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CONTRACTIVITY AND COMPLETE CONTRACTIVITY FOR
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ABSTRACT. It is known that if m > 3 and B is any ball in C" with respect to
some norm, say || - ||, then there exists a linear map L : (C", || - ||}) — M
which is contractive but not completely contractive. The characterization of

those balls in C? for which contractive linear maps are always completely
contractive, however, remains open. We answer this question for balls of

the form Q4 in C? and the balls in their norm dual, where Q5 = {(z1,2) :
lz1A1 + z2A2]|op < 1} for some pair of 2 x 2 matrices Ay, Ay.
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INTRODUCTION

In 1951, von Neumann (see Corollary 1.2 of [16]) proved that if T is a
bounded linear operator on a separable complex Hilbert space #, then, for all
complex polynomials p,

IP(D) < [[Plleop = sup{[p(2)] : |2 <1}

if and only if | T|| < 1. Or, equivalently, the homomorphism p7 induced by T on
the polynomial ring P[z] by the rule pr(p) = p(T) is contractive if and only if T
is contractive.

The original proof of this inequality is intricate. A couple of decades later,
5z.-Nazy (see Theorem 4.3 of [16]) proved that a bounded linear operator T ad-
mits a unitary (power) dilation if and only if there exists a unitary operator U on
a Hilbert space K O ‘H such that

Py p(U),, = p(T),
for all polynomials p. The existence of such a dilation may be established by ac-
tually constructing a unitary operator U dilating T. This construction is due to
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Schaffer (cf. [18]). Clearly, the von Neumann inequality follows from the exis-
tence of a power dilation via the spectral theorem for unitary operators.
Let P = ((p;j)) be a k x k matrix valued polynomial in m variables. Let

[Plleo,c2 = sup{[|(pij(z) )llop - z € 2},

where 2 C C™ is a bounded open and connected set. Define P(T) to be the
operator ((p;;(T))), 1 < i,j < k. The homomorphism pr is said to be completely
contractive if

|IP(T)|| < [|Plleo,2, k=1,2,....

A deep theorem due to Arveson (cf. [1]]) says that T has a normal boundary
dilation if and only if p7 is completely contractive. Clearly, if pr is completely
contractive, then it is contractive. The dilation theorems due to Sz.-Nazy and
Ando (cf. [16]) give the non-trivial converse in the case of the disc and the bi-disc
algebras.

However, Parrott (cf. [14]) showed that there are three commuting contrac-
tions for which it is impossible to find commuting unitaries dilating them. In
view of Arveson’s theorem this naturally leads to the question of finding other
algebras O(2) for which all contractive homomorphisms are necessarily com-
pletely contractive. At the moment, this is known to be true of the disc, bi-disc
(cf. [16]), symmetrized bi-disc (cf. [3]) and the annulus algebras (cf. [2]). Coun-
terexamples are known for plane domains of connectivity > 2 (cf. [§]) and any
ball in C", m > 3, as we will explain below.

Neither Ando’s proof of the existence of a unitary dilation for a pair of com-
muting contractions, nor the counterexample to such an existence theorem due to
Parrott involved the notion of complete contractivity directly. In the papers [10],
[11], [12], it was shown that the examples of Parrott are not even 2-contractive.
In these papers, for any bounded, connected and open set (2 C C™, the ho-
momorphism py : O(Q) — M, induced by an m-tuple of p x q matrices
V = (V,..., Vi), modeled after the examples of Parrott, was introduced. This
was further studied, in depth, by V. Paulsen [15], where he showed that the ques-
tion of “contractive vs completely contractive” for Parrott like homomorphisms
pv is equivalent to the question of “contractive vs completely contractive” for
the linear maps Ly (induced by V) from some finite dimensional Banach space
X to M, 4(C). The existence of linear maps of the form Ly which are contractive
but not completely contractive for m > 5 were found by him. A refinement (see
remark at the bottom of p. 76 in [17]) includes the case m = 3,4, leaving the ques-
tion of what happens when m = 2 open. This is Problem 1 on page 79 of [17] in
the list of “Open Problems”.

Let (C?,]| - [|a) be the normed linear space with ||z|[s = ||z1A1 + 2242//op,
for z = (z1,2) in C2. We show, except when the pair Ay, A, is simultaneously
diagonalizable, that there is a contractive linear map Ly on (C?, | - [|o) taking
values in 2 X 2 matrices, which is not completely contractive. Also, it follows
from Theorem 4.1 of [10] that the norm dual (C?, || - ||o)* has exactly the same
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property. But when the matrices Aj, A, are simultaneously diagonalizable, the
unit ball 2, is equivalent to the bidisc D?. So, among the examples of the linear
maps Ly : (C%, || - ||a) — M> we consider, only the normed space (C2, || - [|o)
and its norm dual, namely (C?,|| - ||1), have the property that all the contractive
linear maps are completely contractive.

We point out that the results of Paulsen used deep ideas from geometry
of finite dimensional Banach spaces. In contrast, our results are elementary in
nature, although the computations, at times, are somewhat involved.

1. PRELIMINARIES

The norm ||z[[a = [[z1A1 + -+ zZmwAmlop, z € C", is obtained from the
embedding of the linear space C™ into the C*-algebra of n x n matrices via the
map Pa(z) := z1A1 + - 4+ znAm. Let Qp C C™ be the unit ball with respect
to the norm || - [|a. Let O(Q4) denote the algebra of functions each of which is
holomorphic on some open set containing the closed unit ball (2. Given p X g
matrices Vi, ..., V;, and a function f € O(Q,), define

fly ¥ oif @)V,
0 f(w)l,

Clearly, pv : (O(Qa), || - [o) = (Mp44(C), || - [lop) defines an algebra homo-
morphism.

At the outset we point out the interesting and useful fact that py is contrac-
tive on O(,) if and only if it is contractive on the subset of functions which
vanish at w. This is the content of the following lemma. The proof is reproduced
from Lemma 5.1 of [15], a direct proof appears in Lemma 3.3 of [10].

(1.1) ov(f) == ( ) for a fixed w € Q4.

LEMMA 1.1. The inequality sup {[lov(f)llop : f € O(Qa)} < 1is equiva-
[l flleo=1
lent to the inequality sup {|ov(g)llop:g € O(Qa), g(w) =0} < 1.
l1glleo=1

Proof. The implication in one direction is obvious. To prove the converse,
assume that ||ov(g)|| < 1 for every g such that g(w) = 0 and ||g]|c = 1.

For f € O(Qa) with [[flje = 1 let ¢5(,) be the Mobius map of the disc
which maps f(w) to 0. We let ¢ = ¢5(,) © f- Then g(w) = 0, [|g[|c = 1 and, from
our assumption, [|ov(g)| < 1. So

lev(H)ll = llov(@7, 8l

= ||¢;(10) (ov(g))]] (since py is a homomorphism)
1.

N
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In the last step we use the von Neumann inequality since qb;éu) is a rational func-
tion from the disc to itself. 1

Note. For the rest of this work, we restrict to the case where w = 0 in the
definition of py above.

The following lemma provides a characterization of the unit ball (2 with
respect to the dual norm || - ||} in C™, thatis Q3 = (C™, || - ||a)7-

LEMMA 1.2. The dual unit ball is
Qp ={(01£(0),02/(0),...,9mf(0)) : f € Hol(Q24,D), f(0) = 0}.

Proof. Given z € C™ such that ||z|]|o = 1and f € Hol(Q24,D), f(0) =0, we
define g, : D — Q4 by

gz(A) =Az, AeD.

Then fog, : D — D with (f 0 g;)(0) = 0. Applying the Schwarz lemma to the
function (f o g,) we get

12 [(f082)'(0)] = If'(82(0)) - 8,(0)| = |f'(0) - 82 (0)| = |£'(0) - 2,

where, f'(0) -z = rzn; (9if(0))z;, etc. Hence (91£(0),092£(0),...,9mf(0)) € Q4.
i—1
Conversely, given w € (2}, define fy(z) = w - z so that 9; fw (0) = w;. &

1.1. THE MAPS L$ ). From Lemmaabove it follows that
m
(1.2) lovl <1 ifand only if sup H Y oif(0) Vil <1
Iflle=1,£(0)=0 " i=1 Op

Taking into account Lemma(T.2Jand the equivalence (1.2) above, it is natural
to consider the induced linear map Ly : (C", || - [|}) — M,4(C) given by

Ly(w) =wiV1 + - + Wy Vin.
It follows from above that
lovl <1 ifandonlyif |Ly| < 1.

We will show now that the complete contractivity of py and Ly are also
related similarly.

For a holomorphic function F : Q25 — My with ||F|| = sup ||[F(z)||, we
z€0p
define

(1.3) pgc)(l-") = (PV(Fij))?,}'ﬂ _ (F(O) QI i)::l(aiF(O)) ® Vi) '
0 FO)®I
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Using a method similar to that used for py it can be shown that ||p$ ) | <1lifand
only if

sup { i(am(o» @ V|| F € Hol(a, (M), F(0) =0} <1,

that is, (by repeating the argument used for py) we have

||p$‘)|| <1 ifand only if ||L$)|| <1

where
k m *
LY (@@ My, || ax) = (Me® Mg || - llop)

is the map

Lg)(@l/@zr---,@m) =01V +0, Vo +---+0,, @V,
for ©1,0,,...,0,; € M.

1.2. THE POLYNOMIAL Pa. A very useful construct for our analysis is the matrix
valued polynomial Py with P5(Qa) € (M, || - [lop)1 defined by

Pa(z1,22,...,2m) = 21A1 + 22A0 + - - + 2 A,

withthenorm ||[Paljc =  sup  ||[Pa(z1,.-.,2m)||op- Note that [P [l = 1by
(21,-2m) EQA

definition. The typical procedure used to show the existence of a homomorphism
which is contractive but not completely contractive is to construct a contractive
homomorphism pvy (by a suitable choice of V) and to then show that its evalua-
tion on P,, that is, pg ) (Pa), has norm greater than 1.

1.3. HOMOMORPHISMS INDUCED BY m-VECTORS. We now consider the special
situation when the matrices V1, . . ., V, are vectors in C™ realized as row m-vectors.
Forw = (wy, ..., wy) in some bounded domain 2 C C™, the commuting m-tuple
w; Vi
0 wl-Im
homomorphism py via the usual functional calculus, that is,

v =1 (o i ) (4 ) S0,

w1 I Wi Ly

of (m+ 1) x (m + 1) matrices of the form < ) , 1 < i < m, induce the

see (L.I). The localization of a commuting m-tuple T of operators in the class
B1(0), introduced in [5], [6], is also a commuting m-tuple of (m + 1) x (m + 1)
matrices, which is exactly of the form described above. The vectors Vi,...,Vy,
appearing in such localizations are given explicitly in terms of the curvature of
the holomorphic Hermitian vector bundle corresponding to T as shown in [6].
The contractivity of the homomorphism py then results in curvature inequalities
(see [91], [A11, [121, [13]).
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Let Vi = (viqi v -+ Uim), i = 1,...,m. The propositions below are
useful to study contractivity and complete contractivity in this special case, where,
as before, we assume that (2 = (04 and w = 0.

PROPOSITION 1.3. The following are equivalent:
(i) pv is contractive;
B m 2 m
(i) sup H )y szjHO < 1, where Bj = X vijA;
Z;nzl |Z].|2<1 P i=1
Proof. We have shown that the homomorphisms pvy are contractive, that is,
Il ov los)—M,..1(c) < 1if and only if the linear maps Ly are contractive, that
is, Lyl 13)- @ -1y < 1 equivalently, [ILy [l o) cmp- ) < 1

011 .- O1m
The matrix representation of Ly, is . : . Hence the contrac-
Oml -+ Omm
tivity of Ly, is given by the condition that
011 - Oim Z1
AL e
m 2
L 1|Z]| st Umm Zm
From the definition of || - H A it follows that
" 2
* . .
1LVl @m ) 11— (cm, -4 S 1 if and only if sup H szBjHO <1,
Ty lzi2<1 7 j=1 P

m
where B; = ) v;;A;. 1
i=1

In particular, if Vi = (4 0) and Vo = (0 ©), the condition (ii) above
becomes
sup  ||lzuAy + 2045 <1,
212:1 ‘Z/‘zgl
which is equivalent to the following two conditions:
) ‘u|2 HA*Hz or |U| HA*HZ and

(11)/3 (C;rﬁﬁ —[u [ ATBIP =102 | A3 B+ uo P ([ AT BI 1 A3 B~ (A1 A3 B, B 1)}

PROPOSITION 1.4. The following are equivalent:
@) oy (Pa) < 1
m

(ii) the n x mn matrix (By By --- By) is contractive, where B; = ) _ v;;A
i=1
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Proof. Since P (0) = 0, it follows from the definition 1) that ||p$1 ) (Pa)]l <
1if and only if

A1 @Vi+- +An® Vul <1

ForV;=(vyq -+ 0im),wehave
A @i+ +Au®@Vy=(Bi By --- Bu).
Thus [|o\ (Pa)|| < 1ifand onlyif || (B; B, --- Bu)|[<1. u

In particular if V; = (1 0) and V, = (0 ©) the condition (ii) above be-

comes
inf {1 [ul| A{BI> o[l A3B]1*} > 0.
BeC?[1p]=1

Note. For most of this paper we will restrict to the two dimensional case.
That is, we consider C2 with the norm defined by a matrix pair (A, Az). In fact,
for the most part, we even restrict to the situation where Aj, A; are 2 x 2 matrices.
This is adequate for our primary purpose of constructing homomorphisms of
O(04) which are contractive but not completely contractive. Many of the results
can be adapted to the higher dimensional situation.

2. DEFINING FUNCTIONS AND TEST FUNCTIONS

Recall the matrix valued polynomial Py : Qp — (Moy, |- [lop)1 defined
earlier by
Pa(z1,22) = 2141 + 2242,
where (Mo, || - [lop)1 is the matrix unit ball with respect to the operator norm.
For (z1,2z2) in 04, the norm

[Pallec := sup  [[Pa(z1,22)[lop =1
(z1,22)€Q4

by definition of the polynomial Py .

Let B? be the unit ball in C2. For (a, ) € B? x B?, define pgx”g) :0p — D
to be the linear map

ng'ﬁ) (z1,22) = (Pa(z1,22)a, B) = z1(A1a, B) + z2(Asa, B).

.B) ”oo,

The sup norm ”ng for any pair of vectors (&, 8) in B? x B2, is at most 1

by definition. Let P4 denote the collection of linear functions { pg'ﬁ ) (a,B) €
B2 x B2}.

The map Pa which we call the defining function of the domain and the collec-
tion of functions Py which we call a family of test functions encode a significant
amount of information relevant to our purpose about the homomorphism py. For
instance py is contractive if its restriction to Py is contractive. Also the lack of
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complete contractivity can often be shown by evaluating pg ) on Pa. Some of the

details are outlined in the lemma below.

LEMMA 2.1. In the notation fixed in the preceding discussion, we have:

o sp lov (PSP < 110Z (Pa) ;
al|l= =1

(ii) pv is contractive if and only if ~ sup Hpv(pg'ﬁ)) | <1
lall=llBl=1
Proof. (i) Since

. (wp) ()
oy (pl ,m):(g P 0) Y+ @ap ' (0) V2>

by definition, it follows that

lov (PP = 11@1p 5 (0)) Vi + (32p57(0)) Vallop
= [[{A1a, B) V1 + (Azax, B) Vallop
= sup |[(Aia, B)(Viu,v) + (A, B)(Vou,v)|.

[lul|=]lv]l=1
Hence
sup  Jov(ph )= sup  sup (A1 B)(Viw,0) + (Aga, B)(Vau,v))|
lall=1lBl=1 lall=[8l=1 [lull=[lv]=1
= sup sup (A1 Vi+A0WV)a®u,fR0)|
lall=lBl=1 [lull=lv]=1
= sup sup |<p$)(PA)zx®u,ﬁ®v)|
lall=l8l=1 [lul=(o]=1
2.1) <[lo%? (Pa).

(ii) As indicated earlier the contractivity of py is equivalent to the contrac-
tivity of

Ly« (@118 = Mgl llop)
given by the formula
Ly(wy, w2) = w1V1 + w; V2.

So we identify the conditions for the contractivity of Ly:

ILvl[= " sup  [lwrVi+w2Valop
[(wr,w2) 3 <1
= sup sup  |wi(Viu,v) + wo(Vou,v)|.

[(wrw2)[[A<T [luf|=l[loll=1
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Hence, since (w1, wy) lies in the dual of (4,

IILv] €1 < ((V1iu,v), (Vou,v)) € Qa Yu,v such that ||u|| = ||v| =1
<~ sup [{Viu,v) Ay + <V2M,?)>A2||Op <1
[ul=]vll=1
— sup sup  |(Aqa, B)(Viu,v) + (Aza, B)(Vou,v)| < 1

lell=l1BlI=1 [lu]l=llv[l=1
<  sup ||pV(pX"ﬁ))|| <1 from 2.I) above. 1
ll«ll=llBlI=1
As mentioned earlier, by choosing a pair (Vj, V) such that the inequality
in (i) above is strict, we can often construct a contractive homomorphism which

is not completely contractive. We illustrate below choices of (V1, V,) for the Eu-
clidean ball for which the inequality is strict.

EXAMPLE 2.2 (Euclidean ball). Choosing A = ( ((1) 8) , <8 (1)) ), we

see that (25 defines the Euclidean ball B? in C2. Choose Vi = (v11 v12), Vo =
(v21 v22). We will prove that

: 2
sup Jlov (PR < 110 (Pa)lop,
[l =18l =1
if V; and V, are linearly independent.

In fact we can choose (Vi,V,) such that sup || pv(pgx’ﬁ ) )| < 1and
llall=I1Bl=1
||p8 ) (Pa)llop > 1. This example of a contractive homomorphism of the ball alge-
bra which is not completely contractive was found in [10], [11].

THEOREM 2.3. For Qp = Bz, let Vi = (2111 2112) , Vo = (7)21 022). Then

. ’ o1 12 |2
O s v =] (30 R [
laf=llI=1 H U21 U2 op
2
(i) 103 (Pa) 13, = H (Zi ZZ) HHS (HS is the Hilbert-Schmidt norm).

Consequently,  sup ||pV(pX"’5)) | < ||p$)(PA) lop if V1 and V, are linearly
llal=lBl=1
independent.

Proof. By the definition of py we have

sup  [lov(pLP) |2
[laf|=1Bll=1

= sup [(Ar, B)Y(Viu, v) + (Aqa, B) (Vou,v) |2
llal|=[1BlI=llull =2l =1

= sup |IX1(011M1 + Z)lzuz) + a2(021u1 + 022u2)|2|,31|2
llal|=llBlI=Ilull=1



32 GADADHAR MISRA, AVIJIT PAL AND CHERIAN VARUGHESE

= sup |ag(vn1uq + viatta) + an(varuy + vaoun) ?

lal=lull=1
_ 2 2 _ 011 Y12 2
= sup |v1u1 + v | + |vo1u1 + vpoun|” = .
[lu|=1 U21 022 op

On the other hand, we have

@) pVIE. — (V412 4 1V 2_H<vu UlZ)H
lov" (Pa)llop = IVAll= + V2]l I

2
HS'

If V1 and V; are linearly independent, then
H (011 Z)12> 2 < H <011 Ulz> H2
021 722/ llop 021 22/ IIHS

sup  [lov(pP) < 10 (Pa)llop.
[laf|=]IBlI=1

Now choose V; = (1 0) and V, = (0 1). From Lemma [2.1{and Theo-
rem [2.3it follows that py is contractive but || pg ) (Pa)|| = V2.

and we have

3. UNITARY EQUIVALENCE AND LINEAR EQUIVALENCE

If U and W are 2 x 2 unitary matrices and A = (UA;W, UA,W), then
[(z1,22)[|a = l|z141 + 2242 ||0p = [|21 (UAIW) + 22 (UAW)||0p = (21, 22) || 5-

There are, therefore, various choices of the matrix pair (A1, A;) related as above
which give rise to the same norm. We use this freedom to ensure that A; is di-
agonal. Consider the invertible linear transformation (Z1,2;) + (z1,22) on C?
defined as follows.

ForZ = (Z1,%) in C?, let

Z1 = pz1 + 4922, 2zp =121 + 52y,
where p,q,7,s € C. Then
1(z1,22) |4 = [[(z1,22) Il 3
where A is related to A as follows:
Al = pA; +rAy, gz = gAj +sA;.
More concisely, if T is the linear transformation above on C?, then
ITZ]|a = lIZ[|a(ren)-

In particular T maps (25 onto (24.
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LEMMA 3.1. Fork =1,2,..., the contractivity of the linear maps L$) defined on
(C2o My, |- |l tl,k) determine the coTtmctivity of the lineNar maps L$> defined on (C* ®
M, || - (I3 x) and conversely, where A = A(T®@ 1) and V = (T ® I)V.

Proof. Fork =1,2,..., we have to show that

(k)
vl (2o My 15 ) > (M@ Mpg I lop) S 1

®)
= LG l(@@omyl 13 )= (Mo Mpal-lop) < 1

We prove this result for the case k = 1, that is, for the map Ly. The proof for
the general case is similar.
Consider the bijection between the spaces

{f € Hol(Qa,D), f(0) =0} and {f € Hol(2;,D), f(0) = 0}
defined as follows:
fof=foT, frof=for
Using this bijection
1L Il @2 1-15) » (Ml lop) < 1

sup{[[DF(0) - V]op : f € Hol(02, D), f(0) = 0} < 1
f
sup{ID(/ 0 T)(0) Vo : f € Hol(24,D),f(0) =0} <1

Sl;P{llDf(O) T-Vlop : f € Hol(Q4,D), f(0) =0} < 1

rer11

Sl}P{HDf(O) (T@Vlop: f € Hol(Q4,D), f(0) =0} <1

= I Lironv Iz | 15— Mgl lop) < 1

In the above, Df is a row vector, T is a 2 x 2 matrix and by an expression of the

2
form X - Y wemean ) X;Y;. 1
i=1

It follows that, in our study of the existence of contractive homomorphisms
which are not completely contractive, two sets of matrices A = (A, A) and
A = (A;, Ay) which are related through linear combinations as above yield the
same result. We can, therefore, restrict our attention to a subcollection of matrices.

Since Aj has already been chosen to be diagonal, we consider transforma-
tions as above with r = 0 to preserve the diagonal structure of A;. By choosing
the parameters p, g, s suitably we can ensure that one diagonal entry of A; is 1
and the diagonal entries of A, are 1 and 0. By further conjugating with a diago-
nal unitary and a permutation matrix it follows that we need to consider only the
following three families of matrices:
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TABLE 1. Cases modulo unitary and linear equivalence

A& ] 4 |
((1) g)de(c C g>ceC,beR+
(g g)de(C (i g>ceC,beR+
((1) g)de(c (0 g>c€C,beR+

In the above, R, represents the set of non-negative real numbers.

3.1. SIMULTANEOUSLY DIAGONALIZABLE CASE. For the study of contractivity
and complete contractivity in this situation we consider two possibilities. The
first when A; and A, are simultaneously diagonalizable and the second when
they are not. The simultaneously diagonalizable case reduces to the case of the
bi-disc where we know that any contractive homomorphism is completely con-
tractive. In all the other cases (when A; and A, are not simultaneously diago-
nalizable) we show that there exists a contractive homomorphism which is not
completely contractive.

Consider first the case when A; and A are simultaneously diagonalizable.
Based on the discussion of linear equivalence above we need to study only the
following possibilities:

TABLE 2. Simultaneously diagonalizable cases

Applying linear transformations as before, both cases can be reduced to

A= (o 0) (o 1)

which represents the bi-disc. As mentioned earlier, it is known that any contrac-
tive homomorphism is completely contractive in this case. We now study the
situation when A; and A, are not simultaneously diagonalizable.
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4. CONTRACTIVITY, COMPLETE CONTRACTIVITY AND OPERATOR SPACE STRUCTURE

We recall some notions about operator spaces which are relevant to our pur-
pose.

DEFINITION 4.1. (cf. Chapters 13, 14 of [16]) An abstract operator space is
a linear space X together with a family of norms || - || defined on My (X), k =
1,2,3,..., where || -||; is simply a norm on the linear space X. These norms are
required to satisfy the following compatibility conditions:

)T @ Sl = max{ ]|, 5]} and
(ii) [[ASB||p < [|Allop|ISllql[Bllop
forall S € My(X), T € My(X)and A € M,,(C),B € M,,(C).

Two such operator spaces (X, || - [|x) and (Y, || - ||x) are said to be completely
isometric if there is a linear bijection T : X — Y such that

T® I (Mi(X), [ llx) = (Mi(Y), |- llk)

is an isometry for every k € N. Here we have identified M (X) with X ® M
in the usual manner. We note that a normed linear space (X, || - ||) admits an
operator space structure if and only if there is an isometric embedding of it into
the algebra of operators B(#) on some Hilbert space . This is the well-known
theorem of Ruan (cf. [17])).

We recall here the notions of MIN and MAX operator spaces and a measure
of their distance, «(X), following Chapter 14 of [16].

DEFINITION 4.2. The MIN operator structure MIN(X) on a (finite dimen-
sional) normed linear space X is obtained by isometrically embedding X in the
C*-algebra C((X*)1), of continuous functions on the unit ball (X*); of the dual
space. Thus for ((v;;)) in M(X), we set

(@i lIvn = [ (@) | = sup{lI(f (i) )| = f € (XT)a},
where the norm of a scalar matrix ((f(v;;))) in My is the operator norm.

For an arbitrary k x k matrix over X, we simply write [|((v;j))|lmm(x) to
denote its norm in M (X). This is the minimal way in which we represent the

normed space as an operator space. There is also a “maximal” representation
which is denoted MAX(X).

DEFINITION 4.3. The operator space MAX(X) is defined by setting
(i) Imax = sup{[|(T(@ip)))I| : T: X = B(H)},

and the supremum is taken over all isometries T and all Hilbert spaces H.

Every operator space structure on a normed linear space X “lies between”
MIN(X) and MAX(X). The extent to which the two operator space structures
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MIN(X) and MAX(X) differ is characterized by the numerical constant a(X) in-
troduced by Paulsen (cf. Chapter 14 of [16]), which we recall below.

DEFINITION 4.4. The numerical constant a(X) is defined as

a(X) := sup{[|(vij)) [Imax : [[(vi) [IMin <1, ((v37)) € Mi(X), k € N}

Thus a(X) = 1 if and only if the identity map is a complete isometry from
MIN(X) to MAX(X). Equivalently, we conclude that there exists a unique oper-
ator space structure on X whenever a(X) is 1. Therefore, those normed linear
spaces for which a(X) = 1 are rather special. Unfortunately, there are not too
many of them! The familiar examples are (C?, || - ||«), and consequently C? with
the ¢1 norm. It is pointed out in pp. 76 of [17]) that a(X) > 1 for dim(X) > 3,
refining an earlier result of Paulsen that a(X) > 1 whenever dim(X) > 5. This
leaves the question open for normed linear spaces whose dimension is 2.

Returning to the space (C?, || - [|a) with [|(z1,22)[|a = [|z141 + 22A2lop, We
show below that a(24) > 1in a large number of cases. From Theorem 4.2 of [15],
it therefore follows that, in all these cases, there must exist a contractive homo-
morphism of O(Q4) into the algebra B(#) which is not completely contractive.
In the remaining cases, the existence of a contractive homomorphism which is
not completely contractive is established by a careful study of certain extremal
problems.

The norm |[|(z1,22)[|a = [|z141 + 22A2|op defines a natural isometric em-
bedding into M;(C) given by (z1,22) — z1A1 + 22 A2. However, note that

1(z1,22) la = [|2141 + 2242l0p = |21 AT + 2245 ]|0p = [|(21,22) [ Ar-
We, therefore, get another isometric embedding into M»(C) given by (z1,z2) —
Z1 A'i + ZzAE.

In a variety of cases the operator spaces determined by these two embed-
dings are distinct and it follows that « > 1. Therefore, the existence of contrac-
tive homomorphisms which are not completely contractive is established in these

cases. We present the details below.
Recall the map P4 defined earlier by

PA(Z1,22) =z1A1 + 20A5.

Let PI(;Z) = Pa ® Ip. For the three families of matrices A = (A1, A;) characterized
in Table 1 we show that A and A' define distinct operator space structures unless
|d| =1orb=|c|

THEOREM 4.5. Let

1 0 0 1
le(o 0) and ZZ:<0 0)'

If|d| # Land b # |c| then ||P (Z1, Z2) lop # |IPS(Z1, Z2)llop-
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0 d 0
other cases can be proved similarly. For this case, we have
2
1P (21, Z2) 3

. (Z1+ 7)) bZ, (Z1+ Zy)* EZ;
o cZy dzZ, bZ3 dzZ;

Proof. We illustrate the proof for the case A; = (1 0) ,Ay = <i b). The

Op

4.1) H < 71+ 7Z3) Zl + Z5)* + bZZZZ; c(Z1 + Z2)Z; + bdeZf)

' ¢Zy(Z1 + Zo)* + bdZ, Z} c[*2,25 + |d|*2,Z; op
Similarly we have

” (le ZZ)HOp
42) = (Zy+ Zo)(Zy + Zo)* +|c|* 2225 b(Zy + Z2)Z5 + cdZy 75

' bZy(Zy + Zp)* +¢dZ,Z; VZyZ5 +|d|*Z, Z; o

P

Assume \|P1(\2)(Z1,Z2)H% = H (erZZ)Hop Using the form of (Zy,Z;) this is

equivalent to

2+ b? c 2+ ]c|? b
c |c|? + |d|? Op_ b v+ d]?) ||

ie. (b? — |c|?)(1 — |d|?) = 0 (note that the matrices on the left and right have the
same trace), from which the result follows. I

Since «(02a) = 1 if and only if the two operator spaces MIN((24) and
MAX(Q,) are completely isometric, it follows from the theorem we have just
proved that if |d| # 1 and b # |c|, then a(X) > 1. Consequently, there exists a
contractive homomorphism of O(Q,) into B(H), which is not completely con-
tractive.

EXAMPLE 4.6 (Euclidean ball). The Euclidean ball B? is characterized by

10 0 1
=) 2=(0)

So, in Theorem we have |[d| # 1 and b # |c|. Hence A and A' give rise
to distinct operator space structures and, consequently, there exists a contractive
homomorphism which is not completely contractive.

5. CASES NOT AMENABLE TO THE OPERATOR SPACE METHOD

Theorem [4.5|shows that there is a contractive homomorphism which is not
completely contractive for all the choices of (A1, Ap) listed in Table 1 except when
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|d| = 1orb = |c|. We are, therefore, left with the following families of (A1, A)
to be considered:

TABLE 3. Cases not covered by the operator space approach

[ ] Ay | Az |
(1) <(1) e?(,)() eR <C 8) ceCbhbeRy
(ii) ((1) e%)e eR (2 8) ceCbeRy
(iii) (e(if ?)e €R C g) ceCheR,
(iv) (é 2>d eC C |g|) ceC
W) ((1) 2)«16@ (S |8|)CG(C
(vi) (g (1)>d eC ((1: |g|) ceC

These six families are not disjoint and have been classified as such on the basis of
the method of proof used.

5.1. DUAL NORM METHOD. We first consider a special case of type (ii) in Table 3
with A; = (1 0) ,Ay = <0 1>. Although this case is covered by the more

01 0 0
general method to be outlined later we present an alternate, interesting procedure
for this example since it is possible to explicitly calculate the dual norm || - ||} in

this case. Equipped with the information about the dual norm we can directly

construct a pair V = (V4, V3) such that ||[Ly|| < 1and |\L$)(PA)|\ > 1.
Note that in this case

22| + V/|22|* + 4|21 2
61) (e, 22)l1a = P2 VEE+ A

and the unit ball
Qa ={(z1,22) : |21‘2 +|z2| < 1}.
LEMMA 5.1, Let Ay — (é (1)) Ay = (8 é) If (w1,w2) € (C3 |- la)",
then the dual norm || - ||’y is given by the formula

|1 24w, |

|wi [2+4]ws [ o lwil,
[(w1, w2)||a = 4w, | if |wo| > | ;
] if lwz| <
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Proof. Let fu, w, be the linear functional on (C2, || - ||s) defined by
fwl,wZ (lezz) = w121 + woZp.
Then

[(wi,w2)l[a =" sup |fw,w(z1,22)[ = sup [wiz1 + w2y
(z1,22)€Qa |22|<1~ |21 2

= sup (lwi|z1] + |w2l|z2]) = sup (Jwillz1] + |wa|(1 = |z1]?)).
|z2]<1—z1[? |z1]<1

If |wo| > @ the expression on the right attains its maximum at |z;| =

. . 2 4 2
< 1 and the maximum value is %.

w
2[awn|
If |wo| < ‘wll the expression on the right is monotonic in |z1| and the maxi-
mum is attained at |z1] = 1. The maximum value in this case is |wi|.

THEOREM 5.2. Let A} = <(1) ?) Ay = <8 (1)) and Vy = (% 0) WV =

(0 1).Then

@ Mol -2 12 = 1

g (2

(i) IILY (Pa)]| = /3.
Consequently pv, for this choice of V.= (Vj,Va), is contractive on O(Qp) but not
completely contractive.

Proof. (i) By definition of the various norms, we have

vy s = S loirwavali=  sup (954 0R),
[[(w,w2)[[3=1 l[(wr,w2) I3 =1
We now consider two cases.
Case (a). |wy| > ‘wll and 1 = [[(wy, wy) ||} = MET#
These two constramts together can be seen to be equivalent to the con-
straints 3 < |ws| < 1and |wi|? = 4wz |(1 = |wa)).
Hence the supremum above for this range of (w1, wy) is given by

from Lemma

sup  |wa|(2 —|wz|) = 1.
1/2<wa|<1

Case (b). |wa| < 4 and 1 = || (w1, 2) |3 = |cn| from Lemmal.1]
The supremum for this range of (w1, wy) is given by

1 N
sup |5+ |w2]”) ==
oyt =

Taking the larger of the supremums in Case (a) and Case (b) we get that
[Lv] =1.
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(ii) We have:

LD B2 = [ @ Vi + A0l = || (A1 42) |

1 ax
“[Gam )| |
Ay
— H ((23) g) H using the form of Aq, Ay
:%. 1

REMARK 5.3. The referee points out that some of the six cases described in
Table 3 can be eliminated using Remark 2.15 of [15], namely, if a normed space X
of dimension 7 has the property that every contractive linear map is completely
contractive, then its Banach-Mazur distance from the Hilbert space ¢2 must be
maximal. It means that d(X,(3) = /2 when dimX = 2. In the case of the
unit ball Qs = {(z1,22) : |z1/? + |z2] < 1}, for instance, the identity map T
from X — K% is contractive. The norm of its inverse is % using (5.1). Hence
d(X,6) <|TINTH = 5 < V2

The referee also says that in each of the six cases in Table 3, the Banach-
Mazur distance from the normed space (C2, || - || a) to £2 may be less than v/2. For

this reason it would be nice to know when the normed space induced by a pair
of 2 x 2 matrices is of maximal distance.

5.2. GENERAL CASES NOT AMENABLE TO THE OPERATOR SPACE METHOD. The
various families of (A1, Ay) listed in Table 3 require a case by case analysis to
show that there is a contractive homomorpism which is not completely contrac-
tive. We first present a general outline of the method used.

We choose the pair V = (V3,V5) to be of the form V; = (u 0),V, =
(0 v), u,v € Ry. Ly : (C%| - [|4) = (C%] - |2) then becomes the linear
map (z1,22) — (214, 220).

We show, in each case, that by a suitable choice of u and v we can ensure
that Ly is contractive while ||L8 ) (Pa)|| > 1although ||Pa|| = 1 by definition.

We list the contractivity conditions (see Propositions|[I.3|and [1.4]for details):

(a) Ly is contractive if and only if the following two conditions are satisfied:

1

u < or < —— and
S AR R
inf {1 —u?(|A}B|I*> — v*[|A3B[*+
BeC2|Bll=1

(52) w0 ([|ATBIPIIAS I — [(A1A3B, B) 1)} > 0.
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®) |L¥ (Pa)|| < 1if and only if

(5.3) inf {1 —u?||AjB||* — 02| A5B]1%} > 0.
peC?,|p|=1 ! 2P

Note that the term in parenthesis in is non-negative by the Schwarz
inequality and that the expression is the same as the first three terms in (5.2).

We show that, in each case, we can choose (1, v) such that the infimum in
(©.2) is exactly 0. Also that this infimum is attained at § = g such that the term
in parenthesis in is positive (that is, the Schwarz inequality referred to above
is a strict inequality at Bp). It then follows that the expression in braces in is
negative when B = By and, consequently, the infimum in (5.3) is negative. Taken
together it follows that Ly (and consequently py) is contractive but || Ls ) (Pa)| >
1 and, as a result, pg ) is not contractive.

Let 7(),i = 1,2, be the vectors such that Ai‘;y(i) and A;U(i) are linearly de-
pendent. That is, the term in parenthesis in vanishes when g = 7().

We now provide the details of the argument which proceeds in two steps.

Step 1. Show that there are certain ranges of the parameters (u, v) such that
the infimum in is not attained at #(1) or #(?) for those values of (1,v). Let

Suo(B) =1 u?| AJB|I* — o*|A3BI1* + w0 (|| AT Bl ASBII — (A1 A3B, B)I).
We need to show that there exists 8 such that
guo(B) < guo(n™), =12,

when (u,v) take values in a range of interest. That is, we need to find B such that

(5.4) 8uo(1")) = guo(B) = ai(B)u* + bi(B)o* — c(B)u*v* > 0.
Here
(5.5) ai(B) = | ATBI* — AT 1%,

bi(B) = 1431 — | Az |2,
c(B) = [ATBIPI AsBI* — [(A1438, B)I* > 0.
Consider the functions
fi(u,0,B) = a;(B)u? + b;(B)v* — c(B)u*v* withc(B) >0, i=1,2.
The following result is evident from the nature of the functions f;(u, v, B).
LEMMA 5.4. (i) Assume a;(B) > 0 for some fixed p and i = 1,2. Then, given any
ug > 0, there exists vy > 0 (depending on ug) such that f;(u,v,p) > 0 in the region
1 < up,v< Z—gu, that is, inside the triangle with vertices (0,0), (1o, 0) and (ug, vo).
(ii) Assume b;(B) > 0 for some fixed p and i = 1,2. Then, given any vy > 0, there
exists uy > 0 (depending on vy) such that f;(u,v, B) > 0in the region v < vy, u < z—gv,
that is, inside the triangle with vertices (0,0), (0,vg) and (ug, vp).
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(iii) If fi(uo, vo, B) > O then fi(tug, tvg, ) > 0for 0 < t < 1.

We will show below that, in each of the six cases in Table 3, it is possible
to ensure the positivity of a;(B), i = 1,2 or b;(B), i = 1,2 for some choice of B.
Consequently, it will follow that the inequality will be true for that vector g
with (u#,v) in the region characterized in Lemma [5.4|above. Hence, for (u,v) in
this range, the infimum is not attained at n(i),i =1,2.

Consider first the cases (i), (ii) and (iii).

| Ar | Az |
(1) (1) e?(,)GeR C 8)ce@,beR+

(ii) (1) ?9>9€R (2 8>cec,beR+

(iii) e(if 2)9@1@ C g>ceC,beR+

We use the unitary equivalence described in Section 3} In cases (i) and (ii)

multiply A1 and A on the left by the unitary matrix <1

0
0 efiG

so that Aq be-

comes the identity matrix. In case (iii) multiply A; and A; on the left by the

—if

. . (e
unitary matrix ( 0

so that A1 becomes the identity matrix.

Now conjugate A; and A; by the unitary which makes A, upper triangular
so that cases (i), (ii) and (iii) reduce to the situation

10
Al_(o 1

) and A2:<g

‘5) with |u| > |v|, o # 0.

In this case a;(B) = 0 for all g but it is possible to choose 8 such that b;(8) > 0.
1) satisfies the equation (A3 — A;A%)5() = 0. So in this case ;) is a (unit)
eigenvector of A; with eigenvalue A;. Since the eigenvalues of A} are  and v

it follows that ||A57?||2 = |u|? or |v|?. Hence we can take g = (

bi(B) = |of? > 0.

Now consider cases (iv) and (v).

(1)) so that

| Al | Az |
(iv) (1) 2>de(c,|d|;£1 ((1: |8)CG(C
W) (1) 2>deC,|d|7é1 (S |8)CE(C
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In cases (iv) and (v) we have, in equation (5.5),

ai(B) = |B1[2 + 1421822 — |7 2 — PPl 2
= (Brf* = 1)+ 4P (Bl = 1" 12) = (1= 1dP) (1" P = 1BalP).

If |17§i)\ = 0 or 1 then ¢ = 0 and it reduces to the simultaneously diagonalizable
case. If \7751)| # 0,1 we can choose B such that || < \1751)| (respectively |Ba| >

|17§i)|) if |d| < 1 (respectively |d| > 1) to ensure that a;(8) > 0 fori =1,2.
The methods used in cases (iv) and (v) can be adapted to the last case (vi):

] Ay \ Ay |
(vi) <g ?)de@,|d|7é1 C |g)cec

Step 2. Show that, in each case, there is a choice of (u,v) in the region char-
acterized in Lemma for which the infimum in (5.2) is, in fact, zero.
We choose B to ensure that a;() or b;(B) is positive as described in Step 1.

Note that g, ,(B) vanishes at the two points (u,v) = (mﬁ), (u,v) =
1
(O, m> and also along a curve joining these two points. We now consider
two cazses: R

Case (i). a;(B) > 0.
Choose (ug, vg) such that 0 < vy < HXW' fi(up,vo, B) > 0 and guy0,(B) =
0. This is possible using Lemma |5.4{ and the above note about the vanishing of

.

Su0(P)-
Let
. . Y0
= : < = —.
Xg = inf {u 1rﬁ1fgu,;\ou(ﬁ) < O} where A 0
Note that
x% = !

IAT]2 + AFl A5 1>
Also, from Lemma it is clear that f;(xo, Aoxo, B) > 0.
We now show that irﬁlfgx(],,\oxo (B) =0.

To prove this we first show that g(, 1,x,)(B) = 0 for all B (with [|B[| = 1) as
follows. Assume there exists f = p such that g, 1,x,) (#) < 0. Then there exists
a neighborhood U of xg such that g,y (#) < 0forall u € U. Forany u € U,
i%f Surou(B) < 0,since g, r,u(p) < 0forall u € U. Since U is a neighbourhood of

xo there exists a u € U such that u < x(. By the previous assertion, i%f Suru(B) <

0 for this smaller value of 1, which is a contradiction.
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Since i%f SxoMox0 (B) < 0 by the definition of xq it follows that

il‘gng(],)\ox(] (:B) =0.

Case (ii). b;(B) > 0.
The arguments in this case are similar to Case (i). This time choose (1, v¢)

such that 0 < 1y < Hjﬂl’fi(uo’ 0o, B) > 0and gy, (B) = 0.
Let

Yo = inf{v : ilgfg?xov,v(ﬁ) < 0} where Ag = 1?%

As in Case (i) we can see that y% > ﬁ and (from Lemma ) that
R AGI AT I+ AZ I

fi(Aovo, Yo, B) > 0.

Using a procedure similar to that used in Case (i) it follows that
i%fg/\oyo/yo(ﬁ) =0.

We have therefore shown that for all the cases in Table 3 which were not
covered by the operator space approach it is possible to choose (u,v) such that
the infimum in is zero and this infimum is attained at a vector § not equal to
71 or #?), so that the last term in parenthesis in is positive at B.

It follows that, in each of these cases, there exists a contractive homomor-
phism which is not completely contractive.

From Theorem 4.1 of [10], it follows that, except in the case where A is simul-
taneously diagonalizable, there must exist a contractive linear map on the dual
space (C?, || - ||a)* which is not completely contractive. Thus we have proved the
following theorem.

THEOREM 5.5. Suppose that A = (A1, Ay) and the matrices Ay, Ay are not si-
multaneously diagonalizable. Then there exists a contractive linear map on (C2, || - ||a)
which is not completely contractive. Also, there exists a contractive linear map on the
dual space (C?, || - | a)* which is not completely contractive.

6. AN INTERESTING OPERATOR SPACE COMPUTATION

In Section [4] the existence of contractive homomorphisms which are not
completely contractive was shown in many cases by studying different isometric
embeddings of the space (C% || - [|a) into (M, || - lop) which led to distinct op-
erator space structures. The two embeddings considered there were (z1,z3) +—
z1A1 4+ 20A7 and (21, 22) — 21 A} + 2z A} In this section we show that we can, for
some choices of (A1, Ay ), construct large collections of isometric embeddings of
the space (C?,|| - ||a) into various matrix spaces. Although the embeddings are
into very distinct matrix spaces, we show that the operator space structures thus
obtained are equivalent.
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A result which is very useful in this context is the following proposition due
to Douglas, Muhly and Pearcy (cf. Proposition 2.2 of [7]).

PROPOSITION 6.1. Fori = 1,2, let T; be a contraction on a Hilbert space H; and
let X be an operator mapping Hy into Hi. A necessary and sufficient condition that the
7(;1 ]},( ) be a contraction is that there exist

2
a contraction C mapping Hy into Hq such that

X = /1y, =TT} C /1y, — T4 To.

operator on H1 ® Hy defined by the matrix (

The operator norm of the block matrix <0c(1)m oﬁ , where Bisanm X n
n
matrix and & € C, is not hard to compute (cf. Lemma 2.1 of [10]). The result can

0 0€2L1> , for arbitrary ay,ap € C.

be easily extended to a matrix of the form (

LEMMA 6.2. If B is an m x n matrix and «1, xy € C then

1o an) 1= )1

Proof. Consider the following two sets

51= {((“1/“2)23) : H <w101m &fln> H < 1} and

s = {(a2i): | (3 TE1) ] <),

To prove the lemma, it is sufficient to show that these unit balls are the same.
From Proposition |6.1| the condition for the contractivity of the elements of
S1 and S, is the same, that is,

IBI? < (1= Jaa ) (1 = [a2]?).

The important observation from the lemma above is that, for fixed a1, a3,

the norm of the matrix (“101 " BI > depends only on ||B||.
n
. . . x1 O 0
Now consider the pair A = (A1, Ap) with A} = <01 042) LAy = (0 g)
Given any m x n matrix B with ||B|| = |B| we have the following isometric em-

bedding of (C?, | - [[a) into (M, || - [lop)

zlocllm Z2B
(21,22) — ( 0 21“21n> .

For various choices of the dimensions m,n and the matrix B, this represents a
large collection of isometric embeddings.
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For fixed a1, &y, we let Xp represent the above embedding of (C?, || - || o) into
(Mutn, || - lop)- We now show that the operator space structures determined
by these embeddings depend only on ||B||. If V4 is the space (C?,| - ||a), then
(Xp ® Ix) gives the embedding of My (V4) into My(My+4(C)). An element
of My(Va) is defined by a pair of k x k matrices Z, Zy, and the corresponding
embedding into My (M,,1,(C)) has the form

MZ1Q@Ly,  Zp®B
0 YAR By

It now remains to show that the operator norm of this matrix depends only
on ||B||. Using Proposition|[6.1it can be shown that

0MZ L,  Zy®B H . . H w1Zy  Zo|B|| H
< <1
H ( 0 0Z1 @) 11 = 1 ifandonly if 0 w2721 s

Hence it follows that these two norms are in fact equal. We have therefore proved
the following theorem.

THEOREM 6.3. For all m x n matrices B with the same (operator) norm, the oper-
ator space structures on C?, determined by the different embeddings

wly, O 0 B
(z1,22) HZ1( 10’" MI”) + 2z (0 0)’ a0z € C,

are completely isometric irrespective of the particular choice of B.
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