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ABSTRACT. This paper considers universal Hilbert space operators under-
stood in the sense of Rota, and gives criteria for universality of semigroups in
the context of uniformly continuous semigroups and contraction semigroups.
Specific examples are given. Universal semigroups provide models for these
classes of semigroups: following a line of research initiated by Shimorin, mod-
els for concave semigroups are developed, in terms of shifts on reproducing
kernel Hilbert spaces.
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1. INTRODUCTION

In this paper H will always denote a separable infinite-dimensional Hilbert
space and L(#) the space of bounded linear operators on .

DEFINITION 1.1. An operator U € L(H) is universal if, for every T € L(H),
there exist a closed subspace M of H invariant for U, a constant A € C and a
bounded linear isomorphism R : M — H such that

T = ARU| R~

The concept of a universal operator was introduced by Rota [15], [16] where
he showed that the backward shift of infinite multiplicity is an explicit example of
such operator. The invariant subspace problem provides a motivation for study-
ing universal operators since every operator has a nontrivial invariant closed sub-
space if and only if all minimal (with respect to the inclusion) invariant subspaces
of any universal operator are of dimension 1. See also Chapter 8 of [3] and [5]
for further information on this topic. More recently, Schroderus and Tylli ([18],
Theorem 2.2, Corollary 2.3) have studied universality from the point of view of
spectral properties of the operator.
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We first study the Caradus theorem which gives sufficient conditions im-
plying the universality of an operator. We then introduce the notion of positive
universality which is natural in view of producing a consistent definition of uni-
versality for a strongly continuous semigroup.

After an analysis of a relevant definition for the universality of a semigroup,
we give a complete answer for uniformly continuous groups in terms of the uni-
versality of the generator.

We then study examples of universal Cyp-semigroups of contractions and
quasicontractions, and produce a large class of universal semigroups arising from
Toeplitz operators with anti-analytic symbol.

The very last section of the paper deals with Cyp-semigroups which are not
quasicontractive. Under the conditions of concavity and analyticity, which imply
the existence of a Wold-type decomposition, we can provide models for such
semigroups.

2. UNIVERSALITY OF AN OPERATOR

Surprisingly, there are many universal operators since Caradus gave a large
class of operators (defined below) with this property.

DEFINITION 2.1. Let U € L(H). We say that U is a Caradus operator if it
satisfies the conditions:
(i) ker U is infinite-dimensional;
(ii) U is surjective.

Caradus [1]] proved that every Caradus operator is universal.

The standard example of a Caradus operator (given by Rota) is the back-
ward shift of infinite multiplicity, which can also be realised as the backward
shift S on L2(0, o), defined almost everywhere by

Sif(8) = f(t+1), (£=0),

for f € L2(0,c0).

The condition that ker U is infinite-dimensional is clearly necessary for uni-
versality, but surjectivity is not (as can be seen by taking a direct sum of a uni-
versal operator with any other operator). However, if U is universal, then U 4 is
similar to a multiple of the backward shift for some invariant subspace M, and
thus U has a restriction that is a Caradus operator.

The proof of Caradus’s theorem in fact shows that Caradus operators have
the formally stronger property of positive universality, defined as follows.

DEFINITION 2.2. An operator U € L(#H) is positively universal if, for every
T € L(H), there exist a closed subspace M of H invariant for U, a constant A > 0
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and a bounded linear isomorphism R : M — H such that

T = ARU| R

In fact positive universality is equivalent to universality, as the following
result shows.

PROPOSITION 2.3. Let U € L(H). Then U is universal if and only if it is posi-
tively universal.

Proof. Let V € L(J) be an arbitrary positively universal operator as given
by Caradus’s theorem, e.g. the backward shift on LZ(O,oo), so that aV is also
positively universal if « € C\ {0}.

Now there is an invariant subspace M for U, and a« € C\ {0}, so that we
can write Uy = aR“'VR with R : M — J an isomorphism. Then Uy =
|a| R"TWR, where W = aV/|a|, which is positively universal.

Finally, if T € £(K) is any operator, then we can write W), = AQ"!TQ,
where N is invariant for W, Q : N' — K is an isomorphism, and A > 0.

So Ujp = AMa|R7IQITQR, where P = R~!(N) is invariant for U, and so
U is positively universal. 1

It was shown by Rota [16] that the backward shift S; of infinite multiplicity
also has the property of 1-universality for all operators T € L(H) of spectral
radius strictly less than 1; that is, such an operator can be written as

T = RSy R,

where M is an invariant subspace for S; and R : M — H is an isomorphism. An-
other famous example of a universal operator is due to E. Nordgren, P. Rosenthal
and F. Wintrobe [12] who proved that C, — Id is universal on the Hardy space
H? (D), where ¢ is a hyperbolic automorphism of the unit disc. E. Pozzi [13]], [14]
studied universal shifts and weighted composition operators on various spaces,
and C. Cowen and E. Gallardo-Gutiérrez produced examples of universal anti-
analytic Toeplitz operators [5].

3. UNIVERSAL SEMIGROUPS

3.1. BASIC FACTS ON SEMIGROUPS. A family (Ti)i>o in £(H) is called a Cop-
semigroup if

To=1d, T;s=T;Ts foralls,t>0andVx € H, %ir% Tix = x.
—
A uniformly continuous semigroup is a Cp-semigroup such that

lim || T; — Id| = 0.
t—0
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Recall also that the generator of a Cp-semigroup denoted by A is defined by

Tix —
Ax = lim L
t—0 t

on D(A) := {x: }ir% (Tyx — x)/t exists}. Moreover (T;);>o is uniformly continu-
H

ous if and only if D(A) = H , thatis, if and only if A € L(#). See for example
[6] for an introduction to Cp-semigroups.

Since a Cyp-semigroup (T})¢>o is not always uniformly continuous, its gen-
erator A is in general an unbounded operator. Nevertheless, provided that 1
is not in the spectrum of A, the (negative) Cayley transform of A defined by
V := (A+1d)(A —1d)! is a bounded operator and is called the cogenerator of
(Tt)>0- In Theorem II1.8.1 of [22] the following equivalence is proved:

V € L(H) is the cogenerator of a Cp-semigroup of contractions if and only if V is
a contraction and 1 is not an eigenvalue of V.

Not only contractivity is preserved by the cogenerator. Indeed, Sz.-Nagy and
Foias ([22], Proposition 8.2) proved that a Cp-semigroup of contractions consists
of normal, self-adjoint, or unitary operators, if and only if its cogenerator is nor-
mal, self-adjoint, or unitary, respectively.

3.2. DEFINITIONS OF UNIVERSALITY FOR SEMIGROUPS. Let (S¢);>0 be the Co-
semigroup on L2 ([0, +-00)) such that for all t > 0,

f = (-4 t).

Then for any ¢t > 0, by Caradus’ theorem, S; is universal.

Therefore, for any Co-semigroup (T;);>o on L?([0, +c0)), there exist some
sequences (M;); of closed subspaces of L2([0, +)), (A¢); of complex numbers
and (R;); of bounded isomorphisms from M; onto L?([0, o)) such that, for every
t>0,

S.¥Amﬁm» — L2([0 + 0)),
£

Ti = AeRe(Se) |, R

This possible definition of universal semigroups is not fully satisfactory
since A, M;, and R; depend heavily on ¢.
A much more natural and appropriate definition is the following.

DEFINITION 3.1. Let (U)o be a Cy-semigroup (respectively uniformly con-
tinuous) on a Hilbert space H. It is called a universal Cy-semigroup (respectively
uniformly continuous) if for every Cy-semigroup (T;)s>0 (respectively uniformly
continuous), there exist a closed subspace M invariant by every (Uy);>0, A € R,
ue R*T*, and R : M — H a bounded isomorphism such that, for all t > 0:

Ty = R(eMUy) (R
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Using this definition of universality for semigroups, a certain amount of
caution is required: for the backward shift semigroup on L?(0,0) each S; is uni-
versal, but the semigroup as a whole is not, as we shall see later.

3.3. UNIFORMLY CONTINUOUS GROUPS. It is very natural to find a criterion in-
volving the generator which captures all the information pertaining to the semi-
groups. The easiest case to deal with is when the semigroup is uniformly contin-
uous since its generator is bounded. In this situation the semigroup extends to a
group parametrised by R.

THEOREM 3.2. Let (Uy);cr be a uniformly continuous group whose (bounded)
generator is denoted by A. The following assertions are equivalent:

(i) for every uniformly continuous group (Ti);cg, there exist a closed subspace M
invariant for (Uy)er, g = 0, and R : M — H a bounded isomorphism such that, for
all t € R:

Tt = RUp R

(ii) A is universal.

Proof. (i) = (ii) Let B be a bounded operator on H and (T});cgr be the uni-
formly continuous semigroup generated by B. Let M be a closed subspace of H,
# = 0and R : M — H an isomorphism such that

Tt = R(Uu) (R
For all x € H, we can differentiate ¢ : t — Tyx att = 0 and we get:
Bx = R(uA|\ )R 'x,

which proves that B is universal.

(i) = (i) Let (T})cr be a uniformly continuous semigroup whose generator
is denoted by B. Since A is positively universal by Proposition there exist a
closed subspace M of H, u > 0 and R : M — H an isomorphism such that

(3.1) B = uR(A|p)R™
It follows that, for all t € R,
etB — R(e‘utA)‘MRfll

and then Ty = R(Upt)| (R 0

EXAMPLE 3.3. Take A = S;. To calculate the group (U;);cr it is conve-
nient to work with the Fourier transform J, which, by the Paley—Wiener theorem
[17] provides an isometric isomorphism between L2(0, %) and the Hardy space
H?(C™) of the upper half-plane C*. Then S; is the right shift by 1 on L?(0, o),
and the operator 7 S;F ! is the analytic Toeplitz operator with symbol z + ez

That is, for t € R, FU} F~! is the analytic Toeplitz operator with symbol
x > exp(tel¥), where x € R, and FU;F ! is the anti-analytic Toeplitz operator
with symbol x — exp(te™¥).
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Note that the shift semigroup (S;);>0 on L2(0, o) is not universal even for
the class of all uniformly continuous contraction semigroups. Its infinitesimal
generator A is defined by Af = f’ and hence ker(A — AI) has dimension at
most 1 for every A € C. Hence if B is a non-zero bounded operator with kernel
of dimension at least 2, then we cannot have an identity of the form B — Al =
UR(Ajp)R™, and so we have no identity of the form e/® = eMR(S 1) \(R ™.

3.4. CONTRACTION SEMIGROUPS. Note that a subspace M is invariant for the
cogenerator if and only if it is invariant for every member of the semigroup [7].

The following theorem ([3], Theorem 8.1.5) can be traced back to [22]. Recall
that an operator T € L(#) is said to be Cy. if || T"x|| — 0 for all x € H.

THEOREM 3.4. Let T € L(H) be a contraction operator of class Cy.. Then there
is an invariant subspace M of Sy such that T is unitarily equivalent to Sy .

This easily implies the following result.

THEOREM 3.5. Let (U;)s=0 be the semigroup on H = L2(0, 00) whose cogenera-
tor is S1. Then for every Cy. contraction semigroup (T (t))s=o on a Hilbert space H there
is a common invariant subspace M for (Uy)¢>o and an isomorphism R : M — H such
that T(t) = RUs R~ forall t > 0.

Proof. Consider the cogenerator W of (T(t))¢>o. This is a Cp. contraction,
by Sections II1.8-9 of [22], and thus can be written as W = RS, IM R~ for some
invariant subspace M of S; and isomorphism R : M — H. The result then
follows by standard calculations. &

This semigroup can also be expressed using co-analytic Toeplitz operators
on the Hardy space H?(C*). For, with F denoting the Fourier transform once
more, we have that 7S; F ! is the multiplication operator (analytic Toeplitz op-
erator) with symbol e'?, and thus FU; F~! has symbol

exp(t(e* +1)/(e* — 1)) = exp(—it cot(z/2)).

If a semigroup (U;);>o is quasicontractive, i.e., it satisfies |U(t)|| < e®! for
some w € R, then clearly (e=*U(t));>0 is a Cy. contractive semigroup provided
that A > w. We therefore have the following corollary.

COROLLARY 3.6. Let (U;)s0 be the semigroup on H = L2(0, 00) whose cogen-
erator is S1. Then for every quasicontractive semigroup (T(t));=0 on a Hilbert space
H there is a common invariant subspace M for (U;)¢=o, a constant A € R, and an
isomorphism R : M — H such that T(t) = e/\tRUqMR’lfor all t > 0.

Note that the backward shift semigroup (S¢)s0 on L2(0,00; H) is also uni-
versal in this sense: see Theorem 10-18 of [7]. Note that the example in Theo-
rem 3.5|is defined on the simpler space L%(0, o).
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The operator S; is the adjoint of a completely non-unitary unilateral right
shift of infinite multiplicity. There are many Toeplitz operators that are unitarily
equivalent to it, and thus have similar properties.

The following result is well-known, and we give a simple proof to illus-
trate it. We shall perform calculations on the Hardy space H?(ID) of the disc, but
analogous results hold for Hardy spaces of the half-plane.

LEMMA 3.7. Let ¢ be an inner function. Then the analytic Toeplitz operator Ty
is unitarily equivalent to a unilateral right shift of multiplicity dim Ky, where Ky =
H? © ¢pH.

Proof. This follows easily from the orthogonal decomposition

which has been used in many places, for example, [2]. 1

If we take ¢ to be irrational (not a finite Blaschke product), then V' = T is
the cogenerator of a Cy semigroup on H?, and it is easy to check that exp(t(¢ +
1)/(¢ — 1)) is a singular inner function for each t > 0. We therefore have the
following theorem.

THEOREM 3.8. (i) Let ¢ be an inner function that is not a finite Blaschke product.
Then the semigroup (Uy)i=o consisting of anti-analytic Toeplitz operators Ty , where

¢t =exp(t(@+1)/(9—1)), =0,

is universal for the class of Cy. contraction semigroups.

(ii) Moreover, if a semigroup (Ut)>o has the form Uy = Ty, where ¢ = exp(tp)
is a singular inner function for each t, then ¢ := (p + 1)/ (¢ — 1) is inner, and if it is
irrational the conclusions of part (i) apply.

Note that the semigroup corresponding to ¢(z) = —z (inner, but rational) is
given by the function ¢; = exp(t(1 —z)/(1 + z)). This is unitarily equivalent to
the shift semigroup (S;);=0, which is not universal.

REMARK 3.9. It was shown by Gamal’ [10], [9], extending work of Clark
[4], that if B is a finite Blaschke product and ¢ is an irrational inner function, then
the Toeplitz operator Ty is similar to an isometry U @ S, where U is unitary and
S is a unilateral shift of infinite multiplicity. It follows that the semigroup with
cogenerator T3 is universal for the class of contraction semigroups, in the sense

of Theorem

REMARK 3.10. It was shown by Sz.-Nagy [21] that every bounded Cy group
on a Hilbert space is similar to a group of unitary operators. One might there-
fore hope for the existence of a universal unitary group (U;)cr such that every
bounded group (T);cr could be represented in the form T; = R(Ut)| MR~ for
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some isomorphism R and invariant subspace M for (U;). However, by look-
ing at cogenerators, we see that (U;) would possess a unitary cogenerator such
that every point on T with the exception of 1 would be an eigenvalue of infinite
multiplicity. In a separable Hilbert space this is impossible, since eigenvectors
corresponding to distinct eigenvalues are orthogonal.

4. Cy-SEMIGROUPS CLOSE TO ISOMETRIES

Let H be a complex infinite dimensional and separable Hilbert space.

Recall that T € L(H) is bounded below if there exists C > 0 such that
ITx|| > Cl|x|| for all x € H. Equivalently, T is bounded below if and only if T*T
is invertible. In the sequel, the spectral radius of T is denoted by r(T).

In order to state a theorem following from the work of Shimorin [19], we
introduce the following definitions.

DEFINITION 4.1. Let T € L(H).
(i) The operator T is pure if (| T"H = {0}.
n=0

(i) The operator T has the wa/ndering subspace property if H is the closed linear
hull (span) of {T"E : n > 0}, where E := H & TH.
(iii) For T € L(H) bounded below, its Cauchy dual is denoted T’ and defined
by T' := T(T*T)~..
DEFINITION 4.2. Let D = D(0, r) be the open disc of C centered at 0 and of

radius r > 0. Let E be a Hilbert space and let ) be a Hilbert space of holomorphic
functions on D taking values in E. A reproducing kernel on §) is a map

|DxD — B(E),
l(Az) k(A 2).

such that
(i)VA € D,Ve € E, k(A,-)e € ;
(i) VA € D,Vf e, VeecE, (f, k(A -)e)s = (f(A),e)E.

4.1. UNITARY EQUIVALENCE WITH A SHIFT ON A REPRODUCING KERNEL HIL-
BERT SPACE. The following theorem is a consequence of the work of Shimorin
[19] but not stated explicitly. For completeness we will prove it in detail, by
putting together the ideas developed in [19].

THEOREM 4.3. Let T € L(H) such that T is bounded below, pure and with the
wandering subspace property. Then, there exist a reproducing kernel Hilbert space $) of
holomorphic functions from D(0,r), where r = r(T"), to E = H © TH, and a unitary
operator U : H — $) such that

T=U'xU,
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H =9
foom 2=z f(2),
that k(O, ) = (Z — IdL(E))
Proof. Step 1. We first construct U.
Since T is bounded below, its Cauchy dual T’ is well defined. Denote by L
the adjoint of T’ and denote by P the orthogonal projection onto E.
Claim1. P =1d — TL.
Indeed, let Q = Id — TL. Since LT = Id, it follows that

Q*=I1-2TL+TLTL=1d—TL = Q.

where X : € B($). Moreover, the reproducing kernel k is such

Moreover, Q is a self-adjoint operator since TL is self-adjoint. It suffices to show
that ker(TL) = E. Since, T is left invertible, we get

ker(TL) = ker(L) = ker((T*T)"'T*) = ker(T*) = (TH)* = E.
We now define the linear mapping U in the following way:

$ — Hol (D(0,r);E),
“Yx = ¥ (PL"x)z".
n=0
The convergence of the series follows from the fact that r is the spectral radius
of L.
Claim 2. U is one-to-one.
Indeed, let x € ker(U). Then, for every n € N, PL"x = 0. We prove that

x € () T"H. Let n > 1 and note that, according to Claim 1,
n=1

n—1 n—1
Y TFPL*x = Y TFLkx — TFPILA = x — T
k=0 k=0

It follows that

n—1
x=x—T'L"x+T'L"x = Y T*PL*x + T"L"x.
k=0
Since for all k € {0;n — 1}, PLFx =0, we getx = T"L"x € T"H.
Let $5 C Hol (D(0,r); E) be the image of U. Since U is one-to-one, U is an
isomorphism of vector spaces. We define on $) a scalar product by setting

Vg€, (f8)s = (U fURn,
so that U is unitary.
Step 2. The second step consists in checking that ) is a reproducing kernel
Hilbert space.
For A € D(0,r) and e € E, we have

(FN) e = ( L (PL'UT )N e) = ( L (AL)"(U~'f), Pe)

n>0 n=0 E
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= (d - ALY (U f),e)e = (U f,(Id = AL") o)
= (f,U(1ld — AL*)te) .
On the other hand, for z € D(0,r), we have:
(U(Id—AL*) " te)(z)= Y PL"[(Id — AL*)'e]2"
n=0
:p( Z(zL)”[(IdeL*)_le]) =P(Id—zL)"Y(1d—AL*) e.
n=0

Therefore § is a reproducing kernel Hilbert space of holomorphic functions, with
reproducing kernel defined by

k(A,z) = P(Id — zL) "1 (1d — AL*) "L,

Step 3. The third step consists in proving that z — k(0,z) is a constant function
whose value is Idg. To that aim we prove that, for every f € ) and every e € E,

{f/K(0,-)e)sy = (f(0), e)-
Let f € Hand x = U~ !f. Lete € E. Note that
f(0) =Px = (Px,e)p = (x,e)g = (f, Ue) .

However, by Claim 1, Pe = e = ¢ — TLe. Hence, TLe = 0 and so Le = 0 since

T is bounded below. Therefore Ue = Y. PL"xz" = e, that is, Ue is the constant
n=0

(f K0, )e) s = (f,2 > e).
Step 4. The last step consists in proving that T is unitarily equivalent to X. Let
x € Hand letz € D(0,r).

(UT)(x)(z) = Y P(L"Tx)z" = ¥} P(L"Tx)z" =z y_ PL" }(LT)xz""!

function z — e. Then,

n=0 n=1 n=1
=z Y PL" xz"! =zU(x)(z) = ZU(x)(z).
n=>1

This concludes the proof of the theorem. 1

We can now obtain a representation theorem for Cp-semigroups whose co-
generator satisfies the hypothesis of the previous theorem.

COROLLARY 4.4. Let (Tt)t>0 be a Co-semigroup on H which admits a cogenera-
tor V. Assume that V is bounded below, pure and with the wandering subspace property.
Then, there exist a reproducing kernel Hilbert space $ of holomorphic functions from
D(0;r) — E (withr = r(V') and E = H & VH) and a unitary operator U : H —
such that, for every t > 0,

Ty =U"'S;u

H =9
where Sy : {f oz et%f(z)), € B(9).
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Proof. By Theorem applied to V, there exist $ and U such that V =
U~1XU. Let (S¢)s=0 be the Cy-semigroup whose cogenerator is X and the gener-
ator is A. We have that A = (X +1d)(X —Id)~!. Since X is a multiplication op-
erator on £, A is also a multiplication operator on $) and, for every f € dom(A),
and for every z € D(0,7),

A =15

z+1
We now prove that S; is the multiplication operator whose symbol is z e,
Since dom(A) is dense in $, it suffices to show that, for every f € dom(A),

tz+

VzeD, Si(f)(z) =e+1f(z).
Let f € dom(A) and
@:{R+ — 9,
t ’—>St(f)

Note that @ is differentiable, and for every t > 0, ®'(t) = A(P(t)). Letz €
D(0,r). We prove that foralle € E,

(St(f)(2), ) = (=1 f(2), €)E.

'{]R+ — C,
U e SR

Lete € E and

For every t > 0,
P(t) = (St(f) k(z,-)e) o = (D(t),k(z,-)e) .
Since @ is differentiable, ¢ is also differentiable and, for every t > 0,

¢'(t) = (P (1), k(z,)e) s, = (AP(t),k(z,)e)p = (AD(t)(2),e)E

= (Flew)e), = 100,

Furthermore, $(0) = (So(f)(z),e)r = (f(z),e)r. Hence, ¢ is the solution of a
linear Cauchy problem of order 1, which gives that, for every t > 0,

+1

9(t) = 'TEp(0), and then (S:f(2), ) = €T (£(2), e = (T £(2), ).

This concludes the proof. 1

4.2. SEMIGROUPS MODELLED BY A SHIFT. The aim of this section is to produce
explicit examples on which Corollary [.4|can be used. We first recall some defini-
tions.

DEFINITION 4.5. Let H be a complex infinite dimensional separable Hilbert
space.
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(i) T € L(H) is called a 2-isometry if T*2T? — 2T*T +1d = 0 (i.e. Vx € H,
1722 + [ x]|* = 2[| Tx[1%).
(i) T € L(H) is called a 2-contraction if T*>T? — 2T*T +1d > 0 (i.e. Vx € H,
IT2x|[? + [|x ]| > 2| Tx[|?).
(iii) T € L(H) is concave if T*2T?> —2T*T +1d < 0 (i.e. Vx € H, ||T?x|*> +
lx[1? < 2| Tx]%).

Note that the set of 2-isometries is the intersection of the sets of concave
and 2-hypercontractive operators. Moreover an isometry is a 2-isometry but the
converse is false since the shift on the Dirichlet space D is a 2-isometry but it is
not isometric (cf. [8]).

THEOREM 4.6. Let (Tt);=0 be a Co-semigroup on H such that for every t > 0, T;
is pure and concave. Then there exist r > 0, a Hilbert space E and a reproducing kernel
Hilbert space $) of holomorphic functions from D(0;r) into E and a unitary operator
U : 'H — $ such that, for every t > 0,

T, =Uu-ls,u

=9,
(2 el f(2)),

The proof of Theorem |4.6|relies on several lemmas stated below.

where Sy : {'6 € B(H).

LEMMA 4.7. Let (T)s=0 be a Co-semigroup such that Ty is concave. Then, (Tt)i>o
has a cogenerator.

Proof. This is a very slight adaptation of the proof of Lemma 2.1 in [8]. Let
A be the generator of (T;);>o. The growth bound w of (T});>, defined by

w = inf{w € R : IM > 1 such that Vt > 0, || T;|| < Me“'}

is such that, for every t > 0,
1
w = T log(r(Ty))
where r(T;) is the spectral radius of T;. Moreover, we have
sup{R(A): A erd(A)} <w

(see for instance Chapter IV, Section 2, Proposition 2.2, of [6]). To prove that the
cogenerator is well-defined, it suffices to show that w < 1 (since then 1 € p(A)).
We show that 7(T;) < 1. This comes from the fact that, since T; is concave, then,

for every n € N¥,
ITa] < /14 ([ Ta]l + Dn.

Then, r(T;) = gl}g T} ||% < 1, and thus w < 0, which concludes the proof. 1
n [e*]
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LEMMA 4.8. Let (T})>0 be a Co-semigroup which has a cogenerator V. Let A be
its generator. The following assertions are equivalent:
(i) for every t > 0, Ty is concave;
(ii) Vx € H, ¢y : t — || Tex||? is concave;
(iif) Yy € D(A%), R((A%y,y)) + [l Ay|* < 0;
(iv) V is concave.
Proof. The proof uses similar methods to those of Proposition 2.6 in [11]. For
the sake of completeness we give the details.
(i) = (ii) Let x € H and ¢y : t — || Tix||>. We prove that
VE>0, VT 20, ¢(2T+1t) +Px(t) <2u(t+ 1)
Lett > 0and T > 0. Since T; is concave, one has
IT?Tox||? + || Tex|| < 2| T Tox,

which is the above inequality. Since ¢, is continuous, it follows that ¢, is concave.
(ii) = (i) Let t > 0 and x € H. Since t > || T;x||? is concave, we get

1
2 2 2
1T304 120 %117 = 5 (I Tox][™ + [[Tasx]%),

that is,
2| Tex||* > [lx]* + (| T7x]1>.
(ii) = (iii) Let y € D(A®). Then, the function ¢, : t — || Tey|? is twice
differentiable and, for every t > 0,
¢y (t) = (A*Thy, Tey) + 2(ATry, ATy, y) + (Try, A*Try)
= 2(R((A’Tyy, Ty)) + | ATy |1?).
Taking t = 0, one gets

¢y (0) = 2(R([| A%y, yll) + | Ay[1?).

Since ¢y is concave, ¢"'(0) < 0, which gives the result.

(iii) = (ii) We prove first that, for every y € D(A?), ¢y is concave. Let
y € D(A?). Note that ¢, is twice differentiable. Let t > 0. Note that T;y € D(A?),
and that 49;'(1?) = (A’Tyy, Tyy) + 2(ATywy, ATy, y) + (Try, A2Tyy) < 0. Hence, ¢y is
concave.

We now prove the result for every x € H. For x € H, we show that ¢, :
t — || Tix||? is concave. Let t,s € R*. Let T € [0,1]. Since D(A?) is dense in H (in
fact, M D(A") is dense in H: see Chapter 3, Theorem 3.2.1 of [20]), there exists

n=1
a sequence (Y, ), such that, forevery n € N, y,, € D(A?) and y, — x. However,
for every n € N, ¢, is concave so

Py, (1= T)t+75) = (1= T)¢y, (t) + Ty, ()
and hence
1T —eyesynll® = (1= )| Teyn |I* + Tl Tsyal*.
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Letting n — +o0, we get
1T —zyesXl* = (1= T) || Tex||* + | Tex|1?,

which concludes the proof.
(iii) = (iv) Let x € H. Lety = (A — I)~2x. Note that y € D(A?). Then,

[V2x[| + [|x||* = 2| Vx> = (A + 1)*y|[> + || (A = I)?y[|* — 2[|(A> = I)y|)?
= 4(A%),y) + 8(Ay, Ay) +4(y, A%y)
= 8(R(A%y,y) + [|Ay[]*) <.

Hence, V is concave.
(iv) = (iii) The previous calculation shows that

Yy € Im(A%), R(A%y,y) + ||Ay[I* < 0.

However (A — I)? is a bounded linear operator such that there exists an a priori
unbounded operator T with dense domain such that (A — I)>T = I. Hence,
Im(A — I)? is dense in H. We then get

Yy € H, R(A%,y) +4y|* <0,
which concludes the proof. 1
The next result is Theorem 3.6 in [19].

LEMMA 4.9. Every concave operator has a Wold-type decomposition. In particu-
lar, every pure concave operator has the wandering subspace property.

The last step is the following lemma.

LEMMA 4.10. Let (T¢)¢>0 be a Co-semigroup which has a cogenerator V. Assume
that 'V has a Wold-type decomposition. Assume that, for every t > 0, Ty is pure. Then,
V is pure.

Proof. The proof mimics the proof of Proposition 2.5 in [8]. The spaces

M1 = (N V"H and H; defined as the closed linear hull of {V"(H & VH)} are
n=0

two closed subspaces of H invariant by V such that H = H; @ Ha, U := Vg, €

L(#H1) is unitary and S := Vjy;, € L(H2) has the wandering subspace property

(this is the Wold decomposition of V, see Lemma [£.9). We want to prove that

My = {0}.

Note that, for every t > 0, T; and A commute. From this, we deduce that,
foreveryt >0, Trand V = (A+1)(A— I)~! commute. Let t > 0. We show that
‘Hq is invariant by T;. Letx € H1 = (| V"H. Letn > 0. Since x € V"H, there

n=0
exists y € H such that x = V"y. Then, Tix = T;}V"x = V"Tix € V*H, which
proves that Tyx € H;.
We now consider the semigroup (T;);>o induced by T; on H;. Let B be the

generator of (T});o. Note that B is the restriction of the generator A of (T});>0
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to dom(A) N #H; (which is a dense subspace of 1, see Chapter 2, Section 2 of
[6]). The cogenerator of (T;);o is U. Since U is unitary, B is skew-adjoint (that is,
B* = —B), and hence, for every t > 0, Tt is unitary. However, for every t > 0, T;
is pure. This proves that H1 = {0}. 1

Combining these lemmas with Corollary 4.4, we have completed the proof
of Theorem
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