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ABSTRACT. We will characterize topological conjugation for two-sided topo-
logical Markov shifts (X 4,74) in terms of the associated asymptotic Ruelle
C*-algebra R 4 and its commutative C*-subalgebra C(X 4) and the canonical

circle action. We will also show that the extended Ruelle algebra R 4, which is
a unital and purely infinite version of R 4, together with its commutative C*-

subalgebra C(X4) and the canonical torus action 7% is a complete invariant
for topological conjugacy of (X 4,74 ). The diagonal action of v has a unique
KMS-state on R 4, which is an extension of the Parry measure on X 4.
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1. INTRODUCTION

A Smale space (X, ¢) is a hyperbolic dynamical system having a local prod-
uct structure (cf. [2], [35]). A two-sided topological Markov shift (X4,74) gives
a typical example of Smale space. D. Ruelle in [33], [34] introduced C*-algebras
for a Smale space (X, ¢). After Ruelle’s work, I. Putnam in [22], [23] initiated the
study of the structure of these C*-algebras by using groupoid technique (for fur-
ther studies, see [13]], [24], [25], [26], [36], etc.). For a Smale space (X, ¢), Putnam
considered three kinds of C*-algebras S(X,¢), U(X,$) and A(X,¢) and their
crossed products S(X, ¢) x Z,U(X,¢) x Z and A(X, ¢) x Z induced by the origi-
nal homeomorphisms ¢, respectively. The algebras S(X, ¢), U(X, ¢) and A(X, $)
are the C*-algebras of the groupoids of the stable equivalence relation on X, the
unstable equivalence relation on X and the asymptotic equivalence relation on
X, respectively. 1. Putnam has pointed out that if the Smale space (X, ¢) is a
two-sided topological Markov shift (X 4,7 4) defined by an irreducible matrix 4,
the C*-algebras S(X, ¢), U(X, ¢) are isomorphic to AF-algebras F4 @ K, F 4t ® IC,
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and S(X, ¢) X Z,U (X, ¢) x Z are isomorphic to Oy ® IC, O 4t @ K where O 4, F
are the Cuntz-Krieger algebra, the canonical AF-subalgebra of O 4, respectively
for the matrix A, and F 4, O 4 are those ones for the transposed matrix At of A,
and K is the C*-algebra of compact operators on a separable infinite dimensional
Hilbert space ¢?(N).

In [18], the author has introduced notions of asymptotic continuous orbit
equivalence and asymptotic conjugacy of Smale spaces, and studied relationship
with the crossed product A(X,¢) x Z of the asymptotic Ruelle C*-algebra. In
this paper, we will restrict our interest to Smale spaces that arize from two-sided
topological Markov shifts. Let A be an N x N irreducible non-permutation matrix
with entries in {0,1}. The shift space X4 of the two-sided topological Markov
shift (X4,04) is defined to be the compact metric space of bi-infinite sequences
(xi)iez satisfying A(x;,x;11) = 1,i € Z with shift transformation T4 ((x;);cz) =
(xi11)iez, where the metric d on X 4 is defined by

0 if (xn)nez = (Yn)nez,
d((xn)nEZ/ (yn)neZ) =41 if xo # Yo,
(Ag)+1 if k = max{|n| : x; = y; for all i with |i| < n},

for some fixed real number 0 < Ag < 1. Let G% be the asymptotic étale groupoid
for (X 4,0 4) defined by the asymptotic equivalence relation

G3 = {(x,z) € X4 x Xa: lim d(@)(x), 74 (2)) = lim d(@,"(x), 75" (2)) = o}.

There are natural groupoid operations on G% and a topology which makes the
groupoid G étale (see [22], [23]). For the general theory of étale groupoids, see

[11, [27], [28], [29], etc. As in [23], the C*-algebra A(Xg,,T 1) X Z is realized as the
C*-algebra C*(G% x Z) of the étale groupoid

GAxZ={(x,n2) € XgaxZLxXy:(@(x),7(z) € Gy,n=k—1}.

The C*-algebra of G5 x Z is denoted by R4 and called the asymptotic Ruelle
algebra in this paper. Let d4 : G% % Z — Z be the groupoid homomorphism de-
fined by d A (x,n,z) = n. As the unit space (G5 x Z)° of G% x Z is homeomorphic
to X 4, the commutative C*-algebra C(X4) can in a natural way be regarded as a
subalgebra of R 4. As the algebra R 4 is a crossed product A(Xz L/ TA) X Z,ithas
the dual action p{! of t € T. In [18], an extended version G x Z? of the groupoid

G% % Z was introduced by setting
G NZ*={(x,p,9,2) € Xa x LxX L x Xa: (7(x),2) € G5, (7, (x),z) € G4}
where

GS, = {(x,z) € Xa x X4 lim d(@(x), 7 (z)) = o},

n—o0

GY = {(x,z) € X x Xa: lim d(@,"(x),7,"(2)) = 0}'

n—o0
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There are natural groupoid operations on G%" x Z?* and a topology which makes
G5 % 77 étale (see [18]]). Let cq : G5 x Z* — Z? be the groupoid homomor-
phism defined by c4(x, p,4,z) = (p,q). The groupoid C*-algebra C*(G" x Z?) is
denoted by R 4 (it was denoted by R in [18]). Since the unit space (G5 x Z?)°
of G5 x Z? is {(x,0,0,x) € G5 xZ? : x € X4}, which is homeomorphic to
X 4, the algebra R 4 includes C(X4) as a subalgebra in natural way. There is a
projection E 4 in the tensor product O 4t ® O4 such that Ry is naturally isomor-
phic to E4 (O 4t ® O 4)E 4. Hence the algebra R 4 might be regarded as a bilateral
Cuntz-Krieger algebra. The tensor product ucf‘t ® aft of the gauge actions txft

on O, and af on O, gives rise to an action 'yé ) of (r,s) € T2 on R,. It has

been shown in [18] that the fixed point algebra (ﬁ A )‘SA of R 4 under the diagonal
action 57! = 'yé’t),t € T is isomorphic to R 4.

In [8] (cf. [6]), Cuntz—Krieger proved that the stabilized Cuntz—Krieger al-
gebra O 4 ® K with its diagonal C*-subalgebra D4 ® C of O4 ® K, where C de-
notes the maximal abelian C*-subalgebra of K consisting of diagonal operators
on ¢2(N), and the stabilized gauge action a”* ® id, is invariant under topologi-
cal conjugacy of the two-sided topological Markov shift (X 4,7 4) for irreducible
non-permutation matrix A. T.M. Carlsen and J. Rout have recently proved in [5]
that the converse also holds even for more general matrices without irreducibil-
ity and non-permutation. As a consequence, the stabilized Cuntz—Krieger alge-
bra 04 ® K with its diagonal C*-subalgebra D4 ® C and the stabilized gauge
action a?* ® id is a complete invariant of the topological conjugacy of the two-
sided topological Markov shift. Inspired by this fact, we will in this paper show
that the Ruelle algebra R 4 with its subalgebra C(X 4) and the dual action p* is a
complete invariant of the topological conjugacy class of the two-sided topological
Markov shift (X4,74). We will also see that the C*-algebra R 4 with its subal-
gebra C(X,4) and the action 7 of T? is a complete invariant of the topological
conjugacy class of (X4,74). We will show the following theorem.

THEOREM 1.1. Let A, B be irreducible, non-permutation matrices with entries in
{0, 1}. The following six conditions are equivalent:
(i) the topological Markov shifts (X 4,7 ) and (Xp,Tp) are topologically conjugate;
(ii) the topological Markov shifts (X 4,0 4) and (Xp,Tp) are asymptotically conju-
gate;
(iii) there exists an isomorphism ¢ : G x Z — G§ X Z of étale groupoids such that
dB oCQ = dA,'
(iv) there exists an isomorphism ¢ : G5 x Z2 — Gy* x Z?* of étale groupoids such
that cgo @ = cya;
(v) there exists an isomorphism @ : R 4 — Rp of C*-algebras such that (C(X,4))
=C(Xp)and ®opf =pPod@fort € T;
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(vi) there exists an isomorphism @ : R 4 — Rp of C*-algebras such that ®(C(X 4))
= C(Xp) and @ o 7@,5) = 75,5) o @ for (r,s) € T2

The equivalences among (ii), (iii) and (v) come from [18]. The main asser-
tion is the implication (ii) = (i) which will be proved in Theorem The other
implications are not difficult and will be proved in Section 4]

Since the algebra R 4 is a unital, simple, purely infinite, nuclear C*-algebra
satisfying UCT, its isomorphism class is completely determined by its K-theory
data by a general classification theorem ([15], [21], [31]]). It follows from the Kiin-
neth formulas and the universal coefficient theorem that

Ko(Ra) =2 KK (O4:,04), Ki(Ra) 2= KK(Oyr,04),
It follows from Theorem [1.1]that the group Ko(R 4) and the position of the class
[1% ] oftheunit1ls of R4 inKy(R ) is invariant under topological conjugacy of
(X4,04). Wesee that (Ko(R ), [17§A]) isisomorphicto (Ko(Oxt ® O4), [E4]) and
the class [E 4] of the projection E 4 actually lives in the group Ko(O 4t) ® Ko(O4).

1
We set the vector ¢; = [0,...,0,1,0,...,0} € ZN fori = 1,...,N. We have the
following theorem.

THEOREM 1.2. Suppose that A isan N x N irreducible, non-permutation matrix

with entries in {0,1}. The position [E 4] of the projection E 4 in Ko(O 4t) @ Ko(On) is
N
Y [ei] ® [e;] in the group ZN / (id — A)ZN @ ZN / (id — AY)ZN. Hence it is invariant
i=1
under topological conjugacy of the two-sided topological Markov shift (X 4,7 4).
We put
N
ea=)Y [e]®[e;] inZN/(id— A)ZN @ ZN/(id — A"ZV.

i=1
We will actually see that the pair (ZN/(id — A)ZN @ ZN/(id — AYZN, e4) is a
shift equivalence invariant (Proposition Proposition [5.7). We will present
an example of pairs of matrices A = [A(i,j)]fjszl,B = [B(i,j)]f-};-[:1 such that
Ko(Oa) = Ko(Op),det(id — A) = det(id — B), but the invariants (ZN/(id —
A)ZN @ ZN /(id — AYZN,e4) and (ZM/(id — B)ZM @ ZM/(id — BY)ZM, ep) are
different (Proposition . Hence the invariant (ZV/(id — A)ZN ® ZN/(id —
AYZN e ) is strictly stronger than the Bowen—Franks group ZN / (id — A)ZN and
not invariant under flow equivalence of (X 4,7 4).

J. Cuntz in [7] studied the homotopy groups 71, (End(O4 ® K)) of the space
End(O4 ® K) of endomorphisms of the C*-algebra 04 ® K. He proved that
natural maps €, : 71, (End(O4 ® K)) — KK"(Oy4,O,) yield isomorphisms,
and defined an element denoted by e1(A4) in Ext(O4) ® Ko(O4), where A4 de-
notes the gauge action a” on O 4. His observation shows that the element €7 (A4)
is nothing but the above element ¢4 under the natural identification between



TOPOLOGICAL CONJUGACY OF TOPOLOGICAL MARKOV SHIFTS AND RUELLE ALGEBRAS 257

Ext(O4) ® Ko(O4) and ZN/(id — A)ZN @ ZN /(id — AY)ZN. He already states
in [7] that the position €; (A1) in ZN /(id — A)ZN @ ZN/ (id — AY)ZN is invariant
under topological conjugacy of the topological Markov shift (X 4,7 4).

We will finally study KMS states for the diagonal action 67 = 'yél p) ON Ra,

and prove the following theorem.

THEOREM 1.3. Assume that the matrix A is aperiodic. AKMS state on R 4 for the
action 54 at the inverse temperature log vy exists if and only if -y is the Perron—Frobenius
eigenvalue B of A. The admitted KMS state is unique. The restriction of the admitted
KMS state to the subalgebra C(X 4) is the state defined by the Parry measure on X 4.

The Parry measure is the measure of maximal entropy (cf. [37]). Since log
is the topological entropy of the Markov shift (X4,7,), the inverse tempera-
ture expresses the entropy. This exactly corresponds to the result obtained by
Enomoto-Fujii-Watatani in [10] on KMS states for the gauge action on the Cuntz-
Krieger algebras O4.

Throughout the paper, we denote by Z . the set of nonnegative integers and
by N the set of positive integers.

This paper is a continuation of the paper [18].

2. PRELIMINARIES

We fix an irreducible, non-permutation matrix A = [A(i, )]%:1 with entries
in {0,1}. Let O4 and O 4 be the Cuntz—Krieger algebras for the matrices A and
its transpose A', respectively. We may take generating partial isometries S;,i =
1,...,NofOqand T;,i =1,...,N of O 4t such that

N N
2.1) Y.SiST =1, SiSi=Y A(i,))S;S],
i=1 j=1
N N ;
1= ]J=

In the C*-algebra O 4t ® O 4 of the tensor product, let us denote by E 4 the projec-
tion defined by

N
(2.3) Ea=) T/T,®S;S;.
i=1

By using the relations and (2.2), it is easy to see that E4 = Z T;T; ® S;S;.

i=

The C*-algebra R 4 is defined as the groupoid C*-algebra C* (G Zz) which is
realized as the C*-algebra ([18]])

Ra=Es(Oy ®O4)En
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The C*-algebra R 4 was denoted by R5 in [18]. Since both the algebras O 4t, O4
are simple and purely infinite, and R4 ® K is isomorphic to O 4 ® O 4 ® K, the
C*-algebra R 4 is simple and purely infinite under the condition that A is irre-
ducible and non-permutation (cf. Proposition 5.5 of [26]]).

Let B, (X 4) be the set of admissible words in X4 of length n. Let us de-

note by B.(X4) the set |J B,(X4), where By(X4) denotes the empty word.
n=0

For a word ¢ = (&1,...,&),# = (1,---,tm) € B«(X4), we denote by & =
(€k,---, 1) € Br(X4t) and set Tz =Tg - Tg and Sy = Sp; -+ Sy, Let ah, oA
be the gauge actions of O 4 and O 4t, respectively, which are defined by

af () = exp(vV—=11)S;, af(T}) = exp(v/—1NT,, i=1,...,N

for t € R/277Z = T. The fixed point algebras (OA)"‘A, (OAt)let of Oy, O 4t under
the gauge actions al, o
Fa, Fat, respectively.

We first note the following facts which were seen in [18]].

are known to be AF-algebras, which are denoted by

PROPOSITION 2.1. (i) The groupoid C*-algebra C*(G%) of the groupoid G¥ is
isomorphic to the C*-subalgebra of F 4t ® F 4 defined by

C( TeTy ®SuS, € Op® Oy
= (p1, . m),v=(v1,...,vn) € Bs(Xy),
&= (Ckr--- €)= (m1,-..,m) € Bu(Xp1),
A(Gm) = Almn) =Lk=ILm=n ).
(ii) The C*-algebra R 4 is isomorphic to the C*-subalgebra of O 4t @ O 4 defined by
C*( TETﬁ*@)SySz €E04®0,:
p=(u1,. - pim), v = (v1,...,vn) € B«(Xa),
&= rr--- 1), 1= (m,--,1m) € Bu(X ),
Ak m) = Alpv) =L k—l=n—m ).
(iii) The C*-algebra R 4 is isomorphic to the C*-subalgebra of O 4 @ O 4 defined by
C'( Ty ®S5uS;, € Ope® Oy
= (1, pim),v=(v1,...,vn) € B:.(Xa),
E: (8-, C1), 7= (1, ,m) € Bu(Xp0),
A(Ge 1) = Alp,n) =1 ).
We note that fori =1,..., N the identity

N
Ti®5;k = Z TiT]'T]'*@)SkS;:S* Z A ], lk T T ®Sk5
jk=1 jk=1
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holds. Since A(j,i)A(i,k)Ti]-T]?k ® S;S}, belongs to R4, we see that T; ® S; and
hence T ® S; belong to R 4.
Define the diagonal action 64 on R 4 by setting

A =al @al, teR/27Z=T.
Since (5;4 (Ea)=E 4, the automorphisms (5;4, t € T define an action of T on R 4. For

=1, m), v=_(v1,...,vn) € B.(Xy),

&= (Ck--n 1) T=(m,--,m) € B(Xu)
satisfying A(Cx, p11) = A(n;,v1) = 1, we see that

5 (TsTy @ SySy) = exp(V—=1(k =+ m — n)) TsT; @ S,S;
so that the following lemma holds.

LEMMA 2.2. Keep the above notation. The element TETﬁ* ® S,y in R 4 belongs
to R ifand only ifk — 1 = n —m.

Hence we have the following proposition.

PROPOSITION 2.3 ([18], Theorem 9.6). The fixed point algebra (ﬁA)‘SA of Ra
under 64 is the asymptotic Ruelle algebra R 4.

As in Lemma 9.5 of [I8], the C*-subalgebra of C*(G?) generated by ele-

ments TETE* ®@8uS5, &= (Grr---,C1) € Bu(Xat), = (1, -, tim) € B«(X4) with

A(&k, p1) = 1is canonically isomorphic to the commutative C*-algebra C(X4) of
continuous functions on X 4. In what follows, we identify the subalgebra with
the algebra C(X4) so that C(X ) is a C*-subalgebra of R 4 and R 4.

3. ASYMPTOTIC CONJUGACY AND TOPOLOGICAL CONJUGACY

For x = (xp)nez € Xa, weset x4 = (x,)0° and x_ = (x_,)_,. Let us
denote by X4 the compact Hausdorff space of right infinite sequences (x;);cz, €
{1,...,N}%+ satisfying A(x;,x;41) = 1,i € Zy. The right one-sided topologi-
cal Markov shift (X4,04) is defined by a topological dynamical system of shift
transformation o4 ((x)icz, ) = (Xit1)icz, on Xa. For x = (x;)jez, € X4 and
k € Zy, weset x| o) = ok (x) = (%, Xpp1,---) € Xa.

In [18]], a notion of asymptotic conjugacy in Smale spaces was introduced.
We apply the notion for topological Markov shifts and rephrase it in the following
way.

DEFINITION 3.1 ([18]). Two topological Markov shifts (X 4,7 4) and (Xp,75)
are said to be asymptotically conjugate if there exists a homeomorphism h : X4 —
Xp satisfying the following three conditions:
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(i) There exists a nonnegative integer K € Z such that:

3.1) a5 (h(x))y =T5(h(@Ta(x))s forx € Xa,
3.2) 75 T (h(x)- = 75" (h(Ta(x)))- forx € Xy,
(3.3) T (T (y) = TR (@s(y)))+ fory € X,
(34) T () - =7, (N (@B (y)))- fory € Xp.

(ii) There exists a continuous function m; : G% — Z such that
) (n(x)) . =T (h(z)) 4 for (x,2) € GY,
75" (h(x)) - = 7" (h(z))- for (x,2) € G
(iii) There exists a continuous function m; : G§ — Z such that
72 (7 ()4 = TR (7 w)+ for (y,w) € G,
7 () =7, (7 (w)) - for (y,w) € G

Let A = [A(], j)]f\g-:l, B = [B(i ])H\;I 1 be irreducible matrices with entries in
{0,1}. The following proposition is key in this section.

PROPOSITION 3.2. If the topological Markov shifts (X 4,7 4) and (Xp,0p) are
asymptotically conjugate, then they are topologically conjugate.

Proof. Leth : X4 — Xp be a homeomorphism and K € Z a nonnegative

integer satisfying (3.1), (3.2), (3.3), (3.4). We define two continuous maps h :
X4 — Xgand hy': Xp — X, by setting

he(x) = K (h(x))s, %€ Xa,

W y) =ah( )+, v € X
It then follows that by (3.1),
I (@4 (0) =T (@4 (1)) + =T (1))« = 057 (020 0) = [0 0220
On the other hand,

o (hy(x)) = op([05 (h(x)]joe0)) = [T5 (h(x))]1,00) = [TB(H(x))] [k 0)-
Therefore we have
hi(Ta(x)) =op(hi(x)) forx € Xy.

Hence the continuous map hy : X4 — Xp is a sliding block code (cf. [16]).
Therefore there exists a block map @ : By, ,41(Xa) — {1,2,..., M} for some
m,n € Z+ such that

hi((xi)iez) = PXimms -/ Xign))iez, for x = (x;)iez € Xa.
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Similarly the continuous map h;' : Xp — Xy satisfies 17! (75(y)) = oa(hi!(y))
for y € Xp and there exists a block map ¥ : B, v1(Xp) — {1,2,...,N} for
some m’,n’ € Z, such that

W (Wi)iez) = ¥ (Wi Yiew)iez,  fory = (Wi)iez € X
By using these block maps
@ Byoni1(Xa) = {1,2,...,M}, ¥ :Bpiwi1(Xs) = {1,2,...,N},
we define two sliding block codes @ : X4 — Xp and Yo : Xp — X4 by setting
Poo((Xi)iez) = P[Ximm/ - - -, Xitn))icz € Xp  for x = (x;)iez € X4,
Yoo (Vi)icz) = ¥ (Yioms- - Vizw])icz € Xa  fory = (yi)iez € Xp.
We note that
Poo((%i)icz)+ = h+((xi)icz) € X for x = (xi)icz € Xa,
Yoo ((vi)icz)+ = hi' ((vi)iez) € Xa  fory = (vi)iez € X
Fory = (y;)icz € Xp, we have
[Foo (1) [k00) = [T4 (Feo(¥))]0,00) = [Foo (T ()] [0,00) = B (T5 (1))
= TR @E W) o) = [ @TE W) K00
As @ is a sliding block code with memory m, the condition [¥eo(y)][ke0) =
[ (@5 ()] [k c0) implies
[Poo(Feo (W))] [k m,00) = [Poo (B (@5 (1)) km,00)-
It then follows that
EI]§(]/)))][K—i—m,oo) = [h-‘r(hil(ilg(y)))][K—i-m,oo)
HH@E W) [Kme0)
(]/))] [K+m,00) — [E%K(]/)} [K+4-m,00)
so that
[Poo(Foo (W) [k m,e0) = 5 (V)] [ksmeo) fOry € Xp.
Since Po, © Yo is a sliding block code, we obtain that
Do 0 Yoo = T5°.

Hence @, is surjective. Similarly we have that ¥e 0 @ = T4 so that o, is
injective. Therefore we have a topological conjugacy @ : X4 — Xp. 1

We remark that the above proof needs only the equalities and (3:3).
We thus conclude the following theorem.

THEOREM 3.3. Two topological Markov shifts (X 4,7 4) and (X, 0p) are asymp-
totically conjugate if and only if they are topologically conjugate.
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For the proof it is direct to see that topological conjugacy implies asymptotic
conjugacy. Hence the assertion follows from the preceding proposition.

4. CONJUGACY, GROUPOID ISOMORPHISM AND C*-ALGEBRAS

We consider the groupoid G%" x Z? and its C*-algebra written R4. Recall
that an action Y4 of T2on R4 = E4(O 4 ® O 4)E 4 is defined by setting

76{5) = zxft @al on O, ® Oy for (r,s) € T2

Since 7{5,5) (E4) = Ea, we have an action ¥4 of T2 on R A, which defines two

kinds of actions of T on R 4 such that
5;4 = r)/é/t) and Pt = ’7( t/2,4/2) fort e T.

We regard the groupoid C*-algebra C*(G% x Z) as the crossed product C*-algebra
C*(G%) x Zin a natural way. Let us denote by 0! the dual action on C*(G%) x Z.
In the following lemma, the C*-algebra R, is regarded as a C*-subalgebra of
O 4t ® O 4 as in Proposition [2.T[(ii).
LEMMA 4.1. There exists an isomorphism ¥ : C*(G%) x Z — R 4 such that
Y(C(X4)) =C(Xp) and Yool =plo¥, teT.

N
Proof. Let Uy be the unitary in R4 defined by Uy = Y T ®S;. Asin
i=1

Proposition 9.9 of [18], Ad(Uy4) corresponds to the shift operation on C(X4).
Since

N
2 _172(TF) @ a2 (S;) = exp(vV/— tZT* ®S; = exp(vV—1t)Uy,

we have the assertion. 1

Now we will give a proof of Theorem [I.1|stated in Introduction.

Proof of Theorem[1.1] The equivalence between (i) and (ii) is proved in The-
orem . The equivalences among (ii), (iii) and (v) are shown in [18]. We will
prove the three implications (i) = (iv), (iv) = (vi), (vi) = (v).

(i) = (iv) Suppose that there exists a topological conjugacy h : X4 — Xp
sothat hoo = opoh. For (x,p,q,z) € G3" x Z2, the conditions (o7, (x),z) €
G5, and (77, (x),z) € GY imply (o (h(x)),h(z)) € G and (¢, (h(x)), h(z)) €
G4, so that we have (h(x),p,q,h(z)) € Gy x Z%. It is routine to show that the
correspondence

§:(x,p,0,2) € GJ* 22 — (h(x), p,q,h(2)) € G % Z?
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yields an isomorphism of étale groupoids. It is then clear that cg 0 ¢ = c4. This
shows the condition (iv).

(iv) = (vi) Suppose that there exists an isomorphism ¢ : G5 x Z* — Gg"
Z? of étale groupoids such that cg o § = c4. Since both groupoids G5 x Z? and
Gy x Z* are amenable and étale by Proposition 7.2 and Lemma 7.3 of [18], the
C*-algebras R 4 and R p are represented on the Hilbert C*-modules £2 (G % Z?)
and (?(G3" x Z?), respectively as in [18]. As ¢ : G" x Z* — Gy x Z* is an
isomorphism of étale groupoids, there exist a homeomorphism 1 : X4 — X and
a continuous groupoid homomorphism c¢ : G x Z* — Z? such that

o(x,p,q,2) = (h(x),c(x,p,q,2),h(z)), (x,p,q,2) € G} % 22
The condition cp o ¢ = ¢4 implies that c(x, p,q,z) = (p,q) so that we have

o(x,p,q,2) = (h(x),p,q,1(2)), (x,p,q,2) € G} x 72

Let us consider the unitaries V), : (2(G3" x Z?) — (2(G{" x Z*) and V1 :
(G5 % Z*) — (>(GE" x Z?) defined by
Vill(x, p,q,2) =C(h(x), p,q,h(2)),  [Viyr8l(y,m,n,w) =8 (7 (y), m,n, b~ (w))
for { € 2(G3" X Z?),(x,p,q,z) € G{" %72 ¢ € (2(G}" x Z?),(y,m,n,w) €
Gy" X Zf. Put Cfi: Ad(V;L) which satisfies D(Ce(GH* 1 7)) = Co(G3* x Z?) s0
that ®(R 4) = Rp. Since X4, Xp are identified with the unit spaces

(G % Z%)° = {(x,0,0,x) € G3* xZ* : x € X},

(G§* x 22)° = {(5,0,0,y) € Gy* x 2 :y € Xp},
respectively, it follows that ?(C(X4)) = C(Xp). It is also direct to see that the
identity @ o 'y( o= 'y(r )oCD for (r,s) € T? holds, because of the equality cgog=c4.

(vi) = (v) Suppose that there exists an isomorphism P:R A — Rp of C*-

algebras such that (C(X,)) = C(Xp) and ® o 785) = ’Vl(gr,s) o & for (r,s) € T2.
As the action 5/ = 78,;&) of t € T act on R4 and its fixed point algebra (R )"

is R 4. Let us denote by @ the restriction of @ to the fixed point algebra R 4. It
induces an isomorphism @ : R A — RB. Then it is clear that the action pf* =
’qu—t/z ¢/2) O R 4 satisfies @ o pt = pt o @. This shows the condition (v). 1

5. K-THEORETIC INVARIANTS

It follows from Theorem|1.1|that the isomorphism classes of the C*-algebras
R4 and R4 are invariant under topological conjugacy of two-sided topological
Markov shifts. Concerning the asymptotic Ruelle algebra R 4, its K-group for-
mula has been obtained by Putnam ([22], p. 129; cf. [11]], [14]). We focus on study-

ing the K-group Ko(R 4) of the latter algebra R 4. Under the assumption that the
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matrix A is irreducible and non-permutation, the algebra R A is a unital, simple,
purely infinite, nuclear C*-algebra satisfying UCT, so that its isomorphism class
is completely determined by its K-theory date by a general classification theory
of Kirchberg ([15]) and Phillips ([21]). Hence the following is a corollary of Theo-
rem[T.1]

PROPOSITION 5.1. The pair (Ko(Ry4), [17§A]) of the Ko-group of R, and the
position of the unit 1z, of R4 in Ko(R ) is invariant under topological conjugacy of
two-sided topological Markov shift (X 4,0 4).

Recall that the projection E4 is defined in (2.3). We have the following
proposition.

PROPOSITION 5.2. There exists an isclmorphism P RAOK = Op 040K
such that the induced isomorphism @, : Ko(R a) — Ko(O 4t @ O 4) satisfies Py ( [17€A])
= [Eal.

Proof. Since the C*-algebra Ot ® O4 is unital and simple, the projection
E4 in is a full projection in O 4t ® O4. Brown’s theorem [4] tells us that

there exists an isometry v4 in the multiplier algebra M(O 4t @ O4 @ K) of O 4t ®
04 ® K such that vjvs = 1 and v4v} = E4 ® 1. Define an isomorphism & :

RAOK = O @04 Kby & = Ad(v7). Let pg be a rank one projection in K.
We then have

®.([1,]) = P«([Ea ® pol) = [v4(Ea ® po)va] = [Ea ® po] = [Ea]
NKy(Out @ O4). 1
Hence the position [E4] in Ko(Oxt @ O4) as well as the group Ko(O x4t ®

O,) are invariant under topological conjugacy of (X 4,7 4). By the Kiinneth for-
mulas [32] of the K-groups of the tensor product C*-algebras, we know that

Ko(Out ® O0p) = (Ko(Oyt) @ Ko(O4)) © (K1 (Opt) @ K1(O4a)),
Ki(Ox® O4) = (Ko(Opr) @K1 (04)) & (K1(Opt) @ Ko(Oa))
@ Tor{ (Ko(Oat), Ko(O4)).

By the universal coefficient theorem for KK-groups, the K-group K;(O 4t ® Ox)
is isomorphic to the KK-group KK’ ™1 (O 4, 0 4) fori = 0,1, so that

Ko(Ra) = KK (Opr,04), Ki(Ra) = KK(Op, Op).

Since Ko(Oyt) is isomorphic to Ko(O4) and K;(Oy4) is the torsion free part of
Ko(O4), the groups K; (O 4t ® O4),i = 0,1 do not have any further information
than the group Ko(O,) by the above Kiinneth formulas. As Ko(O,4) = ZN/(id —
AYZN, it is a direct sum Z" @ T4 of its torsion free part Z" and its torsion part
Ta =2Z/mZ® - ®ZL/m, where mj|m; 1 withm; >2,i=1,...,k—1.Ttis
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easy to see that

ZN/(id — A)ZN @ ZN /(id — AYZN
= 7" & (Tp)" @ (Ta)" @ (T4 ® Ta)
~ Zn @ (Z/mlz)2n+2kfl @ (Z/mzz)2n+2k*3 D P (Z/me)2n+1.

Hence the groups K;(O4t ® O4),i = 0,1 give us the same information as the
group Ko(O4).

The position [E 4] in Ko (O 4t ® O 4 ) however gives us more information than
the group Ko(O4). In the above Kiinneth formula for Ko(O4t @ Oy), the element

[E4] lives in Ko(O4t) ® Ko(O4) as the element Z [T'T;] ® [S;S}] by definition

of E4. Therefore the position [E4] of the pro]ect1on E4 in Ko(Oyt) @ Ko(O4)
is invariant under topological conjugacy of (X4,04). We set the vector ¢; =

1
[0, ...,0,1,0,..., O} fori =1,...,N. We summarize the above discussion as The-

orem |[1.2)in Introduction and give its proof.

Proof of Theorem([1.2} Let A = [A(I, ])]l] B = [B(, ])]%I 1 be irreducible
non-permutation matrices such that (X4, 4) and (Xp,0p) are topologically con-
jugate. By William’s theorem [38]], the matrices A, B are strong shift equivalent.
Therefore there exist two rectangular nonnegative integer matrices C,D such
that A = CD,B = DC. By Theorem 4.6 of [17], there exists an isomorphism
P: 040K — Op ® K of C*-algebras such that the diagram

Ko(O4) 2, Ko(Op)

| e

ZN/(id — AYZN €y ZMy(id — BY)ZM

commutes, where m is the isomorphism induced by multiplying the matrix C*
from the left and €4 : Ko(On) — ZN/(id — AY)ZN is an isomorphism defined
by €4([SiS;]) = [ei] the class of the vector ¢; in ZN. Since the identities A' =
D'Ct, Bt = C'Dt also hold, we similarly have an isomorphism &' : O @ K —
Opt ® K of C*-algebras such that the diagram

ot
Ko(Oat) — Ko(Opt)

eAtJ( lGBt

ZN/(id — A)ZN P, 7ZM/(id — B)ZM
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commutes. We then have a commutative diagram:

DL,
Ko(Oar) @ Ko(O4) — Ko(Opt) ® Ko(Op)

eAt®€Al lsy@et;
ZN/(id — A)ZN @ ZN / (id — AYZN 2" zM/(id — B)ZM @ ZM/ (id — BY)ZM.
We note that

N N
; ea([T7Ti]) @ ea([SiS7]) :; ea([TiT]) @ea([SiS7])

lei] @ [e;] inZN/(id—A)ZN @ ZN /(id—AY)ZN,

s

Il
=

1
and set the specific element as

N
(5.1) ea=)Y [e]®[e;] inZN/(id— A)ZN @ ZN/(id — A"ZV.

i=1
We will show that (mp ® mct)(es) = ep. In the computation below, the vectors
ej, and f; denote the N X 1 matrix in ZN whose ith component is one and zero
elsewhere, and the M x 1 matrix in ZM whose jth component is one and zero
elsewhere, respectively. We have

N
Y De; @ C'e;
i=1
D(1,1) C(i,1) D(1,i)
N | D(2,i) C(i,2) N | D(2,i) Mo
— ; ® : = ; : ® ;C(i,])f'
Clomi) leam] oyl T
SRR, g BB
N M 2,i)C(i,j Moyt D(2,i)C(G,
Ly . “fi= ) Y ® f;
i=1j= =
D(M,1)C(i, ]) Y, D(N,i)C(i, j)
B(1,j)
M | B(2,]) M
= 21 : ®fi= X;Bﬁ ® fi.
= : =
B(N, )

Hence we have

N M M
(5.2) De;@Cle;— )  fi®fi=) (B—id)f;® f;
j=1

i=1

=1



TOPOLOGICAL CONJUGACY OF TOPOLOGICAL MARKOV SHIFTS AND RUELLE ALGEBRAS 267

so that

(mp @ mct)(ea) = Y _[De] ® [Cle;] =

Mz
M:

il @ fil =es

Il
—
Il
—_

j
thus proving Theorem[1.2} 1

REMARK 5.3. (i) The pair (ZN /(id — A)ZN @ ZN /(id — AY)ZN, e 4) is a com-
plete invariant for the isomorphism class of the C*-algebra R 4, because the group
structure of ZN / (id — A)ZN @ ZN /(id — AY)ZN determines the groups K;(O,),

Ki(O4:),i = 0,1 and also the pair determines the position [E4] in Ko(O 4t ® O4).
Hence by Proposmon the pair (Ko(R4), [E4]) and the group K; (R 4) are de-
termined by the pair (ZN/ (id — A)ZN @ ZN / (id — AYZN, e,).

(ii) Since the projection E 4 is regarded as an element of the C*-algebra F 4t ®
F 4 such that C*(G%) = Ea(Fat ® Fa)Ea, we have another topological conju-
gacy invariant (Ko(F4t) ® Ko(Fa), [Ea]), the position [E 4] in the group Ko(F4t)
®Ko(Fa). We discuss this kind of invariants in [19].

(iii) J. Cuntz in [7] studied the homotopy groups 71, (End(O4 ® K)) of the space
of endomorphisms End(O4 ® K) of the C*-algebra O, ® K. He proved that nat-
ural maps €, : 71,(End(O4 ® K)) — KK"(O 4, 0,) yield isomorphisms, and de-
fined an element denoted by €1(A*) in the group Ext(O,4) ® Ko(O4), where A4
denotes the gauge action a?* on O,4. By the Kaminker—Putnam’s K-theoretic du-
ality between Ext(O,4) and Ko(O 4t) ([12]), the element €1(A?) can be regarded
as an element in Ko(O4t) ® Ko(O4). Cuntz’s observation in [7] shows that the
element €1 (A4) is nothing but the above element e4 under the identification be-
tween Ext(04) ® Ko(O4) and ZN/(id — A)ZN @ ZN/(id — AY)ZN. He already
states in [7] that the position €1(A4) in ZN/(id — A)ZN @ ZN/(id — AYZN is
invariant under topological conjugacy of the topological Markov shift (X 4,7 4).

In [38], Williams introduced an equivalence relation of nonnegative integral
square matrices called shift equivalence. It is weaker than strong shift equiva-
lence. The shift equivalence relation has played a crucial role in the classification
theory of symbolic dynamical systems (cf. [16]). Two matrices A, B are said to
be shift equivalent if there exist a positive integer ¢ and rectangular nonnegative
integer matrices R, S such that

(5.3) AR=RB, SA=BS, A'=RS, B’=SR.
We strengthen Theorem [I.2]in the following way.

PROPOSITION 5.4. The pair (ZN/(id — A)ZN @ ZN /(id — AY)ZN, e,) is in-
variant under shift equivalence.

Proof. Suppose that matrices A = [A(i,j)]fj:l,B = [B(i,j)]ff;-[:1 are shift
equivalent. Let ¢ be a positive integer and R, S rectangular nonnegative integer
matrices satisfying (5.3). Then the map mg : ZV/(id — A)ZN — ZM/(id — B)ZM
defined by the left multiplication of the matrix S yields an isomorphism of the
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abelian groups. We similarly see that mg: : ZN /(id — AY)ZN — ZM/(id — BY)ZB
defined by the left multiplication of the matrix R' yields an isomorphism of the
abelian groups. A similar computation proving the equality in the proof of
Theorem|[1.2]shows that the equality

N M M M
;s@@@Rtei— gf]@f]- = ;(SR—id)fj@@fj = E(Bf—id)fj@?fj
i= j= J= =

holds. As B —id = (B —id) (B ' +--- 4+ B +id), we know (mgs @ mg:)(ea) = ep
so that the map

ms@mpe:ZN / (id—A)ZN@ZN / (id— AYHYZN - ZM / (id— B)ZM 0 ZM / (id — BY) ZM
gives rise to an isomorphism between (ZN/(id — A)ZN @ ZN /(id — AYZN, ex)
and (ZM/(id — B)ZM @ ZM/(id — BY)ZM,ep).

We will present an example showing that the invariant (ZV/(id — A)ZN @
ZN/(id — AY)ZN,e,) is strictly finer than the K-group Ko(O,). We note that
Enomoto-Fujii-Watatani in [9] listed a complete classification table of Cuntz—
Krieger algebras 04 in terms of their K-groups for which the sizes of matrices

are three.
—m—n
= | -l —n |, themap

—l—m

I
m
n

Let A =

1 11
1 1 1].Since (id—A)
1 11

a
I H €23 = [a+b+cl€Z/2Z
c

induces an isomorphism ¢ : Z3/(id — A)Z3 — Z/2Z. Hence we have an isomor-
phism

P=9¢:723/(id-A)Z> 7%/ (id — AVZ? — Z/27. & 7./27 = 7./ 27.
Since ¢(e; ® ¢;) = P(e;) ® P(e;) = 1® 1, we then have
plea) =11+ 11+ [1x1]=[1] inZ/2Z

so that
(73/(id — A)Z3 @ 23/ (id — AYZ3,en) = (Z/27,[1]).
11 1 1 1 1]
On the otherhand,let B= |1 1 0| andhence Bt= |1 1 1| .Since
110 11 0 0]

I [—m — n]
, (id—BY |m|=|~-l-n|,

l —m—n
(id—B) |m| = -1
n —l—-m+n n | —I+n |
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the maps
a a
p:|b| €Z® = a+b+c€n/22, ¢t:|b| €Z® — [b+c] € Z/2Z
c c
satisfy

I

I
tp((id—B) [m] ) =2(—1—m), 1pt((id—Bt) [m] ) — 2

n
so that they induce isomorphisms
9:7°/(Gd —B)Z® — 7/27, §':7%/(id — BYZ® — Z/2Z
and
P:=9p09 :7°/(id—-B)Z} ®Z%/(id — BYZ® — Z./27.® 7./27. = 1./ 2.

Since

e @e) — Ble) @Tien) — 4 1O =101 ifi=1,
tp(e,®z)—¢(z)®¢(l)_{[1®1]:[1] ifi=2,3,

we then have
Plea) =120 +[1®1]+[1®1] =[0] inZ/2Z

so that
(z3/(id — B)Z® ® Z3/ (id — BY)Z3, ep) = (Z./2Z,0)).

We thus have the following proposition.

1 11 1 11
PROPOSITIONS.5. Let A= |1 1 1|andB= |1 1 0 .ThenKo(Oy) =
1 1 1 110

Ko(Op) (= Z/27Z) and det(id — A) = det(id — B)(= —2). However
(73/(id — A)Z3 @ 73/ (id — AYZ3,e4) = (Z/27, (1)),
(23/(id — B)Z® @ 7%/ (id — BYZ3, ep) = (Z/27Z,0)).

In the rest of this section, we will deal with square matrices with nonneg-
ative integers. Such matrices are called nonnegative integral matrices. A non-
negative integral matrix is said to be essential if none of its rows or columns is
zero vector. Let A = [A(], ])]3‘;:1 be an N X N essential nonnegative integral
matrix. The matrix defines a finite directed graph G4 = (V4, E4) with N ver-
tices V4 = {v1,...,un} and A(i, j) directed edges from the vertex v; to the vertex
vj fori,j = 1,...,N. The directed edges are denoted by {a1,...,an,} = Ea.
For an edge a;y € Eg4, denote by s(ay),t(ag) its source vertex, terminal vertex,
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respectively. The directed graph G4 has the N4 x Ny transition matrix A® =

[AC(i, )]} of edges defined by

.. 1 if t(a;) = s(a;), . .
AC(>i7) = ! 177 i=1,...,Ng.
(i,j) {0 otherwise, J A

As in Remark 2.16 of [8] and Section 4 of [30], the Cuntz-Krieger algebra O 4 for
the nonnegative integral matrix A is defined to be the Cuntz—Krieger algebra O 4c
for the matrix A® with entries in {0, 1}. It is well-known that there exist rectangu-
lar nonnegative integral matrices R, S such that A = RS, A® = SR (cf. [16]). As in
Lemma 4.5 of [17], the left multiplication of the matrix S' induces an isomorphism
mge + ZNA/(id — (AC)Y)ZNa — ZN/(id — AY)ZN such that mg ([1n,]) = [In],
where 1y, = [1,...,1] € ZNA 1Ny = [,...,1 € ZN. Let 1p, be the unit of
the Cuntz—Krieger algebra O4. By Proposition 3.1 of [6], there exists an isomor-
phism from Ko(O 46) to ZN4/(id — (A®)Y)ZN4 that sends the class [103] of 101%
to the class [1y,] of 1y,. Hence for a nonnegative integral matrix A, there ex-
ists an isomorphism from Ky (O4) to ZN /(id — AY)ZN that sends the class of the
unit [1p, ] of O4 to the class [1y] of 1y. We define the element [e4] in the group
ZN/(id — A)ZN @ ZN / (id — AY)ZN by the same formula as that for matrices
with entries in {0,1}. We then have the following lemma.

LEMMA 5.6. There exists an isomorphism & of groups from ZN4 / (id — AC)ZNa
®ZNA /(id — (AC)Y)ZNA onto ZN /(id — A)ZN @ ZN / (id — AYZN such that
@(EAG) =€A.

Proof. Let R, S be rectangular nonnegative integral matrices R, S satisfying
A = RS, A® = SR. As in the proof of Theorem the isomorphism mp ® mgt :
ZNA/(id — AC)ZNa @ ZNa/(id — (AC)H)ZNa — ZN/(id — A)ZN @ ZN /(id —
AYZN satisfies mg @ mgi(eqc) =ea. B

The following proposition can be proved in a similar way to how Proposi-
tion[5.4was proved.

PROPOSITION 5.7. Let A = [A(i,j)]f\;zl be an N x N essential nonnegative
integral matrix. The pair (ZN /(id — A)ZN @ ZN / (id — AYZN, e 4 ) is invariant under
shift equivalence.

We will present an example of nonnegative integral matrix A such that the
two C*-algebras R 4 and O 4+ ® O 4 are not isomorphic.
4 1) o . 17 [-3l—m 1
Let A = [1 0] . Since (id — A) {m} = [—l—i-m} , the map ¢ : [m] €
7* — [l 4+ m] € Z/AZ induces isomorphisms ¢ : Z?/(id — A)Z? — 7Z/47Z and

P:=0R¢:7%/(id - A)Z* 7%/ (id — AYZ? — /47 & 7./AZ = 7./ 47.
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Since ¢(e; ® e;) = P(e;) ® p(e;) =1® 1, we have
Plea) =11+ 1®1] =[2] inZ/4Z.

On the other hand, we have ¢([12] ® [12]) = (p( [ﬂ ) & (pt( E] ) =[2®2] =[0]
in Z/47. We thus have

(Z2/(id — A)Z2 @ 72/ (id — AYZ2,ey) = (Z./47, 2]),
(Z%/(id — A)Z? @ 72/ (id — AYZ?, [15] ® [12]) = (Z/47Z,[0]),

so that the algebras R 4 and O 4t ® Q4 are not isomorphic by the classification
theorem of unital, purely infinite, simple nuclear C*-algebras ([15], [21]).

6. KMS STATES ON R 4

In this section, we will study KMS states on the C*-algebra R 4 for the di-
agonal action §4. Following after [3], we will define KMS states in the following
way. For a one-parameter automorphism group at,t € R on a C*-algebra A and
a real number ¢y € R, a state ¢ on A is called a KMS state for the action a if
satisfies

(6.1) P(Xaiy (Y)) = ¢(YX)

for all X,Y in a norm dense a-invariant *-subalgebra of the set of entire analytic
elements for a in 4. The value v is called the inverse temperature and the condi-
tion is called the KMS condition.

Let 8 be the Perron-Frobenius eigenvalue for an irreducible matrix A with
entries in {0, 1}. It has been shown in [10] that KMS states for gauge action on
Cuntz—Krieger algebra 0,4 exist if and only if its inverse temperature is log f3,
and the admitted KMS state is unique. Let us denote by ¢ the unique KMS state
for gauge action on Q4. Similarly we denote by ¢! the unique KMS state for

¢(5157)
gauge action on O 4¢. As in [10], the vector : gives rise to the unique
P(SNSY)
normalized positive eigenvector of A for the eigenvalue . Hence we have
o150 [ALD - ALN)] [e(si5)]  [o(Sis)
Bl o = s Lo =]
osnsi)] LA AN Letsnsi))  Lo(sisn)

so that B¢(S;S7) = ¢(5/S;),i =1,..., N and more generally

IBm(P(S}ll"'VmS;;lmym) = (P(Szl"'ymsﬂl‘“}lm)/ (]’ll/ s "]’lm) € Bm(yA)
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Therefore we have
6.2)
go(sﬂmsym) = B(P(S;lms}lm) = B?(Sﬂl-“}lmsﬂl'”ﬂm) = ‘Bm 1¢(SP‘1“‘}4mS}41--'}Lm)

and similarly

(6.3) N Te,T) = B 0 (Teeen Tioey)r (G- -r61) € Br(X o).

Let [4,]N, and [b;] | be the positive eigenvectors of A and A' for the eigenvalue
B, respectively satisfying

N
Z aib,‘ =1
i=1

For admissible words ¢ = (¢1,-..,8) € By(Xa) and v = (v1,...,vn) € By(Xa),
putév = (&1,...,Ck,V1,---,Vn) € By y(Xa). Fori € Z, denote by U[év]z:+k+n—1 the

cylinder set of X 4 such that
U[gv]§+k+n—1 ={(xj)jez €XA X =81, Xitk1=Ck Xigk =V1, -+, Xithktn—1="Vn}-

In [20], W. Parry proved that there exists a unique invariant measure y on X4
of maximal entropy. It is called the Parry measure, which satisfies the following
equality:

(6.4) y(u[ngkﬂ_l) = bglﬂun,@’(kﬂ*l), ie?Z.
Let C*(G%) be the groupoid C*-algebra for the groupoid G%. As in Putnam’s

paper [22] and his lecture notes [23], the algebra is an AF-algebra with a tracial
state Tr defined by

Te(f) = [ f(x,x)dnu(x) for f € C(Ga).
X4
Let us define a state § on R 4 by setting:

~ 1

. N
¢ = . ¢ @@ onRy=Es(Ou®04)Es.
L1 ¢ (T )e(S7S))

N
Since (¢t ® ¢)(E4) = ¥ got(TjI“j*)q)(S;‘Sj), we know that ¢ gives rise to a state
j=1

on R 4. We know more about § in the following way.

PROPOSITION 6.1. (i) The state § is a KMS state on R 4 for the diagonal action
54 at the inverse temperature log p.
(ii) The restriction of ¢ to the subalgebra C(X 4) coincides with the Parry measure u
on Xy4.
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(iii) The formula

(65) ) =Te ( [[2k(Vards) fory e Ry
™
holds.
Proof. (i) For
=1, pim),v= (1, vn), W=y, )V = (V,...,v) € Bu(Xa),
E= (&) =0m) & = Eorer s 80 = (-, 11) € Be(Xp0)
with A(Zk, p1) = A, v1) = A8, 1y) = Alyp,vy) =1, put
x =TT © 5,5, x' =TyTy®S,5) € Ry
It then follows that
(9" ® @)(Ea) - §(x'60g (%))
= (9' @) (Ty Ty ® 5,5y (a 1logﬁ(T T;) @ {155 (SS5)))
¢'(Ty T*/azlogﬁ(T T)) (S Syt iog s(SuSy))
= M (TTE T T2) p(SuSiS,uSE)
( ’t
= (¢'

S

® ¢)((TeT; © $uS,)(Te Ty @ S,0S1,1))

® @) (xx") = (¢' @ ¢)(Ea) - ¢(xx'),

thus proving that ¢ is a KMS state on R 4 for the diagonal action 64 at the inverse
temperature log .
(i) Put
— ai * 7
a; = = ¢(S;S7), bj=——
l 21111 a a l Zf\il b

= ¢{(T,T;)

so that
1

¢(S:S7)9"(T,T)) = (Zfil ai) . (Zfil bi).

M=

i=1

It then follows that

WUy iren-1) = b, - (%b) (%a) ~(k+n—1)

i=1 i=1

T§1 Tgl (% bl) SVn ) ( i ’11‘) . ﬁ—(k-&-n—l)

1:1 i=1

T.T ‘ . * —(k+n-1)
§ T — ¢ (Tz, Tz ) 9(54,Sy,) - B .
i1 ¢'(T; i )QD(S,SI) G178 Vv
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By using and we thus have
1

YLy ¢ (TiT7)e(Si57)
1

Zl 14T T )@(S;S;)

1 " %
W(Upgpsrn-t) = 5 9 (Mo T )9 (S0 Sy,

% (TgT*)‘P(SvS )

= ey P TTe(SS) = 9T @ 5.5))
(iii) For
= (p1, - pfm), v=(v1,...,vn) € Bi(X4),
$= k-8, = (1, m) € Bo(Xar),
satisfying A(y, p1) = A(n;,v1) = 1, it is direct to see the following equalities:

P(T:T; ® 5,8;) =¢'(TzT;) 9(SSy)
:{q)(Tng)q)(SvSi) if§ =71 =

0 otherwise,

[ pUgpnn) #E=Tp=v,
0 otherwise.

Since the above value coincides with

T / VA(TeTy ©5,5))drds ),

the formula holds. 1

We finally prove that a KMS state on R 4 for the diagonal action 6 exists
only at the inverse temperature log 8. We will further show that the admitted
KMS state is unique. In order to avoid non essential difficulty, we assume that the
irreducible matrix A with entries in {0,1} is aperiodic so that there exists nyp € N
such that A™(i,j) > 1foralli,j = 1,...,N. In case when A is not aperiodic,
but irreducible with period p and non-permutation, it is not difficult to see that
the equation holds for n = pm,m > my for some mp € N and i, in the
same period class (cf. [16]), so that Theoremholds. If A is not irreducible, the
unicity of a KMS state is broken, so that Theorem [1.3|does not hold any longer.

Let ¢ be a KMS state on R 4 for the diagonal action 6% at the inverse tem-
perature log y for 1 < ¢ € R. We will prove that v = B, the Perron-Frobenius
eigenvalue of A and ¢ = ¢.

Fori,j € {1,...,N} and words u = (y1,...,im), v = (v1,..., V) such that
(i, 41, Mm,J) € Buio(Xa), (i,v1,...,vn,j) € Bnia(Xa), we define a partial
isometry

(6.6) V(i j) = Tr Ty, - T3 T @ SiSpy -+ S, ).
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Since T} @ 5;, T ® 5j € R4, we know that Vu,u(i, j) belongs to R . We then have
the identities

Vo (i) Vi (i, ))"
=TT Ty Ty Ty, Ty, Ty ® SiSy, Sy SiST Sk + Sty ST
= T/T;® SiSu, -~ S, S;S Sty -+ SiySi and

Vo (i,7) Vou(i, )
=TT, Ty, T Ty - T3 T @SS58 SE8iSy, S, S

= TjTV,, .. TulTiTi*T;l . T:nT].* ® 575]
For p € Z, denote by ﬁ‘r (p) the pth spectral subspace of R 4 for the action 4.
LEMMA 6.2. Suppose that X € R 4 belongs to 7%‘5: (p) for some p # 0. Then we
have p(X) =0

Proof. We may assume p > 0. Fori,j = 1,...,N,let u = (p1,..., pug+p)
be an admissible word such that (i, i1, ..., finy+p,j) € Bng+p+2(Xa). Take v =
(V1, ..., Vny) With (i,11,...,Vn,,j) € Buy(X4) and consider the partial isometry

Vslif) =TTy T T @ 58y, Sy, S

.llﬂo-%—p ]

The partial isometry V;, (i, j) belongs to ﬁfﬁ (p) and satisfies

Vo (i DVou(i7)" =TTy © SiSpy -+ Spug 1 SiS] Sy~ S Si -
We then have
N
Eq= Z Z Vv,u(ifj)vv,u(irj)*-
ij=1 F‘EBHOM(YA)
It then follows that

N
l/J(X) = I/J(EAX) = Z Z B I/J(Vv,ﬂ(i/j)vv,y(i/j)*x)

ij=1 HEBny+p (Xa)

=L L 9 Vhlif) X, (Vaui )

==Y X pVeuli ) XViu(i,f)

ij=1 HEBug+p (Xa)

1 ¥ . o
=~ Z Z lP(V‘/’}l(l’])éi/iogy(vmﬂ(l’]) X))
7 i’jzll‘EBngﬂv(YA)
1 ¥ . o 1
=5 Y X Vil PVelin)"X) = 59(EaX).
l i’jzlﬂeBngﬂa(YA) v
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Since vy > 1, we have (X) = 0. 1

Since R 4 is the fixed point algebra (R A)‘SA of R4 under 64, we may define
a conditional expectation £4 : R4 — R4 by

6.7) Ea(X) = /5;“(x)dt, XeRa
T

The preceding lemma implies the following lemma.

LEMMA 6.3. Let g be the restriction of i to the subalgebra (ﬁA)‘SA. Then g is
a tracial state on R 4 such that p = pyo E4.

Hence the value of KMS state is determined on the subalgebra R 4. Recall
N
that U4 denotes the unitary Uy = Y- T ® S; which belongs to R 4.
i=1

LEMMA 6.4. p(UsXU4) = p(X) forall X € R .

Proof. Since U 4 is fixed under the action (SA, we have
l)b(X) = lp(uj:}uAX) = ¢(UAX‘5£og7(UZ)) = ¢(UAXUEZ) 1

As in Proposition 9.9 of [18]], the automorphism Ad(U,4) behaves like the
shift on R 4. Lemma [6.4] tells us that the KMS state is invariant nuder the shift.
The following lemma is crucial in our discussions.

LEMMA 6.5. Let X = TzTﬁ* ® 5,5, € R4 where

=, pm)v=(v1,...,vn) € B«(Xa),
EI ((:k/-ulgl)/ﬁ: (171,...,111) S B*(XAt).
Suppose that {(X) # 0. Then we havek =1, m = nand y = v,& =17.

Proof. Since X belongs to R 4, we have A(Gy, u1) = A(y;,v1) =landk—1 =
n — m. We may assume that k > [ and hence n > m. It then follows that

P(X)=p((Te, -+ Tg, Ty, - Ty, ®Spy -+ - S Sy, - Sy ) - (Tyy Ty, ® 51, S3,))
=¢((Ty Ty, ® 50,53 Oflogy (T Tey Ty -+ Ty @ Spy -+ Sy S5+ S1,))
— e VT T3 0S5 Ty Ty T Ty 955+ S5, 53,
ZIP(T’IITT;FI Tg, - Tng;l . T;{ ® 51/15; Sy symsin - 5;1).

By the assumption (X) # 0, we get 7, = {x and v = y1, and we have

¢(X) = ¢(Tngk71 ... Tng’}*l ... T;]*l ® 5;41 ... S}lmslin ... 51*;1)_
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uA'T’lngkfl"'Téngl T;I ®S;41 ...Symsl";n...sl’tl UZ
= Tf:k,l e TélT;?kl .. 'T;]k],l ®S?715,H1 . "SﬂmS:n . "5:15171'

Lemma[6.4shows us the equality
(6.8) lp(x) = IP(TC;H . Tél T771 . T;H ® 51715141 s S}‘mS:n ...G* g* )

viTim
We apply the same argument above to the right hand side of (6.8), and continue
these procedures so that we finally get
M—1 = 8k—1, M—2 = Ck—2, -+, I = Ck—111
and the identity

$(X) =9(Te, - Ty Ty Ty @ Sy Sy + -+ SyySpiy = S Suy == S0y Sy S S )-
As Cx_141 = 11, we see that A(Gyj,11) = 1and hence Ty, - Tz, Ty, @ Sy, be-
longs to the algebra R 4 such that

1
A _
5ilog’y<T§k—l T T‘:lT;/(] ® S'71) - ok T o Ty T:}Z ® Syy.-

Hence we have
P(X)=9(Te,_,- - - Te, Ty, @Sy ) (Tyy @S+ Sy Sy Sy S+ S0, Sy + S Sin)
:l/]((TU] ®5172 . ..Smsm "'Sﬂmss,l ... GF G¥ ... G* g¥ )

v PmPm
A
'5i10g7(T§k71 T T51T771 ® 5771))

1
= W‘P(Tﬂl T Ty T;1®S'72' “SpSp 'Sﬂmssn' ’ 'S?;l ;Z. ’ '5225;;15171)'

: * Q* _ Qx
Since 5,72 S,hS,71 = 5,72, we have

1 * * * * *
P(X) = Wlp(TmTCH...Tl:le @Sy, Sy Suy - SuwSy, S5 Sy - S

V1=

1 -1
= v Pp(Uy (T'Il Te o Ty T;;l

@Sy, Sy Sy - SunSi, - Si Sk ..5;;21154—1))

Hm vy vt
1 %
= ,Yk_llP(T']l T T'IZT'YlTékfl T TélT;l ;]kz e T;]kz ® S.”l o 'Sﬂmsvn T 5;)-

As (n;,...,m1) = (Cks--.,Cx_111), we finally obtain that

1
¥(X) = WIP(X)

so that k = | and hence # = . We similarly see that y =v. 1
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Since any element X of R 4 is approximated by finite linear combinations of
elements of the form TzT; ® 5,5 € R4, we have the following proposition by
using Lemma [6.3]

PROPOSITION 6.6. If an element X € R 4 satisfies $(X) # 0, then X belongs to
C(Xa).

We will next show that the restriction of the KMS state 1 to the commutative
subalgebra C(X4) coincides with the state defined by the Parry measure on X 4.

Recall the partial isometry V; (i, ) defined by fori,j € {1,...,N}
and u = (g1, 4m), v = (v1,...,vn) such that (i, py,..., 4m,j) € Bui2(Xa),

(i,Ul,. ..,Un,j) € Bn+2(XA). We set

pm,y(i/j) = llJ(Tsz* ® Sﬂl e Sﬂmsjs]iks:‘m U S:‘l)

The following lemma holds.
LEMMA 6.7. (i) (Vi1 (6, /) Viu(i,1)*) = puu(i, ).
(i) lP(Vv,y(irj)*Vv,;t(irj)) = puy(i,j)-
(iii) ‘/’(Vv,y(irj)vv,y(irj)*) = W’n_ml/’(vv,y(irj)*vv,y (i,7))-

Proof. (i) Since T;* ® S; belongs to R4 such that 5;?0%7("[1-* ®S)=T'®S;,
we have
lp(vv,y(i’j)vv,;t(i/j)*) = IP(Ti*Ti X Sism T SHmS]'S;»kS;m T S:tlsj)
=¢p((T; ®5) - (Ti ® Spy -+~ S, SjS; Sy -+ 51 S7))
= (T @Sy -+ Sy SjS; Sy, -+ Sy S7) - (T7 @ 54))
=p(TiT; @Sy, - 'Synzst;S;nl e S;‘,l SiSi) = Pmyu(i,j)-

(i) We have VV,V(i,j)*VV,y(i,j) = T]-Tvn . T,,lTl-Tl.*T;j1 T T]* ® S]’.‘Sj and
hence

Wy Vi, ) Vo (U = TiTF ® Sy, -+ 8,883 Sy, -+ S -

By Lemma(6.4) we have the desired identity.
(iii) As (5;‘}0g7 (Vou(i, 7)) = +"""Vy,u(i,j)*, the KMS condition for i ensures
us the desired identity. 1

The preceding lemma tells us that the values py,, (7, /) and py,v (i, j) are equal
form = naslongas (i, 1,..., 4m,j) € Bms2(Xa), (i, v1,...,Vn,j) € Bysa(Xa).
Hence the value p,,, (i, j) does not depend on the choice of the word v as long as
the length of vis n and (i,vy,...,Vn,j) € Byi2(X4). We may thus define p, (i, )
by (i, ]) for some v with (i,v4,...,vy,j) € Byy2(X4). If there is no word v such
as (i,v1,...,Vn,j) € By12(X4), then we define p, (i, j) to be zero.

LEMMA 6.8. Leti,j=1,...,nandn € Z.
(i) Assume A"*1(i,j) > 0and A"*2(i,j) > 0. Then pu(i,j) = Ypns1(i, )
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(i) Assume A"*1(i,j) > 0. Then

N

puli,j) =Y AG k) pus1(i k Z A(h, i) puga (b, f).
k=1 =1

(iii) Assume A" (i,j) > 0and A"*1(i,j) > 0. Then we have

vpu (i, ) ZAJ, )pn(i k) = ZAhZPn(hJ)
k=

Proof. (i) Since A"*1(i,), A"*2(i,j) > 0, we may find v = (vy,...,v,) and

u = (ill,. . .,I/ln_i_l) such that (i,i/l, - ,l/n,j) € Bn+2(XA)/ (i, Hi,-- .,]/tn+1,j) S
Bn_;,_g,(XA). Consider Vv,y(i/j) = Ti*TIZ s T:ﬂ T]* ® SiSP‘l cee Sﬂn+1 S]-. It then fol-
lows that

pu(i j) = 1P(Vv,y(irj)*vv,y(i/f)) = lp(VV,P‘(i’j)‘sﬁog’y(vvrli(i/j)*))
= VY Vol )Vou (@, 1)°) = YPutau(i)) = vPuia (i f)-

(i) Since A"*1(i,j) > 0, we may find v = (vy,...,v,) such that (i,vy,...,vy,j) €
B,12(X ). It then follows that

=

pn(l/]) p V(Z ]) l/J(TlTl*@SVlSVnS]S;kS:y,S;)

I
1=z

A(,Y(TiT @Sy, - SvnSjSkS,’:S]’-‘Sﬁn - 55)

»
Il
-

Il
1=

A(j, k) prsapj(i k) = ZA]/ )Pns1 (i, k).

»
Il
—_

We also see that

N
=) A P(TTT T, ® Sy, -~ 80,55y, -+ Si,)
N . . N . .
=Y A D)pusrij(hj) = Y A(h i) puga (b, ).
=1 =1

The assertion (iii) follows from (i) and (ii). 1

LEMMA 6.9. Fori=1,...,Nandn € Z., we have:

N N
i) ¥ A", j)pa(i, ) = (T} T; ® S;S¥) and hence Y, A" (i, j)pn(i,j) = 1.
j=1 ij=1

N N
() ¥ A" (j,i)pu(i,j) = ¢(T;TF ® StS;) and hence 'y, A""1(j,i)pa(i,j) = 1.
j=1 ij=1
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Proof. (i) We have the following identities:

N
(T T, ©8:87) =), Al m)¢(T;Ti ® S5, S;,, S7)
=1

N N
=Y, Y AG )AL, p2) A, NPT T Sipy 1Sy o)
]':1]/11,...,]/[”:1
N 1/: - ..
=Y A" ) pali ).
=1

N
We also have ) ¢(TT; ® S;Sf) = ¢(Ea) = 1.
i=1
(ii) is similarly shown to (i) . &

We notice that ¢(T;T; ® S;S]) = ¢(T;T; ® S;'S;) because of the equality
5 - (TF ®S;) = T ® S; and the KMS condition for . Recall that we are assum-
ing the matrix A is aperiodic so that there exists ny € N such that A" (i,j) > 0 for
alli,j=1,...,Nand n > ng.

LEMMA 6.10. We have v = B.

Proof. Lemma |6.8| and Lemma [6.9| imply that the vector [p,(i, k)], is a
nonnegative eigenvector of the matrix A with eigenvalue  for each n € N and
i =1,...,N. Since A is aperiodic, [px(i, k)], is actually a positive eigenvec-
tor with eigenvalue 7. By the Perron-Frobenius theorem, < coincides with the
Perron-Frobenius eigenvalue 5. 1

We have seen that v must be the Perron-Frobenius eigenvalue of the matrix
A by Lemma Its proof does not need the assumption v > 1 that we had
first assumed. Now the matrix A is aperiodic and not any permutation so that
its Perron-Frobenius eigenvalue is always greater than one. Hence y(= B) is
automatically greater than one.
Recall that [aj]j]i 1 [N be the positive eigenvectors of A and A" for the
N
eigenvalue f respectively such that }_ a;b; = 1. We have the following lemma.
i=1
LEMMA 6.11. Forn 2 ngandi,j=1,..., N, we have
bia- N
] D
pn(h, k).
(Sl bn) - (Rl @) hk=1
Proof. We fix n > ng. For a fixed i = 1,...,N, the vector [p,(i,k)]} is a
positive eigenvector of the matrix A for the eigenvalue 8. By the uniqueness of
the positive eigenvector of A, we may find a positive real number ¢, ; such that

(6.9) pu(i,j) =

(6.10) pn(i,j) = cpa; forj=1,...,N.
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N N
By Lemma we know that the vector [ Y pa(i,j )} - is a positive eigenvector
=1 =

of the matrix A" for the eigenvalue B. Hence the normalized positive eigenvectors
[ Z]‘I\il pu(if) } N
E;I,\,]k:1 pn (k)

N
d [ Nbi } coincide, so that we have
Y1 beli=1

th 1 Pn(h k)

fori=1,...,N.
2112121177(

(6.11) an ij)

By and (6.11), we have

Z] 1}7”(1 ]) bZ]I;]k 1Pn(h/k)
YN e (b (XN ap)

so that we know by using again. 1

We thus obtain the following lemma.

Cni =

LEMMA 6.12. Forn 2 ngandi,j=1,..., N, we have

(6.12) pa(i,j) = /3”‘“ bia;.
Proof. We fix n > ng. By Lemma [6.11| together with Lemmal6.9} we have
N A”+1(1 ])b‘a‘ N
L= 3 A" )palinf) = = pu( k).
i,jZ::1 i,jZ::1 (Xhoq bn) - (TRl ax) h,kE:l

As [a ]] ', is a positive eigenvector of A for the eigenvalue , we have

N
Z An+1 l] bﬂ] Zﬁn+1ba _ ,Bn+l
ij=1
so that the equalities
‘Bn—i-l N
= P
(S0l bn) - (T ax) h,Zl ’
and
N N
(6.13) pn(h, k) b; a;
h,kzl n ‘Bn-t,-l(z ) (/; ])

hold. By and (6.13), we get the desired equality. 1
Consequently, we know the following proposition.

PROPOSITION 6.13. The restriction of a KMS state 1 on R 4 to the commutative
C*-subalgebra C(X 4) coincides with the state defined by the Parry measure on X .
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Proof. Forn > ngand & = (i,vy,...,vy,j) € Byy2(X4a), Lemmal6.12/shows
that

P(TT @ Sy Siy ) = IBnga

Let u be the Parry measure on X 4. Since the Parry measure of the cylinder set
Upgpnit C Xa,m € Z for the word { is given by

1
V(um;ﬁnﬂ) = Wbiaj

by the formula (6.4). Let LS A— be the characteristic function of the cylinder

set U[é]z;+n+1. Since

lp(TlTl* ® SV]"'anS Vn]) #)(Xu[é]mﬂ,ﬂ )

we obtain
V(u[g]g;+n+1) = lP(Xummﬂ,H ).

Any cylinder set on X 4 is a finite union of cylinder sets of words having length
greater than ny + 1. Hence we may conclude that the restriction of i to the com-
mutative C*-subalgebra C(X,) of R, coincides with the state defined by the
Parry measure on X4. 1

Therefore we may summarize the above discussion in Theorem
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