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ABSTRACT. We prove a Beurling-type theorem for H*-invariant spaces of
L*(M, T), where « is a unitarily invariant, locally || - ||;-dominating, mutually
continuous norm with respect to T, where M is a von Neumann algebra with
a faithful, normal, semifinite tracial weight 7, and H® is an extension of Arve-
son’s noncommutative Hardy space. We use our main result to characterize
the H®-invariant subspaces of a noncommutative Banach function space Z(t)
with the norm || - || on M, the crossed product of a semifinite von Neumann
algebra by an action f, and B(H) for a separable Hilbert space H.
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1. INTRODUCTION

Suppose that (X, Z, v) is a localizable measure space with the finite subset
property (i.e. a measure space is localizable if the multiplication algebra is max-
imal abelian, and has the finite subset property if for every A € X such that
v(A) > 0, there existsa B € X such that B C A,and 0 < v(B) < o). We let E be a
two-sided ideal of the set of complex-valued, X-measurable functions on X, such
that all functions equal almost everywhere with respect to v are identified. If E
has anorm || - ||g such that (E, || - ||g) is a Banach lattice, then we call E a Banach
function space. (See the work of de Pagter in [23]).

We let M be a von Neumann algebra with a semifinite, faithful, normal
tracial weight 7. For every operator x € M, we define d,(A) = t(el*l(A, )
for every A > 0 (where el*l(A, ) is the spectral projection of |x| on the interval
(A, 00)), and pu(x) = inf{A > 0 : dyx(A) < t} for a given t > 0. Consider the
setZ = {x € M : xis a finite rank operator in (M, 7) and ||u(x)||g < oo} and
let || - [|z(r) : T — [0,00) be such that [|x||zr) = [[u(x)|[g forall x € Z. Itis
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known that | - [[7(;) defines a norm on Z (see [23]). Denote by Z(7) the closure
of Z under || - ||7(;). We briefly recall an extension of Arveson’s noncommutative
Hardy space for a semifinite von Neumann algebra. Let H* be a weak* closed
unital subalgebra of M. Then D = H® N (H®)* is a von Neumann subalgebra
of M. Assume that there also exists a faithful, normal, conditional expectation
@ : M — D. Then H* is called a semifinite non-commutative Hardy space if (i) the
restriction of T on D is semifinite; (ii) @ (xy) = @ (x)P(y) for every x,y € H*; (iii)
H® 4 (H*®)* is weak* dense in M; and (iv) T(®(x)) = 7(x) for every positive
x e M.
We want to ask the following question about the space Z(7).

PROBLEM 1.1. Consider a semifinite subdiagonal subalgebra H* of M and
a closed subspace K of Z(7) such that H®X C K. How can the subspace K be
characterized?

It can be shown that when M is diffuse, and || - [|7(r) is order continuous,
the norm || - ||7(7) on Z(7) is in the family of unitarily invariant, locally || - |-
dominating, mutually continuous norms with respect to the tracial weight 7. (See
Definition[3.1})

Our goal for this paper is to prove a Beurling-type theorem for a von Neu-
mann algebra with semifinite, faithful, normal tracial weight 7, and a unitarily
invariant, locally || - ||;-dominating, mutually continuous norm with respect to T,
for example, the Banach function space Z(t) with the norm || - || 7).

In 1937, J. von Neumann introduced the unitarily invariant norms on M, (®)]
as a way to metrize the matrix spaces [22]. He showed that the class of unitar-
ily invariant norms on M, (C) is in correspondence with the class of symmetric
gauge norms on C". Specifically, he proved that for any unitarily invariant norm
«, there exists a symmetric gauge norm ¥ on C" such that for every finite rank
operator A, thena(A) = ¥ (ay,ay,...,a,), where {a;}1<i<y is the spectrum of |A|.

Since von Neumann’s result, these norms have been extended and gener-
alized in different ways. Schatten defined unitarily invariant norms on 2-sided
ideals of the continuous operators on a Hilbert space, B(#) (for example, see
[29], [30]). Chen, Hadwin and Shen defined a class of unitarily invariant, || - ||;-
dominating, normalized norms on a finite von Neumann algebra [7]. Unitarily
invariant norms also play an important role in the study of non-commutative
Banach function spaces. For more information and history of unitarily invari-
ant norms see Schatten [29], Hewitt and Ross [14], Goldberg and Krein [10], or
Simon [32].

A. Beurling proved his classical theorem for invariant subspaces in 1949 [4].
We recall the classical Beurling theorem. We let T be the unit circle, and we let
y be the measure on T such that dy = 5;-df. As is standard, we let L*(T, y)
be the commutative von Neumann algebra on T. We define L?(T, ) to be the
I - |[2-norm closure of L®(T, 1), which is a Hilbert space with orthonormal basis
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{z" : n € N}. We define the subspace H?> = span({z":n > O})H.”2 of L2(T, u),
and define H® = H? N L®(T,u). It is clear that L*(T, #) has a representation
onto B(L3(T, ;1)) given by the map ¢ — My, where My is given by My(f) =
¢f for every f € L?(T,u). Hence, L*(T,u) and H® act naturally by left (or
right) multiplication on L?(T, ). The classical Beurling theorem may be stated
as follows (for more information, see [4]): Suppose that W is a nonzero, closed, H®
invariant subspace of H* (namely zW C W). Then W = ¢H? for some ¢ € H™ such
that |¢p| = 1a.e. (u).

The Beurling theorem has been extended in many ways (see [6], [11], [12],
[13], [15] and [33], among others). One example is as follows: we define L” (T, u)
to be the closure of L®(T, #) under the || - [|,-norm. Also define H? = {f €
LP(T,p) : [ f(e®)e"®du(9) = 0V n € N'}. The Beurling theorem may be ex-

T

tended to H*-invariant subspaces of the Hardy spaces H? for 1 < p < c. Some
further extensions of Beurling’s theorem can be found in [5] and [7].

Typical examples of noncommutative Banach functional spaces include so
called noncommutative LP-spaces, L¥ (M, T), associated with semifinite von Neu-
mann algebras. Suppose M is a von Neumann algebra with a semifinite, faith-
ful, normal tracial weight . We consider Z, the set of elementary operators on
M (when M is finite, M = ). We recall the construction of L (M, 7). When
0 < p < oo define a mapping || - ||, : Z — [0,0) by ||, = (t(|p|))'/P where
|x| = /(x*x) for every x € Z. It is non-trivial to prove that || - ||, is a norm,

called the p-norm, when 1 < p < oo. We define the space L (M, 1) = 7l for
0 < p < . When p = co, we set L*(M, 1) = M, which acts naturally on
LP(M, T) by right or left multiplication.

In [7], Chen, Hadwin and Shen proved a Beurling-type theorem for unitarily
invariant norms on finite von Neumann algebras. A motivation for this paper is
to extend the result in [7] to the setting of unitarily invariant norms on semifinite
von Neumann algebras. We define the family of unitarily invariant, locally || - [|1-
dominating, mutually continuous norms on the von Neumann algebra M with
respect to the semifinite, faithful, normal tracial weight T. Suppose that M is a
von Neumann algebra with a semifinite, faithful normal tracial weight T. We let
7 be the set of finite rank operators in (M, 7). Anorma : Z — [0, o) is a unitarily
invariant, locally || - ||;-dominating, mutually continuous norm with respect to T
if « is a norm for which the following conditions hold:

(i) for any unitaries u,v € M and x € Z, a(uxv) = a(x);
(ii) for every projection e € M with 7(e) < o and any x € Z, there exists
0 < ¢(e) < oo such that a(exe) < c(e)|lexe||1;
(iif)
(a) if {e) } is an increasing net of projections in Z such that T(eyx — x) —
0 for every x € Z, then a(eyx — x) — 0 for every x € Z;
(b) if {e) } is a net of projections in Z such that a(e) ) —0, then T(e, ) — 0.
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Chen, Hadwin and Shen’s family of norms in [7] is a subset of this family of
norms. We also show that the norm || - [|;(;) on a Banach function space Z(7) is a
unitarily invariant, || - ||;-dominating, mutually continuous norm.

However, many of the methods used by Chen, Hadwin and Shen no longer
apply when M is a semifinite von Neumann algebra. We use a similar method
to extend their theorem as in Sager’s work on L? (M, T)-spaces extending work
of Blecher and Labuschagne (see [26]). We therefore prove a series of density
lemmas for the L*(M, T)-spaces.

Following these results, we are able to prove a noncommutative Beurling—
Chen-Hadwin-Shen theorem for unitarily invariant, || - ||;-dominating, mutu-
tally continuous norms with respect to T on a von Neumann algebra M with
a semifinite, faithful, normal tracial weight 7, and we can fully characterize K in
the case when K C L*(M, 1) is M-invariant. Furthermore, when M is a factor,
we can weaken the conditions on a.

Similar to Sager’s result in [26] for LP-spaces, we prove a Beurling—-Chen—
Hadwin-Shen theorem for the crossed product of a von Neumann algebra M by
a trace-preserving action  with a unitarily invariant, locally || - ||;-dominating,
mutually continuous with respect to the trace 7.

We are also able to prove a similar result to Sager’s corollary of the Beurling—
Blecher-Labuchagne theorem for crossed products, but for any «, a unitarily in-
variant, locally || - ||;-dominating, mutually continuous norm with respect to 7.

As B(#H) is a factor and can be realized as the crossed product, we can also
weaken the conditions on « when M = B(#). Additionally, we can fully charac-
terize the H* invariant subspaces.

Additionally, we prove a result for a Banach function space E with norm
| - [|g(r) and provide an answer for Problem

We begin in Section 2 by discussing the background definitions and pre-
liminary results. In Section 3, we define the class of unitarily invariant, || - ||1-
dominating, mutually continuous norms, which we call the class of a-norms. We
discuss the non-commutative Banach function space setting and other applica-
tions of a-norms. In Section 4, we discuss Arveson’s non-commutative Hardy
space. We prove our main result, a Beurling-Chen-Hadwin-Shen theorem for a-
norms, in Section 5. We finally apply our main result to our examples and crossed
products in Section 6.

2. PRELIMINARIES AND NOTATION

In the following section, we give some useful and necessary defintions and
results for a von Neumann algebra with a faithful, normal, semifinite tracial
weight. We also discuss the space of operators affiliated with a von Neumann
algebra with a faithful, normal, semifinite tracial weight.



A BEURLING THEOREM FOR SEMIFINITE VON NEUMANN ALGEBRAS 53

2.1. WEAK* TOPOLOGY. Let M be a von Neumann algebra with a predual M.
We recall that the weak* topology on M, o(M, My), is the topology on M in-
duced by the predual space My. The following result on weak* topology conver-
gence is useful (see, for instance, Theorem 1.7.8 in [28]).

LEMMA 2.1. Let M be a von Neumann algebra. If {e) } e is a net of projections
in M converging to I in the weak* topology, then e, x, xe,, and ey xe) converge to x in
the weak* topology for all x in M.

2.2. SEMIFINITE VON NEUMANN ALGEBRAS. Let M be a von Neumann algebra.
We let M ™ be the positive part of M. Recall the defintion of a tracial weight T on
M: A mapping T : M — [0, 0] is a tracial weight on M if:
A t(x+y) = t(x) + t(y) for x,y € MT;
(ii) T(ax) = at(x) for every x € M and a € [0, o]; and
(iii) T(xx*) = T(x*x) for every x € M.
Such a 7 is called normal if it is weak* topology continuous; faithful if, given

a € M*, t(a*a) = 0 implies that a = 0; finite if T(I) < oo; and semifinite if for
any nonzero x € M, there exists a nonzero y € M™ such that 7(y) < oo, and
y < x. A von Neumann algebra M for which a faithful, normal, semifinite tracial
weight T exists is called semifinite.

2.3. OPERATORS AFFILIATED WITH M. Given a von Neumann algebra M with a
semifinite, faithful, normal tracial weight T acting on a Hilbert space H, a measure
topology on M is given by the system of neighborhoods U;, = {a € M : |jap|| <
gand T(pt) < 6 for some projection p € M} for any €,6 > 0 (for more details
see [21]]). We say that a,, is Cauchy in measure if, given e and 6 > 0, there exists an
ng such that if n,m > ng, then a,, — a,, isin Uy ;.

DEFINITION 2.2. Let M denote the algebra of closed, densely defined (pos-
sibly unbounded) operators on H affiliated with M.

REMARK 2.3. M is also the closure of M in the measure topology (see [21]
for more information).

3. UNITARILY INVARIANT NORMS AND EXAMPLES

In this section, we introduce a class of unitarily invariant, locally || - ||1-
dominating, mutually continuous norms on semifinite von Neumann algebras.
We also introduce interesting examples from this class.

3.1. L*-SPACES OF SEMIFINITE VON NEUMANN ALGEBRAS. Suppose that M is
a von Neumann algebra with a semifinite, faithful, normal tracial state 7. We
then let

T = span{xey : x,y € M,e € M,e = ¢* = ¢* with 7(e) < o}
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be the set of elementary operators of (M, T) (see Remark 2.3 in [31]]). For each
1 < p < 0, we define the || - || ,-norm on Z by

x|l = ((|x|P))}?  forevery x € T.

Itis a non-trivial fact that the mapping || - ||, defines anorm onZ. Welet L¥ (M, )
denote the completion of 7 with respect to the || - || ,-norm.

DEFINITION 3.1. We call anorm « : Z — [0, 00) a unitarily invariant, locally
I - [|1-dominating, mutually continuous norm with respect to T on Z if it satisfies the
following characteristics:
(i) a is unitarily invariant if for all unitaries u, vin M and every x in Z, a(uxv) =
a(x);
(i) « is locally || - ||;-dominating if for every projection e in M with 7(e) < oo,
there exists 0 < c(e) < oo such that a(exe) > c(e)||exe||; for every x € Z;
(iif) o is mutually continuous with respect to T; namely:
(a) if {e) } is an increasing net of projections in Z such that T(eyx — x) —
0 for every x € Z, then a(eyx —x) — 0 for every x € Z; or, equivalently, if
{e,} is a net of projections in Z such that ey — I in the weak* topology, then
a(eyx —x) — 0 for every x € Z;
(b) if {e) } is a net of projections in Z such that a(e) ) —0, then T(e, ) — 0.

DEFINITION 3.2. Let M be a von Neumann algebra with a semifinite, faith-
ful, normal tracial weight 7. Suppose Z = span{MeM : e = ¢ = ¢* €
M such that T(e) < co} is the set of all elementary operators in M. Suppose
« is a unitarily invariant, locally || - ||;-dominating, mutually continuous norm
with respect to T on Z. We define L*(M, T) to be the completion of Z under «,
namely,

L*(M, 1) =T".

NOTATION 3.3. We will denote by [S], the completion, with respect to the

norm g, of a set S in M.

LEMMA 3.4. Suppose M is a von Neumann algebra with a semifinite, faithful,
normal tracial weight T, and let « be a unitarily invariant, locally || - ||;-dominating,
mutually continuous norm with respect to T. Then for any x € L*(M, T), and a,be M,

a(axb) < lalla(x)[[b]]

Proof. The proof is included here for completeness. It suffices to show that
foranyx € Z,and a,b € M,

a(axb) < lalla(x)[[b]]

Without loss of generality, we might assume that ||a|| < 1. By the Russo-
Dye theorem, there exist a positive integer n and unitary elements uq,...,u; in
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M such thata = w Therefore,

(w4 Fup)x)
a(ax) = ! " < a(x)

since w is unitarily invariant. So, a(ax) < ||a||a(x) for every a € M.
It may be proved similarly that a(xb) < a(x)||b|| forevery b € M. 1

3.2. EXAMPLES OF UNITARILY-INVARIANT, LOCALLY || - [|[{-DOMINATING, MUTU-
ALLY CONTINUOUS NORMS.

REMARK 3.5. It is trivial to show that the || - || ,-norms of M with 1 < p <
oo for a semifinite von Neumann algebra M with a faithful, normal, semifinite
tracial weight T are unitarily equivalent, || - ||;-dominating, mutually continuous
norms with respect to T on M.

REMARK 3.6. Itis also trivial to show that a continuous, unitarily invariant,
normalized, || - ||;-dominating norm on a finite von Neumann algebra M as given
in [7] is a unitarily invariant, locally || - ||;-dominating, mutually continuous norm
with respect to T on M.

PROPOSITION 3.7. Suppose that M is a semifinite factor, and o : T — [0, 00)
is a unitarily invariant norm satisfying that, if {e, } is a net in M with e, — I in the
weak* topology, then a(eyx — x) — 0 for each x € Z. Then a is a unitarily invariant,
locally || - ||1-dominating, mutually continuous norm with respect to T.

Proof. By assumption, « is unitarily invariant.

Let e be a projection in M such that T(e) < co. Let x = exe be an element
in eMe, which we denote by M,. As |x| < ||x|le, we have that a(x) = a(]x|) <
||x]|a(e). Note M., is a finite factor with a tracial state 7., defined by 7.(y) = %
forally € M,. By the Dlxmler approximation property, for every € > 0, there

exist ¢1,¢p,...,cn in [0,1] with E ¢; = 1 and unitaries uq, u», ..., u, in eMe such
i=1

that ‘
Thus,

(Tg(|x|)e— Y ciujxu’ ) < ea(e).

i=1

T.(|x|)e — Z ciuxu}
i=1

Il = 7)) = re)w(lx) = XS a(z(lx)e
< T(ei [a(Te(|x|)e - iciuixu;‘) + IX( iciuixu;‘)}

i=1 i=1
<et(e) + % ia(ciuixu;‘) <et(e) + ;(Z;oc(x).

<
(3.1) llexel|ry < ca(exe) forall x € 7.
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where ¢ = % Thus, « is locally || - [|;-dominating.

We now show that « is mutually continuous with respect to T. Actually, we
need only to show that, if {e,} is a net of projections in Z such that a(e,) — 0,
then 7(ey) — 0. Assume, to the contrary, that there exist a positive number ¢ > 0
and a family {e,} of projections in Z such that a(e,) < 1 but 7(e,) > ¢ for each
n € N. As M is a semifinite factor and « is unitarily invariant, we might assume
further that {e, }, is a decreasing sequence of projections in Z. Let ey = Aey.

n

Then 7(eg) > e and a(eg) = 0as ey < e, implies a(ep) < a(ey) < L for each
n. This is a contradiction. Therefore, if {e, } is a net of projections in Z such that
a(ey) — 0, thent(ey) — 0. 1

3.2.1. NON-COMMUTATIVE BANACH FUNCTION SPACES. In this subsection, we
follow the notation of de Pagter in [23]. We suppose, as before, that M is a von
Neumann algebra with a semifinite, faithful, normal tracial state 7. In this case,
we have the ideal of the distribution function dy, where x is a T-measurable op-
erator in M. We define d, by

dy(A) = t(el(A,00))  forevery A >0,

where el*l(A, 00) is the spectral projection of |x| on (A, o). It is easy to see that
dy is decreasing, right-continuous and d,(A) — 0 as A — oo. This allows us to
define a generalized singular value function

u(x;t) =inf{A > 0:d,(A) <t} foragivent > 0and for every x € M.

DEFINITION 3.8. Suppose that (X, X, v) is a localizable measure space with
the finite subset property. Let E be a two-sided ideal of the set of all complex-
valued, Z-measurable functions on X with the identification of all functions equal
a.e. with respect to v. If E has anorm || - ||g such that (E, || - || g) is a Banach lattice,
then E is called a Banach function space.

We assume that E is a symmetric Banach function space on (0, c0) with
Lebesgue measure (see Definition 2.6 in [23]).

Following [23], we let Z = {x € M : x is a finite rank operator in (M, T),
and ||u(x)||[g < oo} and define a Banach function space Z(7) equipped with a
norm || - [|z(¢) such that

[xllz¢zy = I#(x)][E - forevery x € T.

Denote the closure of Z under || - [|z(r) by Z(7). We will use the following
lemma to show that the restriction of || - || 7(;) on Z is a unitarily invariant, locally
I - l1-dominating, mutually continuous norm with respect to 7.

n
LEMMA 3.9. Suppose that yg is an element of T such that yo = Y. B;p; where
i=1

B1, B2, - - ., Bn are nonnegative and p1, . .., pn are projections in M such that T(p1) =
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T(p2) = -+ = T(pn). Then

lp1+- -+ pallzo)
T(p1+-- -+ pn)

llyollz-

vollz(z) =
n
Proof. Note that y is an element of Z such that yg = Y B;p; where T(p1) =
i=1
n
T(p2) = -+ = T(pn). Now let B, ; = Bj forall1 < j < nmandy; = ¥ Biyjp; for
i=1

n
1 < j < n. Then, by definition, Y yx = (B1+---+Bn)(p1 + -+ pn), and also

k=1
lvkllz(xy = [[vollz(r) for all 1 < k < n. Therefore:

P IO
I0llzr) > ~— D o (BLE P iz
7(vo) P14+ pallzr)
= + -+, —
T(p1+__,+pn)|\;71 pullzir) = llvol T )

PROPOSITION 3.10. Suppose that Z(7) is a Banach function space. Suppose that
M is a diffuse von Neumann algebra with a semifinite, faithful, normal tracial state T

and with an order continuous norm || - ||7(r). Then the restriction of || - | z(ryon Zisa
unitarily invariant, locally || - ||1-dominating, mututally continuous norm with respect
toT.

Proof. Note || - ||z(r) : Z — [0,00) is a norm. Now we will verify that || - || 7()
satisfies the following conditions:

(i) [[uxvl|z(ry = [[x||z(r) for all unitaries u, v in M, and every x in Z;
(ii) for every projection e in M with T(e) < oo, there exists ¢(e) < oo such that
llexe|lz(r) = c(e)llexe||1 for all x € M;
(iif)
(a) if {e) }ren is anetin M such thate, — I in the weak* topology, then
llexx — x||z(z) — O for every x € Z;
(b) if {ex } 1 is a netin M such that [le; [ 7() — 0, then T(ey) — 0.

(i) We begin by showing that [[uxv||z(r) = |[x||z(7)-

Given any x and y in Z, we know that if 7(|x|") = 7(|y|") for every n € N,
then [|x[|z(ry = [[yllz(r) from Definition 3.4 in [23]. We have that 7 is unitarily
invariant by defintion, so for all unitaries 4 and v in M and x in Z,

T(Juxv|") = (o7 "|x|"0") = t(|x|") foreveryn € N.
Hence |[uxvl|7(r) = [[x||z(z), and || - [|z(¢) is unitarily invariant.

(iii)(a) We show that if {e) } C Z is an increasing net of projections such that
ey — I in the weak* topology, then eyx — x in || - || 7(¢)-norm for each x € Z.
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Suppose that {e) } C T is an increasing net of projections such that e, — I
in the weak* topology. By definition, || - [|7(r) is order continuous. So for ev-
ery xinZ, || \/x*(I = ex)xllz(y = 0, and [[(I = er)x([z(r) = [|(I = ex)xlllz(r) =
[v/x*(I —ex)x||z(r) by (). Therefore, |[x —eyx||z(;) — O for every x in Z, as
desired.

(b) We show that if {e,} C T is a net of projections such that ||e[|z(r) — 0,
then t(ey) — 0.

We suppose that {e)} C Z is a net of projections such that [l [l7(r) — 0.
Suppose to the contrary, that T(e,) - 0. There exist an gy > 0, a subsequence
{er, } of {ex}rca such that for every n > 1, T(ey,) = €. As [eallzr) — 0,
lle, llz(r) — 0. Recall that M has no minimal projection. By the properties of the
norm || - [|7(;), we might assume that {e,, } is a decreasing sequence of projections
in Z. Thus there exist an x = /\ ey, in M such that 0 < x < ¢, for every n, and

gg < T(x) < T(ey ) Moreover we have that [ey, [|7(r) = [[x[lz(r) for every n,
so therefore, [|x||z;) = 0. Hence x = 0, which contradicts with the fact that

gy < T(x).
(if) We show that for a projection e € M such that 7(e) < oo there exists

() = U89 satisying [lexe|z(r) > c(e) exel]y forall x € M.

Suppose that e = ¢> = ¢* is a projection in M such that T(e) < co. Let
x be a positive element in M. For any ¢ > 0, there exist nonnegative num-

bers B1, B2, ..., Bn and subprojections py, pa, ..., pn of e in M such that Hexe -

n n n
L pni, <[le— & b exe~ ¥ pipi| <[le~ L pip,

llellx

lellz() <¢ and ]

n
< e Wecall ) Bipi = yo. Foreachm € Nand 1 < i < n, we partition p; =
i=1

9i1 + qip + -+ + qik, + qik+1 where k; is a positive integer and g;1,9i2,-- -, qi

are projections in M such that 7(g;1) = T(q;2) = -+ = T(qix,) = L and

m’

n kﬁ»l
0 < 1(qiki11) < % We can write yo = ) ,Bi( 121 ql-,j> = z1 + 2, where
]:

i=1

2=y ﬁl( 2 i) and 22 = X g

0 ki
Weletg= ) qi,j- Then, by Lemma
i=1j=1

R

lqllz
I90llze) > zalz) > “Es el
Also, by the triangle inequality,
n
_ _Liabi
lz1ll = llyollx — llz2llx = llyolls P
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which approaches ||yo||; as m — oo. Furthermore, by (iii) we have

191122 > lellzry — Xty Billqij+1llz(x) N lellz(x) S 1 s oo,
7(q) T(e) (e)
Therefore,
lellz(x)

Isollze > =g 3ol
By the choice of yp, we conclude, for all x in M:

Jellz
lexellzie) > =57

xell;.

3.3. EMBEDDING FROM L*(M, T) INTO M. We would like to show that there is a
natural embedding from L*(M, T) into M.

Suppose that M is a von Neumann algebra with a semifinite, faithful, nor-
mal tracial weight 7, and H is a Hilbert space. Recall

T = span{xey : x,y € M,e € M, e = e? = ¢* with T(e) < oo}

is the set of elementary operators of M. Define M to be the algebra of closed,
densely defined operators on H affiliated with M. We recall that the measure
topology on M is given by the family of neighborhoods U; . = {a € M : |jap|| <
gand 7(p*) < J for some projection p € M} for any ¢,6 > 0.

Suppose that « is a unitarily invariant, locally || - ||;-dominating, mutually
continuous norm with respect to T on M.

LEMMA 3.11. Let & > 0 be given. There exists 6y > 0 such that if e is a projection
in Z with a(e) < by, then T(e) < e.

Proof. Suppose, to the contrary, that there exists an € > 0 such that for every
do > 0, there exists a projection e, in Z such that a(e5,) < do, and T(es,) > e.
Let §p = % for each n € N. Then there exists a sequence {ey, },en such that
for every n € N, a(e,) < %, and t(e;,) > e This is a contradiction, as & is
mutually continuous with respect to T (see Definition 3.I). Therefore, the lemma
1s proven. 1

LEMMA 3.12. Suppose a sequence {ay,} in I is Cauchy with respect to the norm
«. Then {ay} is Cauchy in the measure topology.

Proof. To prove that {a,} C Z is Cauchy in the measure topology, it suffices
to show that for every ¢,6 > 0, there exists an N € N such that for n,m > N,
there exists a projection py, , satisfying |||am — an|pmn|| < 6 and T((pmn)t) < e
By Lemma 3.1T} we know that there exists a dy > 0 such that

(3.2) if e is a projection in Z with a(e) < &y, then T(e) < .
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For each m,n € N, let {e,(m,n)} be the spectral decomposition of |a,, — a,| in

M. By the spectral decomposition theorem, we have |a,, — a,| = [ Ade)(m, n),
0

and T(|am — an|) = [ Adt(ey(m,n)). Let A\g = &. Hence Agey,(m,n)* < |ay —
0

anlep, (m,n)*. So

(3.3) oc(/\oe)m(m,n)l) < «a(|am —ay|) forallm,n € N.

Recall that {a, } is Cauchy in a-norm. For &1 = A¢dy > 0, there exists N € N such
that for all m,n > N, a(a, — a,) < €. Combining with (3.3), we have that for
every m,n > N, Aoa(ey,(m,n)*) < e1. This implies that
1 1 _
aley, (m,n)™) < i 8-
Because of (32), T(ey, (m,n)1) < eforevery m,n > N. Put py,n, = ey, (m,n).
Then for every m,n > N we have the following and the proof is complete:

Iam — an|pmull < Ao =4dp, and T((Pm,n)l) <e 1

Therefore, there is a natural continuous mapping from L*(M, T) into M.

Let e be a projection in M such that T(e) < oo, and let M, = eMe. Define a
faithful, normal, tracial state 7, on M, by 7.(x) = %T(X) for every x in M,.

It can be shown that 7, is a finite, faithful, normal tracial state on M,. Sup-
pose that « is a unitarily invariant, locally || - ||;-dominating, mutually continuous
norm with respect to T on M. Define a, = a|,r(,. We define a), : M, — [0, 0]
by a,(x) = sup{|t(xy)| : y € M, a.(y) < 1} for every x in M,. It may be shown
that a) is indeed a norm, and we call &/, the dual norm of a, (see [7] for more
information). We define L% (M,, T) = M,".

We may also define @, : L'(M,, ) — [0,00] by & (x) = sup{|t(xy)| :
y € M,al(y) < 1} for every x in M,, and @, : L'(M,,T) — [0,00] by &, =
sup{|T(xy)| : y € M, a.(y) < 1} for every x in M,. L% (M,, ) and L% (M., 1)
are defined to be M, and M, *, respectively.

LEMMA 3.13. Let a be a unitarily invariant, || - ||1-dominating, mutually contin-
uous norm with respect to T. Then ., ), «, and @, are unitarily invariant norms on

LY(M, T).

Proof. Clearly, a,(uxv) = a(uxv) = a(x) = a.(x) for unitaries u and v and
an element x in M, C M. Therefore, «, is a unitarily invariant norm.
Let 1 and v be unitaries, and x be an element of L% (M., 7). Then

a (uxv) =sup{|t(uxvy)| : y € M, ae(y) <1} =sup{|t(xuyv)| : y€ M, ae(y) <1}
=sup{|t(xyo)| : yo € M, ae(yo) < 1} = ap(x)

for every x € L (M., 7). Therefore, a), is unitarily invariant.
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The proofs that @, and @, are unitarily invariant are similar. &

LEMMA 3.14. Suppose « is a unitarily invariant, locally || - ||1-dominating, mu-

tually continuous norm with respect to T on M. Then:
@) ||x]|1 < ®e(x) for every x € L¥% (M., T); and
(ii) || x]|1 < @(x) for every x € L%(M,, T).

Proof. (i) Suppose that x is in L*(M,,7) C L'(M,, ). Let x = uh be the
polar decomposition of x in Ll(Mg, T), such that u is a unitary in M,, and h is
positive in L! (M., T). Asa, is unitarily invariant (see Lemma i
(3.4) Xe(x) = @ (uh) = @, (h).

By definition, @, (h) > |t(h)| = ||x||1. Hence, combining with (3.4),

[ < @e(x).

7

The proof of (ii) is similar. 1

LEMMA 3.15. For every y € M, and every z € LY (M., 7), a\(yz) < ||yl (2).

Proof. Suppose y € M, such that ||y|| = 1, and let y = w|y| be the polar
decomposition of y in M., i.e. w € M, is unitary and |y| € M, is positive. Define
v = |y| +iy/1 — |y|?. Then by construction, v is unitary in M,, and |y| = #
Consider any z in L! (M, T). Then we have that

_ _ _, (vz+ 0"z a,(vz) +a,(v*z
7(y2) = Tlwlylz) =7 (EETE) < Bl Eele)

2 2
for every z in L'(M,, T), and y in M, such that ||y|| = 1. Thus &, (yz) < ||y||a.(z)
for every zin L'(M,,T) and y in M,. 1

LEMMA 3.16. For every x € Mo, ae(x) = ®,(x).

Proof. First, we show that @, (x) < a.(x) for every x in M,. By definition,
|T(xy)| < ae(x)al(y) for every x and y in M,. Suppose a.,(y) < 1. Then |t(xy)| <
ae(x)al(y) < ae(x) for every x in M,, and y in M, such that a}(y) < 1. Hence,
by definition,

(35) Te(x) = sup{[t(xy)| 1y € Me,ab(y) < 1} < o).

Next, we show that @, (x) > a.(x). Suppose x is in M, with a.(x) = 1. Then
by the Hahn-Banach theorem, there exists a ¢ in L% (M,, T)* such that ¢(x) =
a.(x) = 1,and |l¢|| = 1. Since ¢ is in L% (M,, T)¥, there exists & in L% (M,, T)
such that ¢(x) = |t(x¢)| = 1, and @,(&) = ||¢]| = 1. Let & = uh be the polar
decomposition of ¢ in L% (M, T), where u € M, is unitary and h € L% (M., 1)
is positive.

By Lemma 3.8 in [7], there exists a family {e,} of projections in M, such
that || — hey|l; — 0, and exh = hey € M, for every 0 < A < co. Also, u € M,,
so uhey € M,. Thus a}(uhey) = &, (uhey) < @,(uh)|ler|| < a,(uh) = al(¢) =1,
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as a)(x) = @,(x) for every x € M, by Lemma 3.2 in [7]. So, a.(x)|t(x&)| =
|T(xuh)| = Alim |T(xuhe,)| <sup{|t(xy)| : y€ M., al(y) <1} =&, (x). Therefore
— 00

(3.6) e (x) < We(x).
Hence from equations (3.5) and (3.6), . (x) = @,(x), and the lemma is proven. 1

LEMMA 3.17. L% (M,, 1) = {x € L1(M,) : &,(x) < oo} is a complete space in
Xp-NOFII.

Proof. Ttsuffices to show that for every Cauchy sequence {b; } in L% (M., ),
there exists b in L% (M,, T) such that b, — b in @,-norm. Suppose that {b,} is
a Cauchy sequence in L% (M,, 7). There exists M > 0 such that @, (b,) < M for
every 1.

By Lemma[3.14]
by — b1 < ®(by, —by,) forallm,n > 1.

Therefore, {b, } is Cauchy in L' (M., T), which is complete. So there exists a by in
LY(M,, T) such that ||b, — byl — O.

First, we claim that by is in L% (M,, T). Let y € M, such that a,(y) < 1. We
have that |7(bny) — T(boy)| = |T((bn — bo)y)| < ||bn — bol1ly||o by Holder’s in-
equality. However, ||b, — by||1||y||cc — 0. Also, by the definition of &, we also have
that |T(boy)| = nl% |T(bny)| < limsup &, (b, )al(y) < M. Therefore, a(by) < M,

n—o0

and by € L% (M,, 7).
Now, we show that &, (b, — by) — 0. We know that {b,} is Cauchy in
L¥(M,, ), so for every n > 1,
1T((bn — bo)y)| = lim [T((bm — ba)y)| < limsup &e(by — by )y (y)
m—o0 Mm—s00
< limsup &(by, — by).
m—00

Therefore, ®, (b, — by) < limsup(b, — by,) for every n > 1, and since {b,} is
Cauchy in L% (M,, 7), e
®e(by —by) = 0 asn — oo,
and the lemma is proven. 1
Therefore L% (M,, T) is a Banach space with respect to &,-norm.

LEMMA 3.18. Suppose that e € M is a projection such that T(e) < oo. Suppose
{eane} C T is Cauchy in a-norm, and eane converges in measure to 0. Then:
(i) for every e > 0, there exists a & > 0 such that, if q is a projection in M with
T(q) <6, |t(eaneq)| < e for every n;
(ii) given 6 > 0, ¢ > 0 and N € N, there exists py, a projection in M, such that
lleanepn|| < e, and T(py) < 6 for every n > N;
(iii) for every projection q in Z, T(eaneq) — 0as n — oo; and
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(iv) for every b in M, t(eayeb) — 0as n — oo.

Proof. (i) Suppose that, as above, e € M is a projection such that 7(e) < oo
and {eane} is a Cauchy sequence in a-norm. Let ¢ > 0 be given. By assump-
tion, « is a locally || - ||;-dominating norm, so there exists ¢(e) such that a(exe) >
c(e)||exel|; for every x € M. Then, given 5c(e), there exists Ny € N such that for
alln,m > Ny,

a(eane — eaye) < gc(e).

Letd = Qﬁ{m} Suppose g is a projection in M such that 7(g) <
X INQ g

0. Then for every k < Ny, |T(eareq)| < |leake||||q]| by Holder’s inequality, and

7(q) =||q|l1 <6. Hence |7 (eaxeq)| < |[eaxe||d < § for all k < Ny by our choice of 4.

For k > Ny,

[t(eaeq)] < |T((eage — eanoe)q)| + [T(eanyeq)]
< Jleare — eanyell llgll + leanyel gl (by Holder’s inequality)

1
< @a(eake —ean,e)||qll + [leanyel|d  (by Definition[3.1)
Seiel,
2 2 7

Hence, (i) is proven.

(ii) Suppose that {ea,e} is a Cauchy sequence in a-norm and ea,e — 0 in
measure. Then, by the definition of convergence in measure, for any ¢ > 0,6 > 0
and N € N, there exists p, in M such that |leayep,| < e and T(p;) < 0 for every
n > N.

(iii) Suppose that {ea,e} is a Cauchy sequence in a-norm such that ea,e — 0
in measure. Then by (i), given € > 0 and a projection g in Z, there exists a 6; > 0
such that if 7(q") < d1, then |T(eaneq’)| < 5. Letd > 0and &1 = %(q) Then by

(ii), there exists N € N such that |leaep,|| < €1, and T(p;-) < J for every n > N.
Thus, for n > N and any projection g € Z,

(3.7) T(eaneq) = t(eane(q —qN pn)) + t(eane(q N pn)).
However, T7(§ —q N pyn) = T(qU pn — pn) < T(pyr) < 0. Therefore,
€
(3.8) [7(eane(q —q M pn))| < 5.

from (i). Also,

|T(eane(q M pn))| = [T(eanepn(qg N pn))| < [leanepnllllg N pullx
&

(3.9) <et(gNpn) < e17(q) = 5

Then from equations (3.7), (3.8) and (3.9), |t(eaneq)| < e for any given ¢ > 0.
Therefore, T(eane) — 0 for every g € M such that g is a projection and 7(g) < co.
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(iv) Suppose that {ea,e} is a Cauchy sequence in a-norm. Then there ex-

ists M > 0 such that t(eaze) < “(ffe’se) < % By considering ebe instead, we

might assume that b € Z. By the spectral decomposition theorem, b can be ap-
proximated by a finite linear combination of projections g; in M, i.e. there exist

n
g; € I such that Hb — 421 gil| < s% for any given ¢ > 0. Therefore we have the
1=

following and the lemma is proven:

T(eaneb) — T(eanelé ql-) ’ = ‘T(m,ﬂ(b — :1 ‘1:‘)) l
< ||T(eane)||1Hb— éqi ‘ < C(A;I)SC(A? <e 1

PROPOSITION 3.19. There exists a natural embedding from L*(M, T) into M.

Proof. By Lemma there exists a natural mapping from L*(M, T) to M.

It suffices to show that this mapping is an injection. Suppose that {a,} C Z
is a Cauchy sequence in a#-norm such that x, — 0 in measure. As L¥(M,T) is
complete, there exists a € L*(M, T) such that a, — a in a-norm. Assume that
a # 0. There exists a projection e in M such that 7(e¢) < co and eae # 0. Thus
{eaye} is Cauchy in a,-norm, ea,e — 0 in measure and ea,e — eae # 0 in a,-
norm. By Lemma 3.18} 7(ea,eb) — 0 for any b € M. As, |T(eayeb) — T(eaeb)| <
e (eane — eae)al,(b) — 0, we have

T(eaeb) =0 forallb € 7.

On the other hand, by Lemma and definition of &,, since eae # 0, there exists

some by € M, such that a}(by) < 1 and t(eaeby) > @ This is a contradiction.
Therefore, a = 0, and the mapping is an embedding. 1

4. ARVESON’S NON-COMMUTATIVE HARDY SPACE

In this section, we will extend Arveson’s classical definition of a non-com-
mutative Hardy space to L*(M, 7). We assume, as before, that M is a von Neu-
mann algebra with a semifinite, faithful, normal tracial weight 7, and we assume
that A C M is a weak* closed unital subalgebra of M. We let D = AN .A*, and
assume that ¢ : M — D is a faithful, normal conditional expection. Let

T = span{xey : x,y € M,e € M, e = ¢* = ¢* with T(e) < oo}
be the set of elementary operators of M.

DEFINITION 4.1. A weak* closed unital subalgebra A of M is called a semi-
finite subdiagonal subalgebra, or a semifinite non-commutative Hardy space with
respect to (M, 1), if:
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(i) the restriction T|p of T to D = AN A* is semifinite;
(i) @(xy) = @(x)P(y) for every x and y in A;
(iii) A + A* is weak*-dense in M;
(iv) @ is T-preserving (i.e. T(P(x)) = 7(x) for every positive operator x € M).
We will, in this case, denote A by H*.

DEFINITION 4.2. Leta : 7 — [0,00) be a unitarily invariant, locally || - ||;-
dominating, mutually continuous norm with respect to 7. We denote by H* the
closure [A N L*(M, T)], in a-norm.

REMARK 4.3. Considering the conditional expectation ® : M — D from
Deﬁnition we have that @ extends to a projection from L'(M, 1) to L1(D, 7).
We still denote such an extension by @, and we have that

®(axb) = ad(x)b, Va,be D, x € L*(M,T).
NOTATION 4.4. We denote ker(®) N H*® by H§®, and ker(®) N H* by Hf.

LEMMA 4.5. Suppose that M is a von Neumann algebra with a semifinite, faith-
ful, normal tracial weight T. Let A = H® be a semifinite subdiagonal subalgebra, as
described in Definition Let e = e* = ¢? € D such that T(e) < oo. Then eHe,
denoted HZ®, is a Hardy space of M.

For the proof see Lemma 3.1 of [2].

LEMMA 4.6. Suppose M is a semifinite von Neumann algebra with a semifinite,
faithful, normal tracial weight T. Let H* be a semifinite, subdiagonal subalgebra of M,
as described in Definition namely that the restriction of T to D = H® N (H®)*
is semifinite. Let & : T — [0, 00) be a unitarily invariant, locally || - ||;-dominating,
mutually continuous norm with respect to T.

Then for every x € L*(M, T) and for every e € D such that T(e) < oo, there exist
hi,hs € eH®e = H® and hy, hy € eH%e = HY such that:

(i) h1h2 =€ = hzhl and h3h4 =€ = ]’l4h3,’
(ii) hiex € M, and exhs € M.

Proof. Let ex = vexx*eu = |x*e|u be the polar decomposition of (ex)* in
L*(M, T) where u is a partial isometry in M and |x*e| is a positive operator in
L*(M, T). Note that |x*e| is in eL*(M, T)e = L*(M,, T). Since 0 < 7(e) < oo,
we know that M, is a finite von Neumann algebra with a faithful, normal tracial
state %T. By Lemma we have that H¢° is a finite subdiagonal subalgebra of
M, with [HZ], = HE.

We have that |x*e| € L“(Me,%’[), and 0 < T(e) < co. Thenw = (e +
|x*e[)~! is an invertible operator in M, with w=! € L* (/\/le, %T) We know
that M, is a finite von Neumann algebra with faithful, normal tracial state %T,
and «, on M, is a unitarily invariant, ¢-|| - |[;-dominating, continuous norm on
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M,. Therefore, from Proposition 5.2 in [7], there exists a unitary v in M., h; €
Hg?, and hy € Hf such that:

(i) hihy, = e = hyhq; and
(iip) w = vhy.
By (iia), we get (iip) h1|x*e| = v*w|x*e| = v*(e + |x*e|) "!x*e] € M, C M.
Since u; is a partial isometry in M, hjex = hy|x*e|u; € M. Therefore, (ii) holds.
The proof for h3 and hy is similar. 1

The following lemma is also helpful.

LEMMA 4.7. Suppose M is a von Neumann algebra with a semifinite, faithful,
normal tracial weight T. Let H™ be a semifinite, subdiagonal subalgebra with respect
to (M, ®), where ® is a faithful, normal conditional expectation from M onto D =
H® N (H®)*

There exists a net {e } e of projections in D such that:

(i) ex — I in the weak* topology on M, and T(e)) < oo forall A € A;
(ii) for every x € L*(M, 1),

li};noc(e;m —x)=0; li)I\noc(xe,\ —x)=0; and h};nuc(qX@A —x)=0.

Proof. We know that H® is a semifinite subdiagonal subalgebra of M, there-
fore the restriction of T to D is semifinite. From Lemma 2.2 in [26], there exists a
net of projections {e) } yc in D such that ey — I in the weak* topology on D, and
T(ey) < coforall A € A. Therefore,

liin |T(exz —z)| =0 foreveryz € LY(D, 7).

Also, for each y in L! (M, 1), we have that
lim |t(ery —y)| = lim |t((ery —y))| = lim |7(e2P(y) — 2(y))| = 0.

Namely, e, — I in the weak* topology on M, and 7(e)) < oo for every A € A. (i)
is satisfied.

Then from (i) and Definition 3.1} we may conclude that (ii) holds. Namely,
for every x € L*(M, ), we have the following and the lemma is proven:

li/I\an(E/\x —x)=0; liina(xeA —x)=0; and li/r\nuc(eAxe,\ —x)=0. &

Finally, we recall the definition of a row sum of subspaces of L* (M, T).

DEFINITION 4.8. Let M be a von Neumann algebra with a semifinite, nor-
mal, faithful tracial weight 7. Suppose X is a closed subspace of L*(M, T), and
{Xi}ie7 are closed subspaces of L*(M, 7). If:

(i) X;X;7 = {0} foreveryi,j € Z,i # j;and
(i) X = [span{X; : i € T}]a,
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we call X the internal row sum of {X;};c7, and denote it by X = @ ""X;. Also,
i€T
we denote span{X; :i € Z} by ¥ X;.
i€l

5. BEURLING THEOREM FOR SEMIFINITE HARDY SPACES WITH NORM «

THEOREM 5.1. Let M be a von Neumann algebra with a faithful, normal semifi-
nite tracial weight T, and H* be a semifinite subdiagonal subalgebra of M. Let « be a
unitarily invariant, locally || - ||1-dominating, mutually continuous norm with respect to
T. Let D = H® N (H*®)*. Assume that K is a closed subspace of L*(M, T) such that
H*K C K.
Then, there exist a closed subspace Y of L*(M, T) and a family {u,} of partial
isometries in M such that:
(i) upY* = 0 forevery A € A;
(ii) upuy € D, and uyuj, = 0 for every A, p € Awith A # y;
(iii) Y = [HYY]a,
(iv) KK = Y™ (@', Hu,).
First, we prove some lemmas.

LEMMA 5.2. Suppose M is a von Neumann algebra with a faithful, normal,
semifinite tracial weight T, and that H® is a semifinite, subdiagonal subalgebra of M.
Suppose also that w is a unitarily invariant, locally || - ||1-dominating, mutually contin-
uous norm with respect to T. Assume that K is a closed subspace of L* (M, T) such that
H*®K C K. Then the following hold:

HEAM =AM NLEM,7);
(i) £ = [KN M.

Proof. (i) It is clear that

KnMcCEAMY NLY M, 7).
We will prove that

KAM=KAaM" NLYM,7).

Assume, to the contrary, that CN M G KN MY N L*(M, ). Then there exists

anx € KN ./\/lw* NL¥(M, 1), with x ¢ KN M. By the Hahn-Banach theorem,
there exists a ¢ € L*(M, 1)* such that ¢(x) # 0, and ¢(y) = 0 for every y €
KNM.

Since the restriction of T to D = H® N (H*®)* is semifinite, there exists a
family {e,} of projections in D such that T(e)) < oo for every A, and ey — I
in the weak* topology. This implies that ¢;x — x in the weak* topology and in
a-norm by condition (iii)(a) of Definition 3.1}

Thus, there must exist a A such thateyx ¢ N M. Also, eyx € e, L*(M, 7).
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Define ¢y : M — Cby ¢(z) = ¢(e,z) for every z € M. Then 1 is a bounded
linear functional. We will show that i is normal, i.e. for an increasing net f;, of
projections in M such that f;, — I in weak* topology we have ¢(f,) — ¢(I).
By condition (iii)(a) of Deﬁntion we get that a(ey f, —erl) — 0, for a fixed A.
Since ¢ € L*(M, 1)*, gp(erfu) = ¢(exl). However

pleafu) = w(fu),

and ¢(exI) = ¢(I). Thus, ¢(fy) — ¢(I). Therefore, ¢ is a normal, bounded
linear functional, namely, ¢ € L1(M, ).

There exists a & € L'(M, 7) such that (z) = 7(z¢) for every z € M. Note
that ¢(x) = ¢@(exx) = T(xg) # 0. Thus, there exists a projection e € D such
that T(e) < oo so that ¥(ex) = @(erex) = t(exg) # 0, and Y(ey) = @(erey) =
T(eyG) = 0 forevery y € KN M.

Recall that x € K 1 M" . Therefore, there exists a sequence {y, } in LN M
such that y, — x in the weak* topology. Note that e € L'(M, 7). Hence,

T(yule) — T(xge).

However, 7(y,de) = 0, so T(xie) = 0, which is a contradiction. Therefore (i) is
proven.
(ii) Clearly, K N M C K, and K is a-norm closed, so

KNM], CK.

We will show that
K =[KNM]a.

Suppose to the contrary, that [ N M], G K. There exists an x € K such that
x ¢ [K N M]y. We know that D is semifinite, so there exists a family of projec-
tions {e) } e such that T(ey) < oo, and ey, — I in the weak* topology. By Defi-
nition 3.1} part (iii)(a), exx — x in a-norm. So, there exists A such that eyx € I,
since x € K, and eyx ¢ [K N M]y, as x ¢ [KNM],.

By Lemma there exist an h; € eyH®e) and an hy € e),H%e, such that
hiexx € M, and hhy = ey, = hyhy. Thus, exx = hyhiepx, hieyx € M, and
hieyx € I, since HK C K. Also, hy € eyH%e,, so there exists a sequence {ay, }
in H* such that a,, — hy in a-norm. Hence, eyx = hohyex, ashieyx € KN M, and

aphieyx — hohyex

in a-norm. Therefore, eyx € [K N M)|,, which is a contradiction. Thus, (ii) is
proven. 1

LEMMA 5.3. Suppose M is a von Neumann algebra with a faithful, normal,
semifinite tracial weight T, and suppose that « is a unitarily invariant, locally || - ||1-
dominating, mutually continuous norm with respect to T. Let H® be a semifinite, sub-
diagonal subalgebra of M. Assume that K is a weak* closed subspace of M such that
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H®K C K. Then

w*

K =TKNL M, T)]« N M

Proof. First we must show that

KNI MO nM" .

Let x €¢ K C M. We know that T restricted to D is semifinite, so there
exists a net of projections {e) } e such that 7(e)) < oo and ey — I in the weak*
topology. Also, eyx — x in the weak* topology.

To show that

xe[KNLA*M, D). N M,
it is sufficient to show that e,x € [K N L*(M, T)]o N M. We have that e, x is in

K, as x € K and K is H®-invariant. We also know ||e x|« < |lex]l«l|x]] < oo.
Therefore, exx € L*(M, ), and epyx € KN LY(M,7) C [KNLYM,7T)]s. Thus,

x € [CNLEM, 1)]a A M . Hence K C KN LA (M, O] N M .
Next, we show that

KALEM, Ol nM" C K.

It suffices to show that [K N LY(M, T)], N M C K since K is weak* closed.

Suppose, to the contrary, that [N L*(M, T)]a N M G K. There exists an
x € [KNLYM,T)]a N M such that x ¢ K. Since the restriction of T to D is
semifinite, there exists a net {e)} ca of projections such that 7(e;) < oo and
exx — x in the weak* topology.

As x ¢ K, by the Hahn-Banach theorem, there exists a ¢ € My such that
p(x) #0and ¢(y) =0forallyin K. Asx € [CNLY(M,7)]s N Mand x ¢ K,
there exists a A such thateyx € [KNL*(M, T)]s N Mand e x ¢ K. Since ¢ € My,
there exists a ¢ in L'(M, T) such that ¢(z) = 7(2¢) for every z € M. It follows
that there exists a projection e € D with T(e) < co so that T(xfe) # 0, and
T(yge) = 0 for every y € K.

We claim that there exists a z = e € Me such that 7(xz) # 0 and 7(yz) =0
forally € K.

Note that &e € L'(M, 7) since ¢ € L'(M, 1) and 7(e) < o0. By Lemma
there exist 13 € eH®¢, and hy € eH'e such that h3hy = e = hyhz and Fehz € M.
There exists {k, } in H® such thatk, — hy in || - ||;-norm. So,

nh—r>r<>10 |T(ex) — T(x&ehsky,)| = nh_r)r.}o |T(xgehzhy) — T(x&ehsky)|
< lim [lx] 2ehs /s — kol = 0.
There exists an N € N such that t(x¢ehsky) # 0, since T(xf) # 0. We let z =

Cehsky € M. Then, z = ze € Me such that 7(xz) = t(xfehzky) # 0, and

T(yz) = T(yéehskyn) = t((ehskn)yE) = 0 for every y € K.
Since x € [KNL*(M,T)]p N M there exists {x,} in KN L*(M, 1) such
that x, — x in « norm, and ex;, — ex in a-norm. Note ey = ./eyy*ev =
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ev/eyy*eev. Therefore, ex, — exin || - ||;-norm, as |ley||; = |lev/eyyFee||1, a(ey) =
a(ey/eyy*ee), and a is locally || - ||;-dominating.

We also have that |t(xz — x,2)| = |T((x — xp)z
nally, since {x,} is in LN LM, 1) C K, T(xsz) =
which is a contradiction. Therefore, [ N L*(M, T)], N M

KOLEM, Ol N M. 1

< lle(an = x)[laflz]]. Fi-
0. Hence, t(xz) = 0,

C K. Thus, K =

W

LEMMA 5.4. Suppose M is a semifinite von Neumann algebra with a faithful,
normal tracial weight T, and suppose that « is a unitarily invariant, locally || - ||1-
dominating, mutually-continuous norm with respect to T. Let H* be a semifinite, sub-
diagonal subalgebra of M. Assume that S is a subset of M such that H®S C S. Then

SO LYM,T)]e =[S NLYM, )]s

Proof. Clearly, SNL*(M, ) C ' N LY(M,T)s0, [SNLY(M,T)]. C [S" N
L*(M, T)]a.

We will show that 5" N L*(M,7) C [SNLYM,T)]a. Letx € YN
L*(M,T). We know that there exists a net {e)} in D of projections such that
T(ey) < oo, and ey — I in the weak* topology. Thus, eyx — x in the weak*
topology.

We will show that eyx € [SNL*(M,T)], in order to show that x € [SN
L*(M, 7] By Lemmal5.2} we have that

\4%

SN LY(M, T)]e A M C [SALEM, Dl N LE(M, 7).

Since x € SV N L*(M, ), there exists a net {x;} in S such that x; — x in the
weak* topology. Therefore e,x; — ¢)x in the weak* topology for every A € A.
We note that a(e)x;) < a(ey)||xjl|, and H*S C S. Therefore eyx; € SN L*(M, ),
and e x; € [SNLY(M,T)]a AM" . Thus, exx € [SOLAM, )]s M . Itis
clear thateyx € L*(M, 7). By Lemma [SNLY(M,T)] "M NLYM,T) =
[SNLY(M,T)]a N M.Soeyx € [SNLY(M,T)]a.

Therefore, x € [SN L*(M, T)]s, whence §w* NL*(M,t C [SNLY(M,T)]a.
Hence,

Y A LYM, D) = [SOLY M, T)]a. B
Now, we prove Theorem
Proof of Theorem5.1} Let Ky = KN MY K1 is a weak* closed subspace of

M such that H*K; C K4. Then by Theorem 4.5 in [26], there exist a weak* closed
subspace Y7 C M and a family {u, } \c 4 of partial isometries in M such that:

(@) upY; = O forevery A € A;
(b) upuy € D, and u;\u; = 0 for every A, y € Asuch that A # y;

©Y; =HY"
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(d) Ky = Y1 @ (DY) H up).

LetY = [Y1 N LY(M, T)]a.

(i) We know that there exists {a,} C Y; such that 4, — a in a-norm for
some a € Y. From (a), and the definition of Y7, a,u; — au; in a-norm. Thus, we
may conclude that ) Y* = 0 for every A € A.

(ii) follows directly from (b).

(iii) We will show that Y = [H{°Y],. We have that:

Y =[Y1NLY(M,T)]x (by definition of Y)

= (B NLYM, D)), (by ()
= [Hy’Y1 N L*(M,1)]«  (by Lemma

= [HE (i N LA (M, T)]a N MW*) NLY(M,7)]x (by Lemmal5.3)
C HY (M N LM, 0] M) NLE(M,7)]x  (by Theorem 1.7.8 in [28])
= [HF (Vi NLP(M, )]s N M) N LY (M, T)]s  (by Lemmal[5.4)
= [Hy (YN ./\/l) NL*(M,1)]x (by defintion of Y)
cl

HPY]y C

Hence, Y = [H{°Y], as desired.

(iv) Finally, we will show that I = Y @™V (@2 H*u,)).
Recall that Y = [Y; N LY(M, T)]. We claim that [H3°Y1 NL*(M,1)]a C [HF (Y1 N
L*(M, T)]a. Also, by Lemma[5.2} H*u, = [H®u, N L*(M, T)], for every A € A.
Now:

K

1N LY (M, T)]a

= _Yl + Z H®uy, N L’X(M,T)} (by definition of K1)
- AEA @

— [y, + Y H®upn L'X(M,T)} (by Lemma 5.4)
- AEA “

= [ NLMT) + 1 HRup N LM, T)} (by (a) and (b))
AEA

[Y+ Y H“uA] Yy (@;"g‘ )

AEA

where the last equality comes from Definition 1

COROLLARY 5.5. Suppose that M is a von Neumann algebra with a faithful, nor-
mal, semifinite tracial weight T. Let « be a unitarily invariant, locally || - ||1-dominating,
mutually continuous norm with respect to T. Let KC be a subset of L* such that MIKC C K.
Then there exists a projection q with I = Mag.
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Proof. We note that M can be considered as a semifinite subdiagonal subal-
gebra of M itself. Hence, we let M = H*, and it follows that D = M and @ is
the identity map on M. Also, H® = {0} and H* = L*(M, 7).

Let KC be a closed subspace of L*(M, T) such that MK C K. From Theo-

rem[5.T}
o Irow row Q
K=Y@®"™ (P, Hm),
where u,Y* = 0 for every A € A, upuy € D, and ujup,u* = 0 for every A, € A

such that A # p, and Y = [HY],.
It is clear that because Hi® = {0}, Y = 0. Also, since D = M, we have that

H*uj=L*(M, T)up =L*(M, T)upujuy C LY(M, T)ujuy CLY(M, T)uy = H*u,.

Therefore, H*u) = L*(M, tu}u,). Specifically, we find that
=y @ (@ ) = (@, M),
L”‘(M,r)( y uj{uA> = L*(M,1)q,

AEA

where we let ) uju, = g, and q is a projection in M. This ends the proof. 1
AEA

6. APPLICATIONS

6.1. INVARIANT SUBSPACES FOR NON-COMMUTATIVE BANACH FUNCTION
SPACES. We briefly recall our discussion of a non-commutative Banach function
space. Let E be a symmetric Banach function space on (0, o) with Lebesgue mea-
sure. As before, we let M be a von Neumann algebra with a faithful, normal tra-
cial state T and Z = {x € M : x is a finite rank operator in (M, T) and ||u(x)||e
< oo}. We may then define a Banach function space Z(7), and anorm || - || z¢) by
[xllz¢x) = 1 (xX)|[E(0,00) for every x € Z(7). We let H* be a semifinite subdiag-
onal subalgebra of M, as described earlier. The following is an easy corollary of
Theorem 5.1]and Proposition 3.10]

COROLLARY 6.1. Suppose that () is a Banach function space on the diffuse von
Neumann algebra M with order continuous norm || - ||z(x). Let D = H™ N (H*)*.
Assume that IC is a closed subspace of Z(t) such that H*K C K.

Then, there exist a closed subspace Y of Z(7) and a family {u, } of partial isometries
in M such that:

(i) upY* = 0 for every A € A;

(ii) uau € D, and uyuy, for every A, u € Awith A # ;
(ili) Y = [HyY]a;
(iv) K = Y@I‘OW( row HI( )y )
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6.2. INVARIANT SUBSPACES FOR FACTORS. We also have the following corollary
from Theorem 5.T]and Proposition

COROLLARY 6.2. Suppose M is a factor with a faithful, normal tracial weight T.
Let w : T — [0,00), where T is the set of elementary operators in M, be a unitarily
invariant norm such that any net {e, } in M with ey 1 I in the weak* topology implies
that a((ey — I)x) — 0. Let H® be a semifinite subdiagonal subalgebra of L*(M, 7).
Let D = H® N (H®)*. Assume that K is a closed subspace of L*(M, T) such that
H*K C K.
Then, there exist a closed subspace Y of L*(M,T) and a family {u,} of partial
isometries in M such that:
(i) upY* = 0 for every A € A;
(ii) upuy € D, and upuy, for every A,y € Awith A # p;
(iii) Y = [H Y]/
(iv) K = Y @ (PIT) H uy).

6.3. INVARIANT SUBSPACES OF ANALYTIC CROSSED PRODUCTS. Suppose that M
is a von Neumann algebra with a semifinite, faithful normal tracial state 7. We let
B be a x-automorphism of M such that 7(B(x)) = 7(x) for every x € M™ (i.e. B
is trace-preserving).
Let [?(Z) denote the Hilbert space which consists of the complex-valued
functions f on Z which satisfy Y |f(m)|> < c. Let {e;},cz be the orthonor-
meZ

mal basis of 12(Z) such that e, (m) = 6(n,m). We also denote the left regular
representation of Z on [2(Z) by A : Z — B(I%(Z)), where A(n)(em) = em-n-
Welet H = L2(M, 1) ®1%(Z), or equivalently, H = @ L*>(M,T) ®ey. The
meZ
representations ¥ of M and A of Z may be defined by:
Y(x)(E®en) = (B"E)Rey forallx € M, € L>(M,1)and m € Z,

An)(E®@em) =C x (AMn)ey) foralln,m e Z.
It is not hard to verify that
An)¥ (x)A(—n) =¥(p"(x)) forallx € Mandn € Z.

We may define the crossed product of M by an action 8, which we denote
by M x4 Z, to be the von Neumann algebra generated by ¥(M) and A(Z) in
B(H). When there is no possibility of confusion, we will identify M with its
image ¥(M) under ¥ in M x4 Z.

In Chapter 13 of [16], amongst others, it is shown that there exists a faithful,
normal conditional expectation, @, taking M x B 7. onto M such that

N
(17( Z A(n)‘f’(xn)) =x9 wherex, € Mforevery — N <n<N.
n=—N
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There also exists a semifinite, normal, extended tracial weight on M x B Z, which
we still denote by 7, and which satisfies

T(y) = T(®(y)), forevery postivey € M x4 Z.
EXAMPLE 6.3. Let M = [®(Z). Then M is an abelian von Neumann alge-
bra with a semifinite, faithful, normal tracial weight, T which is given by

T(f) = ) f(m), forevery positive f € °(Z).

mez
We let B be an action on [*°( Z), which we define by

B(f)(m) = f(m—1), foreveryf € I®(Z)andm € Z.

It is known (see, for example Proposition 8.6.4 of [16]) that [(Z) x4 Z is a type
I factor. Therefore, for some separable Hilbert space H, [*(Z) xp Z ~ B(H).

The next result follows from our construction of crossed products. (See also
section 3 of [1]].)

LEMMA 6.4. Consider the weak* closed, non-self-adjoint subalgebra M xg Z of
M g Z which is generated by

{A(n)¥(x):x € M,n >0}.

Then the following hold:

(i) M xpg Z is a semifinite subdiagonal subalgebra with respect to (M xg Z, @).
We will denote such a semifinite subdiagonal subalgebra by H*® and call H*® an analytic
crossed product.

(ii) We denote by H{® the space ker(®) N H®. Then H{® is a weak* closed nonself-
adjoint subalgebra which is generated in M x g 7 by

{A(n)®(x):x € M,n >0}
and satisfies
Hy = A(1)H™.
(iii) H* N (H®)* = M.
We are able to characterize the invariant subspaces of a crossed product of
a semifinite von Neumann algebra M by a trace-preserving action .

COROLLARY 6.5. Suppose that M is a von Neumann algebra with a semifi-
nite, faithful, normal tracial weight T. Let a be a unitarily invariant, locally || - ||1-
dominating, mutually continuous norm with respect to T, and P be a trace-preserving,
s-automorphism of M. Consider the crossed product of M by an action B, M xg Z.
Still denote the semifinite, faithful, normal, extended tracial weight on M xg Z by 7.

Denote by H* the weak* closed nonself-adjoint subalgebra in M xg Z which is
generated by {A(n)¥(x) : x € M,n > 0}. Then H* is a semifinite subdiagonal
sublagebra of x gZ.
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Let K be a closed subspace of L*(M xg Z, T) such that H*KC C K. Then there
exist a projection q in M and a family {u } e a of partial isometries in M x g Z which
satisfy:

(i) upg =0forall A € /;
(ii) upuy € Mand uyuy, =0 forall A,y € Awith A # p;
(iii) £ = (Lo (M x5 Z)q) @™ (@) en Hup).
Proof. From Theorem[5.T} we know that

Trow row
K=Y@"™ (P, Hm)
such that Y is a closed subspace of M Xy Z and a family of partial isometries,
{up}, in M xg Z which satisfy:
(@ upY*=0forall A € A;
(b) upuy € Mand uyuy, =0forall A, p € Awith A # p;
(€)Y = [HY]a-
By Lemma/(6.4|and (c), it is clear that
Y = [HPY)a = [A()H®Y], € AQ1)Y.
We can show, by induction, that A(—n)Y C Y for any # in N. From the defintion
of H*®, we know that A(n)Y C Y forevery n > 0, and {(x)Y C Y for every x €
M. Therefore, Y C L*(M xg Z) is left M x g Z-invariant, and from Corollary
there exists a projection g € M with Y = L*(M xg Z, T)q. Therefore,
(i) upg =0forallA € A;
(ii) upuy € Mand uyuy; = 0forall A, p € Awith A # p;
(iif) K = (Lo (M 5 Z)q) @™ (QE) H )
hold, and the corollary is proven. 1

6.4. INVARIANT SUBSPACES FOR B(#). Let H be an infinite dimensional separa-
ble Hilbert space with orthonormal base {ey; } ,cz. We let T =Tr be the usual trace
on B(#), namely

7(x) = Y (xem,em) forevery x € B(H) with x > 0.
mez

With this 7, B(#) is a von Neumann algebra with a semifinite, faithful, normal
tracial weight 7.
We let

A={x€B(H): (xem,en) =0Yn < m}
be the lower triangular subalgebra of B(H).

Recall from Example [6.3[ that the crossed product of I*°(Z) by an action B,
denoted I°°(Z) x4 Z, where the action p is determined by

B(f)(m) = f(m—1) forevery f €I%(Z),m €L

is another way to realize B(H).
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It is easy to see that A is [*°(Z) g Z+, a semifinite subdiagonal subalgebra
of 1°(Z xg Z) (see Lemma .
The following corollary follows from (6.5).

COROLLARY 6.6. Suppose ‘H is a separable Hilbert space with an orthonormal
base {ey }mez, and let

H® = {x € B(H) : (xem,en) =0, Vn < m}

be the lower triangular subalgebra of B(H). Then D = H® N (H*)* is the diagonal
subalgebra of B(H ). Suppose « : T — [0, 00), where T is the set of elementary operators
in M, is an unitarily invariant norm such that any net {e, } in M with ey 1 I in the
weak* topology implies that a((e) — I)x) — 0.
Assume that KC is a closed subspace of H* such that H*IC C K. Then there exists
a projection q in D and {u, } ye A, a family of partial isometries in H® which satisfy:
(i) urq = 0 for every A € A;
(ii) upuy € D, and upuy, = 0 for every A, p € D with A # y;
(iif) /€ = (B(H)q) @™ (DYer H u).
The following is a corollary of Theorem [6.5]and Proposition 3.7}

COROLLARY 6.7. Suppose ‘H is a separable Hilbert space with an orthonormal
base {ey }mez, and let

H® ={x € B(H) : (xem,en) =0, Vn <m}

be the lower triangular subalgebra of B(#H). Then D = H® N (H*®)* is the diagonal
subalgebra of B(H). Suppose « : T — [0, 00), where T is the set of elementary operators
in M, is an unitarily invariant norm such that any net {e, } in M with ey T I in the
weak* topology implies that a((e), — I)x) — 0.
Assume that KC is a closed subspace of H* such that H*KC C K. Then there exists
{ux }ren, afamily of partial isometries in H* which satisfy:
(i) uru € Danduyuy, = 0 for every A,y € Asuch that A # p;
(i) K = @ ™YH"u,.
A€A
REMARK 6.8. The result is similar when H® is instead the upper triangular
subalgebra of B(#).

REMARK 6.9. Recall that any unitarily invariant norm « gives rise to a sym-
metric gauge norm ¥ on the spectrum of |A|, {4, }1<y,<n, Where A is a finite rank
operator. Then Corollary [6.7/holds for ¥.
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