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ABSTRACT. We prove that every positive bounded invertible Wiener—-Hopf
operator admits triangular factorization. This answers the question posed by
L. Sakhnovich in 1994.
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1. INTRODUCTION

A linear bounded operator T on a Hilbert space H is said to admit a left
triangular factorization with respect to a chain £ of subspaces in H if there are
bounded invertible operators T, T, from the nest algebra A(L) generated by L
such that

(1.1) T =TT

A family £ of subspaces in H forms a chain if either E C F or F C E for any pair
of subspaces E,F € L. A bounded operator A on H is called upper-triangular
with respect to £ if AE C E for every E € L. The nest algebra A(L) consists
of all bounded operators upper-triangular with respect to £. An operator T > 0
admitting triangular factorization can always be factorized so that T} = Tp,
see [10].

The general theory of triangular factorization was developed in book [7]
by I.C. Gohberg and M.G. Krein, see also [6] for a modern exposition and [13]
for a summary of known facts. The famous result by D.R. Larson [10] says that
every positive bounded invertible operator admits a triangular factorization with
respect to a given chain £ in H if and only if the chain £ is countable. In particular,
there exists a bounded invertible operator T > 0 on L?(R), Ry = [0, +-00), that
does not admit triangular factorization with respect to the continuous chain



238 R.V. BESSONOV

of subspaces 12 [0,7], ¥ > 0. As to the author’s knowledge, no concrete example
of such an operator is known.

Let ¢ be a tempered distribution on the real line, R. The Wiener—-Hopf op-
erator Wy on L?(R ) is densely defined by

Wy f s / p(t—s)f(s)ds, >0,
R

on smooth functions f with compact support in (0, +o0), where the integral is
understood in the distributional sense. The operator Wy, is positive, bounded,
and invertible on L2(R ) if and only if ¢ is the Fourier image of a function w >
0 on R such that w, w™! are uniformly bounded on R except of a set of zero
Lebesgue measure.

In 1994, L. Sakhnovich [13] asked if every positive bounded invertible oper-
ator Wy on L?(R. ) admits triangular factorization with respect to the continuous
chain of subspaces 12 [O, r], r > 0. Below we present three equivalent variants of
the affirmative answer to this question.

THEOREM 1.1. Every positive bounded invertible operator Wy on L?(R,.) ad-
mits triangular factorization Wy = A* A, where A is a bounded invertible operator on
L%(R ) such that AL?[0,r] = L?[0,7].

Let PW|g,) denote the Paley-Wiener space of entire functions f, f € L*(R),
such that the Fourier spectrum of f is contained in [0, r]. For a weight w > 0 on R
such that w, w~! are uniformly bounded on R, the space PW(g | can be identified
with a subspace of the weighted space L?(w).

THEOREM 1.2. Let w be a measurable function on R such that c; < w(x) < ¢z
for some positive constants c1, co and almost all x € R. Then there exists an isometric
operator Fyy : L*(Ry.) — L?(w) such that Fy,L2[0,7] = PWg ,; for every r > 0.

In the next theorem, a Hamiltonian H on R is a measurable matrix-valued
mapping taking t € R into a positive semi-definite 2 x 2 matrix #(t) with real
entries such that the function trace  belongs to L![0, 7] for every r > 0 and does
not vanish on a set of positive Lebesgue measure. Each Hamiltonian H generates
a self-adjoint differential operator Dy. The correspondence between Hamiltoni-
ans ‘H and spectral measures of the operators Dy, they generate is the main issue
of Krein—de Branges spectral theory of canonical Hamiltonian systems [12]].

THEOREM 1.3. Let w be a measurable function on R such that c; < w(x) < ¢
for some positive constants c1, ¢ and almost all x € R. Then there exists the a unique
Hamiltonian H on R with det H = 1 almost everywhere on R such that w dx is the
spectral measure for H.

In 2012, L. Sakhnovich [14] constructed an example of a non-factorable pos-
itive bounded invertible Wiener-Hopf operator. An error in his argument was



WIENER-HOPF OPERATORS ADMIT TRIANGULAR FACTORIZATION 239

found and discussed by the author in [1], where the factorization problem for
Wiener-Hopf operators with real symbols ¢ was considered. It appears that
the method of [1] cannot give Theorem [I.1|in full generality because it heavily
uses the diagonal structure of Hamiltonians arising in the corresponding spectral
problem.

The initial idea of M.G. Krein was to use triangular factorization methods in
the spectral theory of differential equations such as string equation, Dirac system,
canonical Hamiltonian systems, etc. Indeed if the orthogonal spectral measure of
the corresponding differential operator is nice enough, then triangular factoriza-
tion methods give precise information about the coefficients of the underlying
differential equation. A large number of results of this kind is collected in [5], see
also [9]. On the other hand, in the setting of Theorem [I.1|the distribution 1 is too
wild for the usage of standard factorization methods. This is why we first prove
Theorem [I.3]and then derive from it Theorems Our approach is based
on a technique developed for the proof of a Szego-type theorem for canonical
Hamiltonian systems [2], [3].

2. PROOFS

As it was indicated above, we will use results related to Szego-type theorem
for canonical Hamiltonian systems. The general theory of canonical Hamiltonian
systems is discussed in [8]], [12], [16]. The reader interested in a short introduction
to the subject could find all information we will need in Section 2 of [2].

The next several lemmas are elementary. They will imply an important
bound for the Muckenhoupt Aj-characteristic of elements of Hamiltonians H
whose spectral measures are “small perturbations” of the Lebesgue measure on
R. We will then approximate the weight w in Theorem [1.3|by such measures and
take a limit using a compactness argument.

Consider the set L' (R ) + L?(R;) of functions f on R that can be repre-
sented in the form f = f; + f, with f € LY(R4), f, € L2(R}). As usual, we iden-
tify functions coinciding almost everywhere on R . The set L' (R ) + L2(R; ) is
a linear normed space with respect to the norm

[ fllne =inf{{| Al w,) + [ 2ll2m,) : f = fi+ fo}

LEMMA 2.1. For f € LY(Ry) + L2(Ry.), one can find functions fi, f, such that
f=ha+f Al <IflonRy,and || fill e,y + [ f2llize,y < 41 fle
Proof. At first, assume that f is positive. Let f = f; + f, for f1, such that

Al e,y + I f2lli2w,) < 2[lfll12- Consider a decomposition of fi = fi1 — fi2
such that f11 > 0, f12 2 0, f11f12 = 0 almost everywhereonR. Let f, = fo1 — fo2
be a similar decomposition for f;. It is straightforward to check that the functions
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fl f11 — fo2, fz f21 — f12 are nonnegative and satisfy f = fl +fz In particu-
lar, we have 0 < f1, < f almost everywhere on R, and Hf1||L1 ®) < Allow, )
Al 12k, < [If2lli2r, - This gives the required decomposition for the positive
function f € L'(R;) + L2(R.). For an arbitrary function f € L'(R) + L?(R.),
let us represent f in the form f = f+ — f~, where f* > 0, f*f~ = 0 almost
everywhere on R;. Then |[f*|1, < |f|li2 and one can take f; = f;" — f;,
fo=fy —f, ,where fT = fi" + £, f~ = f{ + f, are the compositions of pos-
itive functions f* € L!(R) + L?(R.) constructed in the first part of the proof.
Now the lemma follows from the triangle inequality. &

We say that a real-valued function f is locally absolutely continuous on
Ry if

t
f) :c+/f1(s)ds, t>0,
0

for a constant ¢ € R and a function f; on Ry such that f; € L'[0,r] for every
r > 0. Following [3], define the class Ap(R, /") to be the set of functions f=0
on the half-axis R such that the characteristic

02
[241: /f dt/f

is finite. Note that [f], 1 > 0 by Holder’s inequality. Since the intervals [n, 1 + 2]
and [n + 1,1 + 3] overlap for every n > 0, we have [f], 1 = 0 if and only if f is
a nonzero constant. This plays an important role for considerations in [3]]. Below
we will use a different simple feature of the class Ay(R, £!): if c = sup[Dyfl, n

y>0
is finite for Dyf : t — f(t/y), then f belongs the classical Muckenhoupt class

Ay(Ry) and its Muckenhoupt characteristic [f]; is controllable by c. Recall that
Ay (R4) consists of measurable functions f > 0 on R such that

1 1
[fl2 = sup /f /—dt<+00,
rer, 11 I /£
where the supremum is taken over all intervals I C R..

LEMMA 2.2. Let g be a positive locally absolutely continuous function such that
¢'/g € LY(Ry) + L*(Ry). Suppose that gh + (gh)~! —2 € LY(R..) for a positive
functionhon Ry. Then h € Ay (R4, (1) and, moreover,

My < cligh+(gh) " =201 g, +c,
for a constant ¢ depending only on ||g"/g||12.

Proof. The quantities [h], ,1, [|g’/g|l1,2 are invariant with respect to multipli-
cation of &, g by a non-zero constant, hence we may assume that g(0) = 1. Put



WIENER-HOPF OPERATORS ADMIT TRIANGULAR FACTORIZATION 241
¢ = ¢'/g. By construction, we have ¢ € L'(R) + L?(R. ) and g(t) = elo #(s)ds,
t >0.Fort e [n,n+1),define hy : t — g(n)h(t). Let us first show that

n+1 n+1

@1) ([ ma+ / = —2) <cllgh+ (sh) " ~ 2, +o
n>0 )

for a constant c depending only on ||¢||1 2. Denote by Nj the set of indexes n such
n+1
that f lo(t)|dt < 1/4.Forn € Nyand t € [n,n+ 1), we have

1 1t 1t 1
Oh(t) — ———— — g2 Jupls)ds (1) — -3 fie(s)ds__ +
g(B)h(t) ROLCI (t) —e N
1
2.2 — hn P — ——— + " ¢
() o]
n+1
where [E;(t)] <2 [ |g(s)|ds- ( ) Observe that
ntl n41 n+1 1 2
2
[ mrarcs( [0y <,/< 0 )
1 n+1 1 5
2
23) <; /( hn(t)—T(t)) 116,

n

n+1
wherec, = [ |¢(s)|ds. From 22) we get
n

n+1 n—+1 n+1

/( Tin z/ 7) dt+2/|En|2dt

n

so (2.3) implies

n—l—l n+1
(2.4) 5 / — V<2 / —) dt +3222.
Let ¢1 € L! (R+) @2 € L?(R.) be the functions given by Lemmafor ¢. Using
the fact that f lp1(s)| ds < ¢, < 1for n € Ny, we obtain
n+1 n+1
) 2 <2 / |1 (s |ds) +2 ) / g2 (s)[2ds,
neN; neN n neNy

2||§01||L1 (R4) +2H§92HL2 (Ry)
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From (2.4) we now see that

n+1
Y /(hﬁh;l— 2)ds <4ligh+ (gh) " 2w, +64([9ll2 + [9l72)-

neN; n

n+1
Next, consider the set N, of indexes n such that f |@(t)|dt > 1/4. There are

at most 8¢ |1 (g, ) integers n > 0 such that f |@1(t)|dt > 1/8 and at most

n+1
64||(p2||%2 R®.) integers n > 0 such that f |@a(t)|dt > 1/8. It follows that the

number of elements in N, does not exceed 64( 2,). Using the trivial

bound
n+1 1 ntl
-
(2.5) <ellolz(|gh + (gh) ! — 2z, +2),

for n € N,, we conclude that (2.1) holds. Next, for n > 0 put

n+1 n+1 n+1 n+1
-1 = ~ -1
vn:/h, wn:/h , Un:/hn, wn:/hn.
n n n n
We have

@6 Lvaw -2 = T vad -2 < D@+ -2),

n=0 n=0

We also have v,w, = 9,0, < el?h2(|gh+ (gh)~ — 2[|p1(r,y +2)% by @3),
hence the inequalities (2.1), (2.6), and

Y (0w — 1) < (max /o, +1) Y (Vouw, — 1),

n=0 = n=0
yield
n+1
n>0 / dt/ <cllgh+ (g™ =2l Ty g, + o

for a constant ¢ depending only on ||g’/g]|12. Similar estimates hold for the pairs
of functions t — g(2t), t — h(2t), and t — g(2t — 1), t — h(2t — 1), that sat-
isfy all assumptions of the lemma. These estimates imply the desired bound for

[hbjL 1
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Below we follow notations and definitions from papers [2], [3]. In partic-
ular, the spectral measure y of a Hamiltonian # is the measure in the Herglotz
representation of its Weyl function

L DT (tz) 1 1 x
27) ”1(2)1211;@—(@2)—%{ = L IO R

in the upper half-plane C* = {z € C : Imz > 0}. The functions &, @ above

o o

(2.8) {]BatM(t/Z) = zH(H)M(t,z),
M0.2) = (32),

are the entries of the solution M = ( ) of Cauchy problem

teRy,zeC,

where | = ((1) ’01 ). The singular part of a measure  on R will be denoted by
#s. The Szegd class Sz(R) consists of measures y = wdx + us on R such that
(14+x?)~1 € L'(u) and (logw(x))/(1+ x?) € LY(R). For such measures y we
will use notation

I _ 1 Imz d 1 1 Imz d ct
(n,z) = og;/m y(x)—;/ ogw(x)m x, ze€C™.
R R
We also put K(u) = K(p,1). By Jensen inequality, K(p,z) > 0 for every z € Ct.
For Hamiltonians H such that det’H # 0 almost everywhere on R, we have
b=0in by Lemma 2.3 in [3]]. In particular, for the spectral measure u of such
a Hamiltonian, () coincides with the quantity  (0) defined in Section 2.2 of
[2]. This observation and Lemma 3 in [2] yield the following result.

LEMMA 2.3. Let H be a Hamiltonian on R such that detH # 0 almost every-
where on Ry, and let HY = J*H]. Assume that the spectral measure y = w(x) dx + ps
of H is such that u € Sz(R). Then ud € Sz(R) and K(ud) = K(u) for the spectral
measure u< of the Hamiltonian H<.

Another result we will need is a weak variant of the Szego theorem [3] for
canonical Hamiltonian systems.

LEMMA 2.4. Let H = (@} ,fz ) u be as in Lemma Then there exist positive
locally absolutely continuous functions g1, g2 on Ry such that
/
-1 8k
Iehe+ (et =2l < e [3E], <o

for k = 1,2, and a constant c,, controllable by K ().

Proof. For k = 1, the statement is a corollary of the proof of Lemma 7 in [2]
(see formula (39) therein). For k = 2, one needs to consider the dual Hamiltonian

HY = ( ﬁzh ;lh) and use the fact that K (u) = K(u9) from Lemma 1

In the next lemma we obtain the key estimate for what follows.
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LEMMA 25. Let H = ( n oy ) be a Hamiltonian on Ry such that detH = 1

almost everywhere on Ry Assume that the spectral measure y = w(x) dx + pg of H is
such that sup K(u,iy) < +oo. Then hy, hy belong to Ay(R4.) and, moreover, we have
y>0
(]2 < cp, [h2]2 < cy, for a constant ¢, depending only on sup K (p,iy).
y>0

Proof. For y > 0, consider the Hamiltonian Dy : t — H(t/y) on R,. By
construction, det D, = 1 almost everywhere on R . If M(t,z) is the solution
of Cauchy problem (2.8), then t — M(t/y, zy) is the solution of the same Cauchy
problem for the Hamiltonian DyH. It follows that the Weyl function mY of DyH
is given by

~ i =(yyz) T
(29) T’I’ly(Z) = tgllloo W (yZ) zeC ’

where m is the Weyl function for . Denoting by p¥ = wY dx + u{ the spectral
measure of HY, from (2.9) we see that

/ WD 1wt (3) = imm(iy) = = [ ¥ du),
R

ﬂ+& x4y

Here we used the fact that b = 0 in for Hamiltonians H with det’H # 0 on
R, see Lemma 2.3 in [3]. We also have

Y(x) = li Y(x+ie) = li L)
wY(x) elirfgohnrn (x +ie) ggrﬂolmm(yx+1ys) w(yx),

for almost all x € R. It follows that K(¢¥) = K(u,iy) and sup L(p¥) < +oo.
y>0
By Lemma there exists a positive locally absolutely continuous function g on
R and a constant ¢, depending only on sup K(y, iy) such that ¢’ /g € L} (R4) +
y>0

LZ(R+) with ||g//gH1,2 < Eyr and
I§Dyh1 + (§Dyh1) ™ = 2|l 1m, ) < Cu,  Dyha:t— hi(t/y).

From Lemma we see that 0 < [Dyhﬂul < ¢y — 4 for another constant c,

depending only on sup K(,iy), where we subtract 4 for future convenience. In
y>0

particular, we have

n+2 n+2
ot f 5 <o,
/ Y Dyhl ) V
n
for every integer n > 0 and every y > 0. This can be rewritten in the form

1 1 dt c
(2.10) su 7/;1 Hdt-— [ S <2,
P O <
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where the supremum is taken over all intervals I of the form I = [n/y, (n+2)/y].
It is easy to see that for every interval | C R, one can find an interval I O | of
this form such that |I| < 2|]|. Hence the supremum in (2.10) over all intervals of
Ry does not exceed ¢y, that is, [l]2 < ;. The same consideration applies to the

Hamiltonian H9 = (3 zlh>, yielding [hz]> <cp. 1

Given a Hamiltonian H on R with the spectral measure y, denote by
(PW(o,, 1) the Hilbert space of entire functions

(PWyo 1) = {f : f = "/*f for f € B,},

with the inner product inherited from L2(u). Here B, is the de Branges space
generated by the restriction of # to the interval [0, 7], see Section 2.3 in [2] for
precise definition. In the case where y = w(x) dx for a measurable functionw > 0
such that w, w~! are uniformly bounded on R, the space (PWo,, ) coincides
as a set with the usual Paley—Wiener space PW|g ) defined in the Introduction.
Consideration of this particular case is sufficient for the proof of the main results
of the paper, but we will treat the general situation in the next lemma.

LEMMA 2.6. Let H be a Hamiltonian on R such that det’H = 1 almost every-
where on R, and let y be its spectral measure. Then there exist entire functions { P},
such that for every r > 0 the mapping

1 T
2.11) Fuif o o 0/ F(OP(2)dt, zeC,

is a unitary operator from L*[0,r] into (PWo,, ) densely defined on functions in
L%(R) with compact support.
Proof. Let® = (gf) be the first column of the solution M of Cauchy prob-

lem (2:8). Choose a representative of the mapping v# and define for r > 0,
zeC,

¥ = (1) =VHO, Pulz) = (¥ (r,2) —i¥(1,2).
We have
|Poy(2) 2 = e ¥ (1, 2) |3 — 2”2 Im(¥H (1, 2) ¥ (1, 2))
=e M2y (r,2)|2, +ie ¥ ™M (r,2), ¥(r,2))
=e M2 (1O(r,2),0(r,2)) 2 +ie ¥ ™(JO(r,2),0(r,2)) 2,

where we used the fact that AJA = | for every real matrix A = A* with unit
determinant, | = (¢ |'). The well-known identity
T
JO(r,2),0(r,2)) 2 = 2iImz/(H(t)@(t,z),@(t,z))cz dt, r>0,
0
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simply follows from by differentiation. We now see that

r

Py (2)]2 = %(e—%lmz/'<H(t)@(t,z),@(t,z)>cz dt),

0
for almost every > 0. Thus, for allr > 0, z € C, we have

r r/2 r/2
/|Pt(z)|2dt :2/ |Pos(2) 2 db = 2e"Im> /(H(t)@(t,z),@(t,z»@z dt
0 0 0
_ 2e—rlmz <]@(7’/2,Z),@(1’/2,Z)>(Cz
z—Z )

In particular, the function t +— Py(z) is in L (R ), and the integral in (2.11)
converges for functions f € L?(R.) with compact support. Moreover, for all
z,A € C we have

(z—A)/2 (JO(r/2,2z),0(r/2,A)) 2
z—A

4

2.12) / Py(2)P;(A) dt = 2¢7
0

_ amere-h2( _ L EGIEQ) — @A)y
27 z—A !
where E(z) = 01 (r/2,z) +i0~(r/2,z), and ef(z) = @1 (r/2,z) =10 (r/2,z).
The right hand side of the above identity coincides with 27k, ) (z), where k, , is
the reproducing kernel of the space (PW(g,, 1), see Section 2.3 in [2]. For r >

0and z € C, denote by e, the function t — x[o,(t)P:(1), where x|, is the
indicator function of the interval [0, r]. From formula (2.12) we see that e, , =
v 27k, 5, and, moreover,

(]:yer,)u fyer,z)LZ(y) = zn(kr,)ukr,z)LZ(H) = 27tk, A (2) = (e, er,z)Lz(R+),
where we used the reproducing kernel property f(z) = (f, krz);2(,) for the func-
tion f = k;» in (PW(g,}, ). In other words, the operator F, : L*(Ry) — L2(p)
is correctly defined and isometric on the linear span of {¢,, : ¥ > 0,A € C}.

Observe that this linear span is dense L?>(R..). Indeed if a compactly supported
function f € L?*(Ry ) is orthogonal to e, for all » > 0, then

/f(t)Pt(o) dt=0, r>0.
0

Hence f(t)P:(0) = 0 almost everywhere on R . By construction,
Py(0) = ¥ (£,0) —i¥ ™ (t,0) = an (t) —iax (1),
where 411, ap; are the entries of 7. Since v is real and det v = 1 almost

everywhere on R, we cannot have a1 (f) —iay;(t) = 0 on a subset of R of
positive Lebesgue measure. Hence f = 0 and the set {e,, : r > 0,z € C}is
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complete in L2(Ry ). Thus, the operator F, is isometric from L?(R4.) to L?(p).
Since it sends the elements ¢, ) € L2[0,7] into the complete family {k, , : A €
C} of reproducing kernels of (PW(g,j, 1), we have F,L2[0,r] = (PWj,, 1), as
claimed. &

Proof of Theorem Let wbe a functionon R such that0 < ¢; < w(x) < ¢
for some constants ¢y, c; and almost all x € R. Consider the sequence of functions

w; defined by
i = o0 15
x| > .
Since the Fourier transform of 1 — wj; is infinitely smooth, there exists a smooth
Hamiltonian #; such that y; = w;(x)dx is the spectral measure for #;, and
det H; = 1 almost everywhere on R ;. This known fact follows from the classical
Gelfand-Levitan theory for Dirac systems, see, e.g., Lemma 3.2 in [1]. Observe

that y; € Sz(R) for every j > 0, and the quantities sup K(y;, iy) are uniformly
y>0
bounded in j > 1. By Lemma 2.5 there exists a constant c such that

hii b
Wl <, yala<e, Hi= (')

for all j > 1. We next proceed as in the proof of Theorem 1 in [1]. Fix » > 0.

Using the “reverse Holder’s inequality” for Muckenhoupt weights [15], we see

that there are constants c(r), p > 1, depending only on r and sup([h;1]2 + [#;2]2)
j

such that hj; € LP[0,r] and [|hj[[rr(o, < c(r) for k = 1,2. Since hy jhy; — h]2 =

det Hj = 1, we also have

. 1/p ’ 2/p 2

([ mrae) ™ < (( [uaomae)r2de)" +20)" < e+ 27712
0 0

Using the diagonalization procedure, one can find subsequences hjk,lz h]'k,2' hjk

converging weakly in LP[0,r] for every r > 0. Let hy, hy, h denote the weak

limits of hj, 1, hj, 2, h;j,, correspondingly. Repeating literally the argument from
by h

the proof of Theorem 1 in [1], we see that H = ( " hz) is the Hamiltonian on

2

R such that det’H = 1 almost everywhere on R, and y = wdx is the spectral
measure for H. 1

Proof of Theorem The result is the direct consequence of Theorem|1.3)and
Lemmal2.6l &

Proof of Theorem[1.T} Let F : f \/% % f(x)e~* dx be the usual Fourier

transform on L?(R). Since the operator Wy, on L?(R.) is positive, bounded and
invertible, the same is true for the Toeplitz operator T = FWyF ! on the Hardy
space H?> = FL?(Ry). Hence the symbol w of the operator T = T, is such
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that 0 < ¢; < w(x) < ¢y for some constants ¢, ¢; and almost all x € R, see
Section 4.2.7 in Part B of [11] or Sections 2.36 and 9.5(e) of [4]. Denote y = wdx
and consider the isometric mapping 7, : L*(Ry) — L?(u) from Theorem
We have F,L2[0,7] = (PWo,, ) for every r > 0. Let H?(u) = FuL*(R4) denote
the weighted Hardy space in C* with the inner product inherited from L?(y).
Since w, w~! are uniformly bounded, the identity embedding j : H?> — H?(u) is
bounded, invertible, and such that jPWo, = (PWg,, ). Taking A = FF, !},
we see that

(A*Afrf)U(R) = ||Jr~7'—;;l]'f”i2(R) = H]f”%qm = ||f||%2(y) = (Tzvf/f)'

In other words, T, = A*A admits the triangular factorization along the chain of
Paley-Wiener subspaces {PWjg,},~0 of the space H?. Taking the Fourier trans-

form, we conclude that the Wiener-Hopf operator Wy, = F 1T, F on L?(Ry)
admits the triangular factorization Wy = A*A, A = F1AF, along the chain
{L?]0,7]},0 of subspaces in L?(R..). The theorem follows. &
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