. The second one
follows from the first by the second proof on p. 1160 of [2]. The holomorphy
follows from the Gaussian estimates in combination with Theorem 5.4 of [3]. &

It is desirable in various contexts to know the consistency of semigroups
on spaces like LP((2) and ng’q(Q), as outlined in the beginning of this section.
Before we can prove such a result we establish the following lemma.

LEMMA 4.3. Let p € [1,00) and q € (1,00). Then CX(Q) is dense in the space
W, "1(Q) N LP(Q).

Proof. First of all, ng'q(Q) N LP(Q) is dense in both ng’q(Q) and L7 (Q),
since C&° () C ng’q(()) N LP(Q). Therefore

/

(Wp "1(Q) N LP(Q))'= (Wp () +(LP(Q))'= Wy (Q) + LV (Q)

by Theorem 2.7.1 of [7]. Let F € (W, (Q2) N LP(Q2))' = W7 (Q2) + LV (€2) and
suppose that F(y) = 0 for all y € CZ(Q). Since F € L'(Q), it follows F = 0.
Then the statement is implied by the Hahn-Banach theorem. 1
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For all p € [1,00) let S(P) be the semigroup on L?((2) as in Theorem ii)
(assuming Assumption [4.1[i) is satisfied).

THEOREM 4.4. Assume Assumption i), Then the semigroup S?) is consistent
with the semigroup SP) for every p € [1,00).

Proof. Lett > 0. If u € CX(Q), then ggz)u = ng)u = S;p)u by Theorem
Now the result follows from Lemmas[2.2]and ]

There is also a version for the operator /Tq in W, 1 (Q2) under slightly more
assumptions. Statement (i) of the next theorem is of direct interest in this section.
In the next section we need many more results for the operator .Il,, in a non-linear
example in the special case D = @. Since these results are of independent interest
for general (mixed) boundary conditions, and we do not wish to change back
and forth the boundary conditions in Section 5, we include the statements in this
section.

THEOREM 4.5. Suppose that Assumption {4.1|is valid. Let q € [2,00). Then one
has the following:
() —.,Zq generates a holomorphic semigroup on Wy, 1’q(O) which is consistent with
the semigroup S'P) for all p € [1,0);
(ii) jq + I is a positive operator in the sense of Triebel ([40]], Section 1.14);
(iii) .Zq + I admits a bounded Heo-functional calculus on Wy 1’q(.()), in particular, it
has bounded imaginary powers;
(iv) D((A; + 1)/2) = L1(Q);
v) Wy C D(Ay);
(vi) ile'q = D(Ay), then

A+ LWt — Wy
is a topological isomorphism.

Proof. (i) It follows from Lemma 6.9(c) of [13] that —./Zq generates a holo-
morphic semigroup on W, 1'q(.()). Denote this semigroup by 5(4). Then S is
consistent with S() by the paragraph before Lemma 6.9 in [13]. Hence if t > 0

o0 @, 3@y oP)y B - /
and u e CP (), then S, p=5,"¢p=S5,""¢. Finally use again Lemmas|2.2|and 4.3

(ii) This is proved in Theorem 11.5(i) of [4].

(iif) This is proved in Theorem 11.5(ii) of [4].

(iv) For all p € [1,00) let —A, be the generator of the semigroup S(P). The
operator ((Ay + I 2) L L1(Q) — ng’q(Q) is a topological isomorphism by
Theorem 5.1 of [4]. Moreover, D( A;/ 2y = Wll)’q(Q) and the operators A, A, and
A, are consistent. Therefore D((A, + 1)'/2) = L1(Q).

(v) This has been proved at the end of Section 5 in [13]].
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(vi) Clearly the operator A + I is injective, hence also ./Tq + I is injective. It
follows from Lemma 6.9(c) of [13] that the operator ./Tq + I is surjective.
Define the operator A, : W. ’q (Q) = W, 1’q(Q) by

<Aqlp/ ¢>W51/q(0)><wgq/(ﬂ) :([‘HVIP . Vq)/

where ¢ € Wg’(ﬂ) and ¢ € Wé’q, (Q2). Then ,Zq is an extension of A;. Moreover,
A; is continuous. So if W}D’”’(Q) = D(A,), then A4; = A, and A, + I is a contin-

uous bijection from le)’q(ﬂ) into W, 1’q(Q). By the open mapping theorem it is
then also a topological isomorphism. 1

REMARK 4.6. Unfortunately, one cannot expect in general for g > 2 the
equality WET = D(,Zq). The possible obstructions against a higher integrability
of the gradient are non-smooth domains (see Theorem A of [25]), mixed boundary
conditions, i.e. D # @ # dQ \ D (cf. [37]), or the discontinuity of the coefficient
function y (see the classical paper [32] or Section 4 of [14], for a striking example).
But in many cases, relevant in the applications, there exists a ¢ > d such that the
equality W;)’q = D(/Tq) is valid. This is always the case in two space dimensions
(see [21]) and was proved in case of three space dimensions in many cases in
[11]. This can then be used as the basis for the treatment of non-linear parabolic
equations in case of non-smooth data, as is carried out in [22] and [24].

The analysis of a prototypical example in the next section also will rest on
this.

We end this section with an invariance property for the equality Wg’ Q)=
D(Ay).

LEMMA 4.7. Let d € {2,3} and Q C RY be a Lipschitz domain. Further, let
D be a closed subset of the boundary and yu a bounded, elliptic coeﬁ‘tczent function. Let
q € [2,6] and let Ay be the corresponding operator. Suppose that W 1(Q) = D(A).
Let ¢ : Q2 — R be a uniformly continuous function which admits a posztwe lower bound.
Then the coefficient function & y satisfies the ellipticity condition. Let A be the operator

corresponding to & p. Then D(.A )= wzlﬂ((z).
For the proof see Lemma 6.2 of [11].

5. EXAMPLE: A NON-LINEAR PROBLEM

We conclude the paper with an illustration of the abstract setting arising
in non-linear parabolic equations, where the appropriate interpolation is not be-
tween two LP-spaces or between a Banach space and the domain of a semigroup
generator which is acting on this space.
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Consider the quasilinear initial boundary value problem
G1) W = V) Vu+u=[Vul, $u)v-Vuloo=f £0, u(0) = up.

on a bounded domain Q C R, where ¢ : R — (0, 00) is sufficiently regular and
d € {2,3}. Moreover, we suppose that the Neumann datum f is real-valued. In
case of non-smooth domains it is, in view of the quadratic gradient term on the
right hand side, a non-trivial problem to find a suitable Banach space X for the
treatment of this initial boundary value problem. Highly relevant examples of
parabolic equations (not necessarily quasilinear ones) from science which exhibit
a quadratic gradient term may be found in for example [5], [6] and [27].

REMARK 5.1. The inhomogeneous Neumann condition has to be consid-
ered in a weak form. We come back to this issue in the first remark after the proof
of Theorem

If (2 is a Lipschitz domain then under a mild condition we use complex
interpolation to construct a suitable space X. We assume from now on that (2 is
a Lipschitz domain and use the notation as in Section [} We choose from now on

D = @. Then Assumptlonlls valid. We write W1 = W q(Q) WY q(Q) In
order to avoid confusion with the antidual of Wo’q (which is usually denoted by
W14 in the literature) we denote the anti-dual of W4 by W, B ; u(x) = I for
all x € (2 then we denote the corresponding operator /Tq by —A gforallg € [2,00).

In the next theorem we assume that there exists a g € (d,6) such that
D(A~ ) = WU(Q). This is satisfied if (2 is a Lipschitz graph domain by Corol-
lary 9.3 in [16] or Theorem 1.6 of [41]; and in the case of polyhedral (p0551bly
non-convex) Lipschitz domains in [20]. Then Theorem lv1) implies that A +1
provides an isomorphism from W(Q2) onto W@ 10).

THEOREM 5.2. Let d € {2,3} and let Q C R be a bounded Lipschitz do-
main. Let q € (d,6) and suppose that D(Ay) = WY(Q). Provide the boundary
00 with the (d — 1)-dimensional Hausdorff measure. Let f € L®(dQ2,R). Let § €

(0,1) and ¢ : R — [5,00) be a C>~function. Fix 6 € (Z%%, ) and define the space

X = [LWZ(Q),W(/;W(Q)}@. We denote the restriction of A, to X by A and assume
ug € D(A) is real-valued. Then the problem

62) W= V- pu)Vutu=|VuP, $(u)v-Vulan=f, u(0)=uo
is well-posed on the interpolation space X, that is there exist T > 0 and real-valued
u € CH(0,T); X)NC([0, T); Dx(V - ¢(up)V)) which fulfills on (0, T) the quasilinear
equation (5.2).

For the proof we need some preparation. Adopt the notation and assump-

tions as in Theorem For all & € W (Q) it follows from the Sobolev embed-
ding theorem that ¢ is bounded and Hélder continuous. Let A,z be as in 1|
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with the choice D = @ and u(x) = ¢(x) [ forallx € Q. Forall p € [1 o) let )
be the Co-semigroup on L?((2) as in Theorem @4.2) lii) and let —A, s denote the
generator of the semigroup S(7¢). Then the Cy-semigroup generated by Aq,,: is
consistent with the Co-semigroup 5(9/%¢) by Theorem l1). Since g > d it follows
that L1/2(Q) € W, "1(Q). Hence L72(Q2) C X C W,,"(Q) and the semigroup
on W, 1’q(Q) generated by —.qug leaves X invariant and the restriction on X is
a Cop-semigroup. Let —.As be the generator of this Cp-semigroup on X, which is
nothing else but the restriction of f.ﬁqlg to X, see Theorem

In the subsequent lemma we establish that Neumann inhomogeneities f &
L*®(902) in can be interpreted as elements in X.

LEMMA 5.3. There is a natural embedding of L*(9Q2) in X.

Proof. Using Subsection 1.11.3 of [40] and Theorem 3.1 of [18] one deduces
that
X' = [L2(Q), W H(Q)] = [(L72(Q)), (W(2)) ]
= [L@2 (), W™ (Q)]g = H(Q2),

where 1 = (1-6)(1— f) +6(1— 7) The condition 0 > i 1mp11es that 6 > 1

(actually, it is equivalent). Hence the trace map Tr : H% 7((2) — L"(00) is well
defined and continuous by Section 1.5 of [19]. Therefore the map w — [ fTrw
a0

from X’ into C is continuous and f can be identified in a natural way with an
elementof X. 1

Next we collect some properties of the operator Ag.

LEMMA 5.4. Let & € WH(Q,R) with & > 6
(i) The operator Ag + I is positive.
(ii) Let s = (1 —6) g + 0 and a = 3= Then D((Az 4+ 1)%) C WH(Q).
(iii) D(Ag) = D(A).
Proof. (i) Both A, and .Aq ¢ are positive by Theorem 11.5(i) of [4], so A¢ is
positive by Proposmonm
(ii) First note that L1/2(Q) C Héd/q’q(ﬂ), where the latter space denotes
the antidual to the Bessel potential space HY/%4' ((2). So

(5.3) X  [Hy" "), W, " (Q)]y = Hy* (),

where we used Theorem 3.1 of [18] in the last step.
The function ¢ is uniformly continuous by the Sobolev embedding. Hence
Lemmalmphes that D(A,z) = W"I. Consequently

e -1
(5.4) Age+T:WH — W,
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is a topological isomorphism by Theorem [4.5(vi).
By Theorem |4 111) the operator .Aq ¢ + [ admits bounded imaginary pow-
ers. Using Theorem 1.15.3 of [40] and Theorem [£.5(iv) one deduces that

D((Ayz +D)17972) = W5 (Q), D((Age + D)1

= W, "(Q), L1(Q))1s = Hp (),

where we used Theorem 3.1 of [18] in the last step. Together with this gives
X cC D((./Tq,g + 1)(1-9)/2) or, equivalently, (.%Tq,,; +0)(1=5)/2 ¢ £(X, Wél’q). Com-
bining this with the isomorphism property (5.4), one gets

(ﬂq,é‘i‘l) (14s)/2 _ (Aqr:+1> (J‘Tp],§+1)(175)/2 c £(X,W1"7).

Since A¢ is the restriction of Aq,é’ to X, this implies that there exists a ¢ > 0 such
that

[(Ag + 1)~ W29 < lyllx

forall y € X. This is equivalent with D((Az + I)(1+9)/2) c W'
(iif) This follows from Corollary 6.8 of [22]. 1

Besides the preparations up to now, the proof of Theorem [5.2| heavily rests
on the following central result of the classical and pioneering paper [39] of Sobo-
levskii. (For other proofs and refinements see also [1]] and [28]].)

THEOREM 5.5. Let Y be a Banach space and B an operator in Y with dense, com-
pactly embedded domain D(B). Assume that there is a ¢ > 0 such that B admits the

resolvent estimate
c

ST+ 1+A]

forall A € C with ReA > 0. Fix B € (0,1) and ug € D(BP). Let w € (0,B). Let
B : D(B*) — L(D(B), ) and g : D(B*) — Y with B(ug) = B. Assume that for all
R > 0 there is a constant ¢(R) > 0 such that

(5.5) 1B (0) = B(w)llz(pB),y) < ¢(R) [[B*0 — B*wlly and

(5.6) 18(v) = g(w)lly < e(R) [|B* — B*w]y

forall v,w € D(B*) with |B*v||y < Rand ||B*w||y < R. Then there exist T > 0 and

u € CH(0,T);Y)NC((0, T); D(B)) which fulfills on (0, T) the quasilinear parabolic
equation

1B+ A) "Ml zery

' —Bw)u=g), u(0)=u.

REMARK 5.6. There is a nasty missprint in formula (2.72) of [39]], in which
the Q on the right hand side has to be replaced by p. See the Russian original
formula (2.72) of [38].

We need one more lemma. It can be proved by adapting the proof of Theo-
rem 5.5.3/1 in [35], but we give an independent proof.
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LEMMA 5.7. Let Q be a Lipschitz domain. Let ¢ € C?>(R) and q > d. Then
pou € WH(Q) for all u € WY (Q,R). Moreover, for all R > 0 there exists a
cr > Osuch that || ou —p o v pyre < cr |1 — 0|l g forall u,v € WHI(Q, R) with
llull g < Rand ||v]|y14 < R

Proof. By the Sobolev embedding theorem there exists a ¢ > 0 such that

lullee < c||uf|yrq for all u € WY (Q,R). Let M = ‘s‘up (l9'(t)] + |9 (t)|). Let
t|<cR

u,v e Wlf‘?(Q,]R) N C*(Q) with ||u||W1,,, < Rand HvHWl,q <R Ifkedl,...d},
then

Ok(pou—pov)| < |9 oul[Ou — 9| + ¢ o u — ¢ o 0] |9]
< M |9k — 0xv| + M |u — v |90

So [[pou—1pov|pyy <2Md||u —v|y1q + Md|u —v||;~ R. By Theorem 1 of
[30] the map w — ¢ o w is continuous from W1(Q, R) into W. Since Q is a
Lipschitz domain, W (0, R) N C®(2) is dense in W1 ((,R), and the lemma
follows. 1

Proof of Theorem Leta € (0,1) be as in Lemma[5.4{ii). Thenuy € D(A) C
D((=A+1)%) ¢ WY(Q) by Lemma ii). Hence ¢ o ug € WY1(Q) by Theo-
rem 1 of [30]. Define B = Agoy, + I. Then D(B) = D(A) = D(Ag) for all
¢ € WY(Q,R) with & > 6 by Lemma [5.4(iii). Since D(B*) C W'“I(Q) by
Lemma 5.4{ii) one can use again Theorem 1 of [30] and define the map B : D(B*)
— L(D(B), X) by B(v) = Agoreo- It follows from Lemma 6.7 of [22] that there
exists a ¢ > 0 such that

[Agu — Ayullx < cl|g = nllwraa) lullp)
forallu € D(B) and &7 € WY (Q,R) with & > § and 57 > 6. Hence

1(B(v) = B(w))ullx = [[(Aporev — Aporew )t x
(5.7) <cllpoRev —¢oRewl|yiq) Ul

forallu € D(B) and all v,w € D(B*). By Lemma5.7/for all R > 0 there exists a
cr > 0such that

(5.8) [|¢ OReU—‘PORew”qu(Q) <cg[|Rev — Rew”vvl/q(()) <cerflo— wHWW(Q)

for all v, w € W1 (Q) with [ollwia(q) < Rand [|w|[yyisq) < R. The estimates
and (5.8), combined with the embedding D(B*) C W1 ((2), give .

Next, if w € D(B¥), then w € W' and Vw € L1(Q). Therefore |[Vw|? €
L972 ¢ X. So we can define g : D(B%) — X by g(v) = |Vo|> + f, where we
use Lemmal5.3)to identify f € L®(9(2) with an element in X. The local Lipschitz
condition follows immediately from the continuity of the map v — |[Vo|
from D(B%) into L7(2) and the continuous embedding L1/ C X.
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Clearly D(B) is dense in X because —B generates a Cyp-semigroup in X.
Since W1(Q) is compactly embedded in L9(Q) and L1(Q) C L1/?(Q) C X,
one deduces that the space D(B) is compactly embedded in X. Next note that
ug € D(A) = D(B) € D(BP) for all B € («,1), where we used Lemma iii)
in the equality. Then follows from Theorem [5.5/ of Sobolevskii that the modified
problem

(59)  u —V-pReu)Vu+u=|Vu>, ¢u)v-Vulyn=/f u0)=up

admits a solution u with the regularity as asserted Theorem[5.2}
It remains to show that this solution is real-valued. Regard the problem

(5.10) o' —V-¢Reu)Vo+v=|Vul?>, ¢Reu)v-Volyn=/f v(0)=up.

Clearly, u is a solution of this. Due to the already known properties of u, this
problem is well-posed in the context of non-autonomous parabolic equations and
admits a unique solution v € L?(J; W) N WL2(J; W, 12y by Section XVIIL3, Re-
mark 9 of [10]. Since the boundary function f and initial value u are real-valued,
also 7 is a solution of (5.10). Therefore u = # and u is real-valued. Then the
solution u of is a solution of (5.2).

Let us finish with some further remarks.

(i) Since the space X is embedded in the space W, 12 one obtains that the so-
lution u is also a solution in the space W, 12 Hence one may perform the duality
with any element ¢ € W2 and obtains that u is also a variational solution in the
spirit of Section XVIIL.3 of [10]. For these variational solutions it is known that the
variational formulation of the inhomogeneous Neumann boundary condition is
equal to the classical meaning ¢(u(t)) v- Vu(t) = f for almost all t and almost all
points x € 002 with respect to the boundary measure, if the domain (2 is a strong
Lipschitz domain.

(ii) If the inhomogeneous Neumann boundary condition in is replaced by
a homogeneous one (that is f = 0) or if one has a homogeneous Dirichlet condi-
tion (that is 1|y, = 0), then L” spaces are an adequate choice for X in order to treat
, see [31] and [24]. But in our case of inhomogeneous Neumann conditions
this is no longer true since LF spaces enforce a homogeneous Neumann condi-
tion, see Section XVIII.4 of [10]. See also Section 1.2 of [9] and Subsection I1.2.2 of
[17] for an instructive explanation in the elliptic case.

(iii) In contrast to the linear case, also the choice X = W, 1’2((2) is inadequate
for the problem (5.1). Indeed, if X = W, L2((2) then for each t > 0 the function
u(t,-) is then, at best, an element of W'?((2). Consequently |Vu(t,-)|? is then an
element of L!(2) and fails to be an element of X, as required by the differential
equation in (5.1).

(iv) One cannot choose X = W, Y and apply Theorem of Sobolevskii, since
the domain of the operator V - ¢(u9)V in the space W, 1 is at best equal to W4,
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Even if one requires that this domain is equal to W4 then
D((A+1)*) = Wy, W], = Hy

by Subsection 1.15.4 of [40] and [18]. Hence if » € D((A + I)*), then |[Vy|?is in
general not well-defined.

(v) We emphasise that if p # ¢ then the space X = [L¥(Q2), W(/Sl’q(ﬂ)]g is not

p
an interpolation space between the Banach space W, () and the domain of

the operator —V - ¢(19)V considered on Wél’q(Q).

(vi) The problem (5.1) is to be seen, although relevant in science, only as a toy
problem. In a quite similar way one can also treat parabolic problems where
the right hand side does depend on the gradient of the solution in a much more
sophisticated way. This has been done recently in [12] when investigating the
drift-diffusion equations for semiconductors with avalanche generation included
(see also [23]], [33] and pages 111-112 of [36]).
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