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ABSTRACT. We describe a weak tracial analog of approximate representability
under the name “weak tracial approximate representability” for finite group
actions. We then investigate the dual actions on the crossed products by this
class of group actions. Namely, let G be a finite abelian group, let A be an
infinite-dimensional simple unital C*-algebra, and let a: G — Aut(A) be an
action of G on A which is pointwise outer. Then a has the weak tracial Rokhlin

property if and only if the dual action @ of the Pontryagin dual G on the
crossed product C*(G, A, a) is weakly tracially approximately representable,
and « is weakly tracially approximately representable if and only if the dual
action @ has the weak tracial Rokhlin property. This generalizes the results of
Izumi in 2004 and Phillips in 2011 on the dual actions of finite abelian groups
on unital simple C*-algebras.
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INTRODUCTION

Let A be any C*-algebra, let G be alocally compact abelian group, leta: G —
Aut(A) be an action, and let G be the Pontryagin dual of G. For every w €
é, there is an automorphism @, of the crossed product C*(G, A, «) given on
Ce(G, A, a) by &y(a)(g) = w(g)a(g) fora € Cc(G,A,a) and ¢ € G. Moreover,
@: G — Aut(C*(G,A,n)) is a continuous action of G on C*(G, A,«) which is
called the dual action. (One can also use w(g) in place of w(g).) In this regard,
discovering structures and properties of the dual action @ on the crossed product
from structures and properties of the underlying action « or the other way around
is always an important problem, given the fact that Ais essentially as same as «
by the Takai duality.
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The notion of approximate representability for finite group actions on C*-
algebras was introduced by Izumi in [16]. He proved that an action a: G —
Aut(A) of a finite abelian group on a unital separable C*-algebra has the Rokhlin
property if and only if the dual action @ is approximately representable, and « is
approximately representable if and only if the dual action @ has the Rokhlin prop-
erty. This theorem is usually called the duality theorem for finite group actions
with the Rokhlin property.

In the setting of finite quantum group actions, Kodaka-Teruya studied the
Rokhlin property and approximate representability in [18]. Further, an appro-
priate notion of the Rokhlin property under the name “spatial Rokhlin prop-
erty” and appropriate version of approximate representability under the name
“spatial approximate representability” were introduced in the setting of compact
quantum groups by Gardella, Kalantar, and Lupini in [12]. The work of Izumi
(the duality theorem for finite group actions) was generalized to these classes of
quantum groups as well. Further, a version of the duality theorem for Rokhlin
dimension, introduced by Hirshberg, Winter, and Zacharias in [15], was obtained
in [10] by Gardella, Hirshberg, and Santiago in the setting of representability di-
mensions and Rokhlin dimensions.

Even though a version of the tracial Rokhlin property for actions of non-
finite compact groups has been recently defined in [21]], the right version of the
tracial approximate representability has not been known yet for this class of group
actions. In the setting of finite groups, Phillips in [23] defined the tracial ana-
log of approximate representability under the name “tracial approximate repre-
sentability” and proved that if a: G — Aut(A) is an action of a finite abelian
group G on an infinite-dimensional simple separable unital C*-algebra A such
that C*(G, A, a) is simple, then « has the tracial Rokhlin property if and only if
its dual @ is tracially approximately representable, and vice versa. Nevertheless,
the existence of projections may create an obstruction. Namely, so many inter-
esting C*-algebras are projectionless and, therefore, group actions on this class of
C*-algebras with the Rokhlin property or even the tracial Rokhlin property are
rare. The need for filling this void has led to have a weaker version of the tracial
Rokhlin property under the name “weak tracial Rokhlin property”. The idea is
to replace Rokhlin projections by positive contractions. This idea was introduced
by Archey in [2] and Hirshberg and Orovitz in [14] with different names. Further,
the interconnections among strong outerness, the weak tracial Rokhlin property,
and finite Rokhlin have been thoroughly studied in [11]. In particular, it has been
established that for classifiable C*-algebras with compact trace space, the weak
tracial Rokhlin property is equivalent to strong outerness. This can be seen as a
C*-algebraic counterpart of Jones’ theorem concerning outer actions on the hy-
perfinite II;-factor and greatly contributes to the significance and importance of
the weak tracial Rokhlin property and its dual. Also, the existence of group ac-
tions with the weak tracial property (see [14]) and the question of discovering
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an appropriate definition of a “weak tracial” analog of the approximate repre-
sentability for finite group actions, asked by Phillips, are part of our motivation
to think of this class of the group actions and their duals.

In this paper, we define a “weak tracial” analog of the approximate repre-
sentability for finite group actions (see Definition [2.1) and show in Theorem
that an outer action of a finite abelian group on an infinite-dimensional simple
unital C*-algebra has the weak tracial Rokhlin property if and only if its dual is
weakly tracially approximately representable, and vice versa. This is in fact a
general duality result for finite group actions and generalizes the results of [zumi
[16] in the setting of simple C*-algebras and the results of Phillips [22] on the dual
actions. Also, we give examples of finite group actions which are weakly tra-
cially approximately representable but not tracially approximately representable
(see the discussion after Theorem and Example and also some other
examples with or without being weakly tracially approximately representable.
(See Example[2.9] Example and Example2.12})

After this work was posted on arXiv, the definition of the weak tracial ap-
proximate representability (Definition[2.1) has been generalized to non-finite dis-
crete groups and separable C*-algebras in [19]. However, the main result of [19],
Theorem 3.21, is identical to Theorem [2.8|in this paper, with somewhat different
methods.

1. PRELIMINARIES

In this section, we begin by fixing some notation. We then collect briefly
some information on the Cuntz semigroup, and group actions with the weak
tracial Rokhlin property for easy reference and the convenience of the reader.

NOTATION 1.1. Throughout, if A is a C*-algebra, or if A = M (B) for a
C*-algebra B, we write A for the set of positive elements of A. Fora € A, we
denote by (a — €)1 the element of C*(a) corresponding to the function max(0, t —
€) on the spectrum of 4. Also, we denote by K the algebra of compact operators
on a separable and infinite-dimensional Hilbert space. For a Hilbert space H,
we denote by L(H) the set of all bounded operators on H. For an action « of a
finite group G on a unital C*-algebra A, we denote by A* the fixed point algebra,
given by

A" ={ac A:ag(a) =aforallg € G}.

The following definition is originally from [7].

DEFINITION 1.2. Let A be a C*-algebra. For any a,b € A, we say that a is
Cuntz subequivalent to b in A, written a 34 b, if there is a sequence (y,)5_; in A
such that

lim y,by, = a.

n—o0
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Ifa 4 band b 34 a, we say that a and b are Cuntz equivalent in A and write
anra b. This relation is an equivalence relation.

Part (i) of the following lemma is known as Rerdam’s Lemma. It is Proposi-
tion 2.4 of [24] or Theorem 2.7 of [13]]. Part (iia) is Lemma 2.5 of [13] and part (iib)
follows immediately from (iia) because || (a —A) — (b — A)|| < e.

LEMMA 1.3. Let A be a C*-algebra.
(i) Let a,b € A. Then the following are equivalent:
(@)azab;
b)(a—n)y Zabforally >0;
(c) for every > 0, there is 6 > 0 such that (a — 1)+ Za (b—9)+.
(ii) Let a,b € Ay and let e > 0. If ||a — b|| < ¢, then:
@ (a—e)+ Zab;
(b) for any A > 0, we have (a — A — &)+ a4 (b—A)4.

The following is Lemma 2.6 of [6].

LEMMA 1.4. Let A be a unital C*-algebra, let a,g € A satisfy 0 < a,g < 1, and
let 1,60 > 0. Then

(@—(e1+e2))+ Za ((1-glal —g) —e1)+ @ (3‘%)+'

LEMMA 1.5. Let A be a unital C*-algebra, let a € A with |a|| < 1, and let

€ (0,1). Let g¢: [0,1] — [0, 1] be the continuous function
1
—t t<1—e¢
)\ — 1—¢ ~X 4
ge(A) {1 F>1_e

Then (1 —a—g); ~a1—ge(a).
Proof. It can be easily seen by a functional calculus argument. 1

We need several approximation lemmas which will be needed in the follow-
ing sections.

LEMMA 1.6. Let M € (0,00) and let f: [0, M] — C be a continuous function.
Then for every € > 0 there exists § > 0 such that whenever A is a C*—algebm and
x,z € Asatisfy0 < x < M, ||z|| < M, and ||xz —zx|| < §, then || f(x)z —zf (x)|| < e.

Proof. The proof is the same as the proof of Lemma 2.5 of [3], except we
allow here to use M. This change makes no difference. 1

LEMMA 1.7. Let M € (0,00) and let f: [0, M| — C be a continuous function.
Then for every € > 0 there exists § > 0 such that whenever A is a C*-algebra and
x,y € Ay satisfying || x|, [lyll < Mand |[x —y|| <, then || f(x) = f(y)[| <e.

Proof. The case M = 1is Lemma VI.11in [2]. The proof of this version is the
same. I
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The following lemma is a preparation for Lemma|L.9}
LEMMA 1.8. Let H be a Hilbert space, let a € L(H) satisfy 0 < a < 1, and let

¢ € Hsatisfy [|C]| = 1. Then [|ag — & < /1 — [|ag]>.

Proof. We have ||a'/2¢|| > [|a'/2a'/2¢|| = ||ag|.. So (ag, &) > [|ag|*. Now we
have

lag — &|* = [|ag||* — 2{ag, &) + [|Z]1* < ||ag||* — 2]|ag|* +1 = 1 — ||ag]|*.

The result follows. 1

LEMMA 1.9. Let f: [0,1] — C be a continuous function such that f(1) = 1.
Then for every € > 0 there is 6 > 0 such that whenever A is a C*-algebra, a,x € Ay
satisfy ||al| <1, ||x|| < 1, and ||axal| > 1 — 6, then ||f(a)xf(a)|| > 1 —e.

Proof. Let ¢ > 0. Without loss of generality, ¢ < 1. Set M = sup |f(A)].
A€(0,1]
Then M > 1. Choose a polynomial function g such that g(1) = 1and for A € [0, 1]

we have
€

lg(A) = fF(V)] < 32M 1 1)

AR with g, aq, . .., &, € C. Then
0

Write g(A) =

n
k=

n
Y ay=1 and sup |[g(A)|<M+1.
k=0 A€[0,1]

n
Set R = Y k|ag|. Choose § > 0 so small that
k=0

2(M +2)R6Y2 +3(M+1)5'/4 < g

In particular, 6 < 1.

Let A, a, and x be as in the hypotheses, with this choice of . We can assume
A C L(H) for some Hilbert space H, and if A is unital, we can assume its identity
is the identity operator on H.

Since ||axal| > 1 — 4, there is { € H such that ||¢]| = 1 and |[axad|| > 1 —J.
Clearly |[ag|| > 1 — 8, so Lemma 1.8 implies

lag — &l < /1 (102 = V25— &2 < 252,
Similarly ||axal|| < ||xag]|, so
Ixg1| > [|xagl — llx[lag =&l > 1 -6 —26"% > 1-35"2,
and Lemmal(1.8/implies
Ix& — &l < /1= (1= 381/2)2 = V66172 — 95 < 351/%,
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For k € Z>o, we have
18— a*¢|| < I|& — agll + llall - 1§ — a&l| + - - - + ||| - | — ag || < 2k8™/2.

n
Therefore, using ) ap =1,
k=0

n

n
16 — g(@)gll < Y laelllg —a¥g]l < Y 28" ?|ag| = 2R0M2.
k=0 k=0

Now, using this, we get

18(a)xg(a)d — Il < llig(a)ll - llx[ - ig(@)d — &Il + g (@)l - 1x¢ — &Il + llg(a) — ¢l
< (M+1)-2R6V2 + (M +1) -36V/4 + 2R6V/2 < g
It follows that ||g(a)xg(a)d|| > 1 — 5, s0 [|g(a)xg(a)| >1— 5.
The choice of g implies that
€
1g(a) = f(a)|| < 32M 1)

so we now have
I f(@)xf(a)ll > lig(a)xg(a)ll —lIg(a) — f(a)l| - [|x]| - lig(a)ll
—If @) lix[l - lig(a) — f(a)ll
e eM+1) eM

1- £ - >1-e
Z T3 3aM 1) 32M A1) ¢

This completes the proof. 1

Now, we recall the definition of the weak tracial Rokhlin property and prove
some equivalent conditions for it.

DEFINITION 1.10. Let G be a finite group, let A be a simple unital C*-algebra,
and let w: G — Aut(A) be an action of G on A. We say that « has the weak tracial
Rokhlin property if for every € > 0, every finite set F C A, and every positive ele-

ment x € A with ||x|| = 1, there exist orthogonal positive contractions f, € A for
¢ € Gsuch that, with f = }° fe, the following hold:
geG

@) |lafg — feal| < eforallg € Gandalla € F;

(i) [lag(fn) — foull < eforallg,h € G;

({)1—fZax

(i) [Ifxfll > 1 —e

In the following lemma, we show that orthogonality of the contractions f,

for ¢ € G in Definition can be replaced by approximate orthogonality. Fur-
ther, we show that f in Definition can be chosen in the fixed point algebra
A", at the cost of replacing orthogonality by approximate orthogonality of the
contractions fg for ¢ € G. This will be useful in the proofs of Proposition[2.5/and

Proposition
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LEMMA 1.11. Let G be a finite group, let A be an infinite-dimensional simple
unital C*-algebra, and let «: G — Aut(A) be an action of G on A. Then the following
are equivalent:

(i) « has the weak tracial Rokhlin property.
(ii) For every € > 0, every finite set F C A, and every positive element x € A with

||x|| = 1, there exist positive contractions fq € A for § € G such that, with f = gc fer
8
the following hold:

@ [[fefull < eforall g,h € G;
(b) llafg — feall < eforallg € Gandalla € F;
(©) llag(fu) = fonll < eforallg,h € G;
dA-f-e+Zax
@) [lfxfll >1—e
(iii) For every e > 0, every finite set F C A, and every positive element x € A with

|| x|| = 1, there exist positive contractions fg € A for g € G such that, with f = Y fq,
g€G

the following hold:
@ llfefull < eforall g, € G;
(b) |lafy — feal| < eforallg € Gandalla € F;
(©) ag(fn) = fonforallg,h € G;
dA=f-e)+Zax
@ Ifxfl > 1
() f € A%and ||f|| = 1.

Proof. It follows from Lemma 3.3 of [6] that (i) implies (iii). Also, (iii) clearly
implies (ii). So it suffices to prove that (ii) implies (i). To prove it, lete € (0,1),
let F be a finite set in A, let x € Ay with [|x|| = 1, and let g be as in Lemma[L.5|
Assume card(G) = n for some n € Z~( and set M = max(1, max{||a||: a € F}).
Using Lemma 2.5.12 of [20], Lemma Lemma and Lemma we can
choose 41,9, > 0 such that the following hold:

(iv)d <o <g

(v)ifay, ..., an € Ay with ||a;]| < 1forj=1,...,nsuchthat |aja|| <y when
j # k, then there are by, ..., b, € Ay such that bjby = 0 when j # k, ||b]\| <1, and
lla;j —b;l| < uiigM forj=1,...,n;
(vi)if x,z € Asatisfy 0 < x < 1, ||z]| < M, and ||xz — zx|| < Jy, then

18e(x)z — 2ge(x) | <&
(vii) if x,z € Ay with [|x||, ||z]| < 1and ||x — z|| < &, then
18e(x) — ge(2)| <&
(viii) if x,z € A4 satisfy ||x]| <1, ||z|| <1, and ||xzx|| > 1 — J;, then

lge(x)zge(x)|| > 1 —e.
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Sete' = ¢ M2 . Using the conditions in part (ii) of the lemma with ¢ in place
of ¢, F,and x € A4 as given, we can find positive contractions f¢ € G in A for
g € Gsuch that, with f = }° f,, the following hold:

geG

(i) || fefull < € forallg,h € G;
(x) [lafy — feal| < €' forallg € Gandalla € F;
(i) llag(fr) — fenll < € forall g, h € G;
(i) (1 f — €) Za %
(xiii) [|fxf]| >1—¢.
By (v), there are contractions bg € A for ¢ € G such that:
(xiv) bgby, = 0 for all g,h € Gwithg #h;
(xv) || fe = bgll < 12n2M for g € G.
Now, for every g € G, set

b= Y by, d¢=ge(bg), and d=g(b).
g€G

By Lemma VI.10 of [2], it is clear thatd = ) d,. Now, we claim that the follow-
geG
ing hold:
(xvi) dq for ¢ € G are mutually orthogonal positive contractions;
(xvii) |ladg — dga|| < eforallg € Gand alla € F;
(xviii) [lag(dy,) — dgnl| < eforallg,h € G;
xix)1—d 234 x;
(xx) ||dxd]| > 1 —e.

Since by for ¢ € G are mutually orthogonal positive contractions, part (xvi)
is immediate.
To prove (xvii), we use (xv) and (x) at the second step to get
52 o
[bga — abg || < ||bg — fell - llall + [l fea — afg| + llall - | fg = bgll < 7 +¢&' + 3 < 9.
Then, by (vi), we have ||dga — adg| < e.
To prove (xviii), we use (xi) and (xii) at the second step to get

lloeg (bn) — bgnll < lloeg (bi) — ag(fu) | + lleg (f) = fonll + 1l fgn — benl
) )
<G+ T <h
Then, by (vii), we have ||ag(d),) — dgp|| < e
To prove (xix), we use (xv) at the third step to get
) o
@) A=) -A=BlI=f =0 < T Ife bl < > < 5

g€G
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Using Lemma [I.5 with b in place of a at the second step, using Lemma 1.3(iib)
and at the fourth step, and using (xii) at the last step, we get

)
1-d=1-g(b) ~a(1—b—g)y 4 (1—b—05)4 ( _E>+
Sa(l=f-€)r Zax
To prove (xx), we use (1.1) and the fact that || || < 7 at the second step to get

6 )
Ifxf —bxbl) < I1f =Bl efl + o] -1 — bl < 2 4 2 = 2.

Now, using this at the first step and usmg (xiii) at the second step, we get
)
loxb]| > |Ifxfl| =5 >1—¢' =T >1-5.

Then, by (viii), we have ||dxd|| > 1 — e. This completes the proof.

2. THE DUAL OF WEAKLY TRACIALLY APPROXIMATELY REPRESENTABLE ACTIONS

In this section, we first give the definition of weakly tracially approximately
representable actions. We then give a general duality theorem for a finite abelian
group action when the action has the weak tracial Rokhlin property or is weakly
tracially approximately representable. Further, we exhibit some examples to show
that our theorems are not empty.

The following is a “weak tracial” analog of approximate representability for
finite group actions on infinite-dimensional simple unital C*-algebras.

DEFINITION 2.1. Let A be an infinite-dimensional simple unital C*-algebra.
Anactiona: G — Aut(A) of a finite group G on A is weakly tracially approximately
representable if for every finite set F C A, every e > 0, and every positive element
x € Awith ||x|| = 1, there are ¢ € (A")4 with ||c|| < 1 and contractive elements
sg € cAc for ¢ € G such that:

(@) ls1 —cll <eand [[s; —soa|| < eforallg € G;
(ii) [|sgsn — csgnl| < eforall g, h € G;

(iii) ||ca —ac|| < eforalla € FU {s¢: g € G};

(iv) [lag(cac) — sgasg|| < eforalla € Fandall g € G;
(v) lag(sn) = sgpe1|| < eforallg,h € G;
Vi)(1—c—¢€)y Zax;

(vii) ||cxc]] > 1 —e.

It is clear that condition (v) reduces to ||ag(s,) — s;|| < €if G is an abelian
group. We refer to Definition 4.1 of [5] for a tracial version of Definition 2.1|in
the setting of nonabelian finite groups and Definition 3.2 of [23] in the setting of
abelian finite groups and separable C*-algebras.
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In the following lemma, we show that in the category of pointwise outer
actions of countable discrete groups on simple C*-algebras, for every positive el-
ement of norm one, say 4, in the crossed product, there is a positive contraction in
the crossed product, say z, such that zaz* € A, \ {0} and its norm is bounded be-
low. This lemma may be known and can be considered as a standard application
of Kishimoto’s lemma. We include a proof as we need to know some information
on the norm of z and zaz* when it is used in the proofs of Proposition 2.5/ and
Proposition[2.7]

LEMMA 2.2. Let a: G — Aut(A) be an action of a countable discrete group G on
a unital simple C*-algebra A which is pointwise outer. Identify A with a subalgebra of
Ci(G, A, a) in the usual way. Let a € C;(G, A, )4 satisfy ||a|| = 1. Then for every
e > Othereisz € C} (G, A, w) such that:

(1) zaz* € Ay;
(i) [zl < 1,
(iii) ||zaz*|| > 1 -«

Proof. Lete € (0,1). Choose A suchthat1 —e < A < 1. Setb = (a4 —A)4.
We use Lemma 4.2 of [9] to get c € A4 \ {0} such that ¢ Zc:(g ) b- Note that
separability of the C*-algebra in Lemma 4.2 of [9] is not needed. We may assume
|lc]] = 1. Now, we choose 6 € (0,1) such that (1 —6)A > 1 —e. We use Lemma 2.7
of [6] to get wy € C; (G, A, a) such that

(2.1) |woawy —c|| <6 and |jwp| < A7V2,
Using Lemma 2.2 of [17], we get a contraction d € C; (G, A, «) such that
(2.2) dwoawid™ = (¢ — 6) 4.

Now, setz = m -dwy. Itis clear that |z|| < 1and zaz* € A. Now, using li at

the first step and using the second part of and the factthat || (c =) +|| > 1—46
at the second step, we get

lzbz*|| = Nle=8)+l >A(1—-6) >1 -

This completes the proof. 1

If a finite group action on a simple unital C*-algebra has the weak tracial
Rokhlin property, it follows from Proposition 3.2 of [8] that « is pointwise outer
and, therefore, Lemma 2.2 can be applied.

NOTATION 2.3. Let A be a unital C*-algebra and let a: G — Aut(A) be an
action of a finite group G on A. For ¢ € G, we let u¢ be the element of C¢(G, A, &)
which takes the value 1 at g and 0 at the other elements of G. We use the same
notation for its image in C*(G, A, a). Also, for each g € G, we define the map

E¢: C*(G, A,a) — Aby E¢(a) = ag, where a = ggc Agilg.
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REMARK 2.4. Let G be an abelian finite group. Then:
card(G) x=1,

g€G 0 x#1

(i) For every x € G, wehave ¥ x(g) = {

card(G) g=1,

0 g#1L
PROPOSITION 2.5. Let A be an infinite-dimensional simple unital C*-algebra and

let G be a finite abelian group. Let : G — Aut(A) be an action of G on A which has the

weak tracial Rokhlin property. Then @ is weakly tracially approximately representable.

Proof. Let ¢ € (0,1), let x € C*(G,A,a)+ with [[x|| = 1, and let F C
C*(G,A,a) be a finite set. We use Lemma with x in place of a to choose
z € C*(G, A, a) such that

(i) T x(g) = {

xeG

€
g

Without loss of generality, F = Fo U {ug: ¢ € G} for some finite subset
Fy C Asuch that ||la|| < 1foralla € F. Set

R = FyU{Ey(2), Eg(2*): g € G,
- czxz*, and € = €
|z | ’  48(1+ §)card(G)?’

Applying Lemma with F; and y as given and €’ in place of ¢, we get positive

contractions f, € A for ¢ € G such that, with f = ¥ fe, the following hold:
geG

(2.3) zxz" € Ay, |zl €1, and |jzxz*|| >1-—

y

@) Ifefull < € forallg,h € G;
(i) ||afy — fea|| < € forallg € Gand alla € Fy;
(iii) ag(fh) = fgh forallg,h € G;
V)(1-f-¢&)+ Zay
V) Ifyfl >1-¢;
(vi) f € A%and || f|| = 1.
Now for every T € @, define

St = Z T(g)fgr tT - 178 *St, and cC = 1
g€G +s3

+
ool

We claim that:

(vii) t; € cAcforall T € G;

(viii) ||tc|| < 1forallT € Gand c € A%\ {0} with |c| < 1;
(ix)t; =cand t; =t 1 forall T € G;
(X) ||trty — ctro]| < eforall T,0 € G;
(xi) ||ctr — tec| < eforall T € G;

(xii) ||cv —vc|| < eforallv € F;

(xiil) @, (ty) =ty forall 7,0 € G;
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(xiv) ||@(cvc) — trott]| < eforallT € Gand v € F;
xv) (1 —c—e)+ Zcrcam %
(xvi) ||exc]] > 1 —e.
Since f, € fAf, it follows that s € fAf forall T € G and, therefore, (vii) is
immediate. N
To prove (viii), it suffices to estimate |[s;|| for T € G. Set S = {(g,8): g €
G} C G? and use (i) at the third step to get

ey |P-L =] Z - A <| T o] < card(c)
g€G gheG g€G g,hés

Now, using , (i), and the fact that |7(g)| = 1 for all g € G at the second step,
we estimate

Isesi = £l < | 2 PR () fofil| + | L@~ F |
< card(G)%¢ + card(G)%¢ < %

Therefore, using this at the second step and the second part of (vi) at the third

step,
€ €
Isell® = llsestll < llfI*+ 5 =1+
This relation implies that [[s-|| < 1+ §.
Part (ix) is easy to check.

To prove (x), we use (i) at the second step to estimate

Iseso — fseoll < H L fgth+H2w 12— L w@fif

gheG
< card( )¢’ 4 card(G)?e' = 2card(G)?¢’.

This relation implies that ||trty — ctro || < €.
To prove (xi), we use (i) at the second step to get

Ifse =sefl < || X fhng+H - ¥ 5|

gh#s gheG
< card(G)?%¢ +card(G) ¢ :2card(G) ¢

This relation implies that ||ctr — t-c|| < e.
We prove (xii). Since ¢ € AY, it follows that ugc = cug for all ¢ € G. For
a € F;, we use (ii) at the second step to get

25) Jaf — fall < X llafy = foall < card(G)
g€

card(G)

This relation implies that [[ac — ca|| < =c~¢’ < ¢ and, therefore, (xii) now
8

follows.
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To prove (xiii), for all 7,0 € G, we have

Relte) = g - L 0GRefy) = g & o@)fs =t

1+g g€G g€G

We prove (xiv). For all a € F;, we use (i) and (ii) at the second step to estimate

Hfuf—g;Gfgang < H L fstfi= T Sfua|
+ H = sl | L fie= L fueh|

ghes
< card(G)e’ + card(G)%¢’ + card(G)e’ < 3card(G)?%¢’

Therefore, using this, (ii), and the fact that ar(faf) = faf for a € F; at the sec-
ond step,

Iscast =&e(faf)l| < | ¥ w@T00fafs = L Te)r(ifun
ghe ghe
+ H fgfh“H + H Z 17(g)I? fg”* ng”ng
hés

+ || X St —fafH
g€G

< card(G)%¢ + card(G)%' + card(G)e’ + 3card(G)?¢’
< 6card(G)2e’

This relation implies that, for alla € F,

6card(G)2e’

(26) ||t~fllt (CllC) || < W

< &

Now, we use (iii) at the second step to get

@7)  seugst =Y t(h)T(t) fang(fi)ug = Y T(B)T(g™ ") fiufirtg,

hteG hteG

and use (vi) to get

(2.8) ar(fugf) = T( Vfugf = T( )f Ug.

Therefore, using (2.7) and (2.8) at the first step, and using (i) and (2.4) at the sec-
ond step,

||5T“g5¥ (f”gf)

setgst = L) (g 0ffts |+ Zrye(a™ ) oo

hteG
+ || E e g — T g |
hGG
< 2card(G)?%e’ + card(G)e' < 3card(G)>2¢’
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This relation implies that

~ 3card(G)%¢
(2.9 |trugts — ar(cuge)|| < N <.
Part (xiv) now follows from and 2.9).

To prove (xv), we use (vi) at the third step to estimate

I1=c)=(A=f=&)ell <A=c)+ Q=PI+ A=) == fF=€)]

€ €
<lle=fl+¢ < |z —1] Ifl+€ < 5 +5 =

1
1+§ 22

Using this and Lemma 1.3(iib) at the first step, and using (iv) at the second step,
we get

(I-c—e)s Ja(l—f—€)s ZJay~azxz".
Since the above relation also holds in C*(G, A, ), it follows that

(1—c—€)4 Zcr(c,an) 2¥2° Zc+(GAm) X

To prove (xvi), we use the fact that ||c|| < +g at the second step, and use
the second part of (2.3) and (2.5) at the third step to ‘estimate

llezxz*c — zexez™|| < ||ez — ze|| - ||xz*c|| + ||zex|| - ||z"¢c — cz*||

< L IfEg(2) = Eg(2)f | - llxz"cll -

g€G

1-0—8

1+8 Nlzexl - ¥ IEg(z")f — fEg(z")]

g€G
< card(G)?¢’ + card(G)%¢’ < g
This relation implies that
(2.10) |zexez™|| > ||czxz*c|| — %

Now, using the first part of (2.3) at the first step, using (2.10) at the second step,
using (v) at the fourth step, and using the third part of (2.3) at the fifth step, we get

€ 1— €
||cxc||2||zcxcz*||>||czxz*c|\—§—( §) ||fzxzf||—f>< %) -||zxz*\|—§
(1-£)2 ¢ e €
Ty 27 T2 E

This completes the proof. 1

LEMMA 2.6. Let A be a unital C*- algebm and let ¢ > 0. Let a € A4 with
lla| <landletn € Z~o. Then (1 —a" —¢e)y Za (1—a— ).
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Proof. We apply functional calculus to a. So we have an isomorphism de-
fined by ¢: C(sp(a)) — C*(1,a). Then we can check that

{xesp(a):1—x"—e>0} C {x€sp(a): 1—x—§ >0}.
This completes the proof. 1

PROPOSITION 2.7. Let A be an infinite-dimensional simple unital C*-algebra and
let G be a finite abelian group. Let a: G — Aut(A) be an action of G on A which is
pointwise outer. If a is weakly tracially approximately representable, then ® has the weak
tracial Rokhlin property.

Proof. Let ¢ € (0,1), let x € C*(G,A,a)+ with |[x|| = 1, and let F C
C*(G, A, a) be a finite set. Without loss of generality, F = Fy U {ug: ¢ € G}
for some finite subset Fy C A such that ||a|| < 1 foralla € Fy. By Lemmal|l.9} we
choose ¢ € (0,¢) such that:

() ifa, b € Ay satisfy ||a]| <1, ||b]| <1, and ||aba| > 1 —J, then
47 4 €
b 1—-.
Ja*bat] > 1 ¢

Since & is pointwise outer, it follows from Lemma2.2]that there is an element
z € C*(G,A,a)\ {0} such that:
(2.11) zxz" € Ay, |z]| €1, and |lzxz®|| >1-— %
Set
Fy = {Eq¢(a),Eg(a)*:a € FU{zx}, g € G},
1 N ;o )
x¥z', and & = 640card(G)"
Using Definition 2.1 with F, y, and ¢’ as given, there are ¢ € (A*), with |[c[| < 1
and contractive elements s, € cAc for ¢ € G such that:
(i) |lca — ac|| < €' foralla € FyU {sq: g € G};
(iii) [|ag(cac) — sgasg|| < & foralla € Fyand allg € G;
(iv) |[sgsp — csgnll < € forall g, h € G;
(v) [ls1 —c|| <& and [|s; — s, <€ forallg € G;
(Vi) [lag(sy) —sy|l < € forallg, h € G;
(vii)) (1 —c—¢)y Zay;
(viii) ||eye|| > 1 —¢.

y

=

We use (viii) and (i) to get

€

g/
and use (vi) at the second step to get, forall g,/ € G,

(2.12) ctyct|| >1—

(213) lugsy — spugll < lag(sn) — sl - llugll <€
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Using the fact that s, e = sz,h at the first step, and using (iv) and 1D at the
second step, we estimate

Jitgsiunsy, — ugusiel
@14) < ugl - sgomn — syl - 571+ ugall - 157 — syl < &+ = 2¢'.

For every T € G, we define

1 *
pr = card(G) 2 T(g)ugsg, fr =cpipcc, and f= Z f-.
gGG TG@

Now, we claim that:

(ix) fr for T € G are positive contractions;
X) || fefoll < eforallt,o € G with T £ 0;
(xi) ||afr — fra|| < eforallT € Gandalla € F;
(xii) ||lac(fr) — feoll < eforall 7,0 € G;
(xiii) (1 = f — &)+ Jcr(Gam) %
(xiv) | fxf] > 1—e.
Part (ix) is immediate.
We prove (x). We use at the last step to estimate

[prc—cpel < Z [T(8)] - [lugsge — cugsg]|
geG
1
8

Using (2.15), short computations show that
(216) ||pec®—c*pe]|<4e’,  |[prprc—cprpel<4€, and ||prc’—pel<6e’

We use (2.13)) at the last step to get

[Pz — pell < Card Z T(g)] - Isg-11tg — ugsyll
gEG
1 / / /
(217) < mgg&(ﬂsgqug — sgulg|| + ||sgug — ugs,||) <& +& = 2¢.

A short computation together with Remark 2.4 shows that

(2.18) Y o@)r(hugsy, = {0 o7

gheG card(G)pr o=T.
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Then, by (2.14),
1 -
pobr — ——=5 2, o(8)T(M)ughsgc
‘ card(G)? rte 878 H
1
. < . * * _ % /‘
(2.19) card(C)2 g%c |o(g)T(h)| - lugsgunsy — ugnsgcl| < 2e

Using and 1i we get, forall 7,0 € G with T #0,
(2.20) Ip<pell < 2¢,

and, forall 7,0 € é,

(2.21) P2 — prcl|| < 2¢.

Therefore, for all 7,0 € G with T # 0, using the first part of 1 , , and
(2.20) at the last step,

I fefoll = llepipepipocll < llept - [lpec® — pell - pspocll
+ llepipell - Ips = poll - llpocl]
+ llepi(l - pepell - pocll
(2.22) < 4 +2¢ +2¢ =8¢

We prove (xi). For all v € F U {z, x}, by (ii), we have

(2.23) l|co —vel| < Y [|cEq(v) — Eg(v)e|| < card(G)e'.
geG

For all a € Fy, we use , (i), (iii), (iv), and (vi) at the last step to get:
[[eac(ugsg) —(ugsg)cacl| < |[cac||-[lugsg —sgug ||+ |lug|| - lag (cac) —sgasg]|-[|ag (sg) |
+lugsgasg || [lag(sg) —sgll+[ugsgall-[[sg — s |- [Isg]|
Fllgsgal - llsg s — csul
+llugsgac| - lls1 — cll + l|ugsg | - llac — cal| - [|c]|
<7¢.

This relation implies that ||cacpr — prcac|| < 7¢ for all a € Fy. Using this and the
fact that ||p-|| <1, we get

(2.24) |[cacpzpr—prprcac|| <|lcacpr—preac||-||pr]|+|[pz||-|lcacpr—preac|| <14¢'.
Forallh € G and all T € G, we use (2.13) to get

(2.25) luppe — prup|| < card Z 1T(g)| - upugsy — ugsguyl| < €.

gEG
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For all 2 € Fy, we use (2.24) and the second part of (2.16) at the last step to get

lafe — frall < |lac — cal| - [[prp=c|l + [lcal| - [[pzp=c — cprp=|
+ |[cacpzpr — prp<cac|| + [|prpcc — cprp| - llac||
+ l[cprpell - [lac — cal|
(2.26) <& +4¢ +14¢ +4¢ +¢ =24¢.

For all h € G, by (2.25), we have

lunfe = feunll < llell - Nunpz = prunl - [Ipeell + llepzll - prun — uppe] - lle]
(2.27) < 2¢.
Now putting (2.26) and (2.27) together, we get, forallv € FU {x,z},
(2.28) llofr — vfz|| < 26card(G)e’ < e.
We prove (xii). We use (2.13) at the last step to estimate
& (ugsg) — o(g)ugsgll < |[acl| - lugsy — sgugll + 1o (g)] - Isgug — ugsgl|
(2.29) <é 4+ =2¢.

Now, using (2.29) at the last step, we get

(2.30)  |[ae(pr) — pocll = card Z 1T(9)] - [@r (ugsg) — o(g)ugsgll < 2€'.

geG
Therefore, using (2.30) at the last step,

& (fo) = froll <llell - [a (ps) —prell - 1@ (po )l +llepioll - 1@ (po) = peoll - llc]]
< 2¢ +2¢ <.

We prove (xiii). We use Remarkat the first step and use (v) at the second
step to get

(2.31) H ZAPT — CH = |lugs] — | < €.

TeG

Using (2.17), 2.21), and (2.31) at the second step, we get
f =l < X llepell - gz = pell - llell + 32 llell - [1p% — pecll - el

7eG TeG
+lell- | & pe—ef|- e
e

< 2card(G)e’ + 2card(G)e’' + ¢ < 5card(G)e.

Using this at the second step, we get

(2.32) (1= f) = (1= =|f - || <5card(G)e’ < ;
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Using (2.32) and Lemma 1.3(iib) at the second step, using Lemma2.6|at the third
step, and using (vii) at fifth step, we get

(I=f =€)+ Zcr(6am) (1 —f- (g + g))Jr 3c+(G,Aw) (1 —ct- g))Jr

1)
2+ (G,AR) (1 —c— §)+ SerGan (T—c—€)y
2 (GAr) Y DG A X

To prove (xiv), we use the third part of 2.16), 2.17), (2.21), and (@2.15) at the
last step to estimate

2 4
lepepicpepic — c*pec|

<llepell - Pz = pell - I pepiell + llcll - 1p7 = pecll - [l pepic]
+llell - lIpee® = Spell - pepicl + lIc* |- 1p7 — pecll - llpzel
-1z = pecll - Iprell + llc*pell - lleps = prcll - el
+letpell - lIps = pell - I+ 1l MIpE = pecll - 112
(2.33) < 2¢' + 26" +6¢ +2¢' +2¢' +2¢ +2¢' +2¢' = 20¢.
Using (2.23), (2-31), and (2.33) at the last step, we get

H Z f%x — C4XC4H < H Z Cpricszpicx — Z C4prc3xH
1eG eG 1eG

e[| X pe = - el + lePx — ctxet
e

< 20card(G)e' + ¢ + 4card(G)e’ < 25card(G)e’.
Now, using this, (2.28), and (2.22) at the second step, we get

| fxf—c xc4H<H Z fofg Z fffgx‘—i-H Zfogx‘—i-H Z fzx c*xc H
(2.34) < 26card(G) ¢ —|—8card(G) ¢ + 25card(G)e’ < Z

We further use (2.23) and the second part of 2.11) to get

4 _x 4

|zetxctz® — ctzxz*ct|| < ||zc* — ctz| - ||xctz|| + || ctzx]| - ||ctzt — 2|

(2.35) < 4card(G)e’ + 4card(G)e’ < g

Now, using (2.34) at the first step, using the second part of (2.1T) at the second

step, using 2 at the third step, using (2.12) at the fourth step, and using the
third part of at the fifth step, we get

N-5-3

€
Ifxfll > lietxc| = o > l|zctxcz"|| ~ 573

> ||c*zxz*c
: et

8
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>||ZXZ*||'(1—§>—Z>(1—%)2—1>1—8.

This completes the proof of the claim and the result follows from the claim and

Lemma 1

Now, putting Proposition 2.5 and Proposition [2.7) together, we get the fol-
lowing theorem.

THEOREM 2.8. Let A be an infinite-dimensional simple unital C*-algebra and let
G be a finite abelian group. Let a: G — Aut(A) be an action of G on A which is
pointwise outer. Then:
(i) & has the weak tracial Rokhlin property if and only if @ is weakly tracially approx-
imately representable.
(ii) w is weakly tracially approximately representable if and only if ¥ has the weak
tracial Rokhlin property.

It is an important question whether there exists a finite group action which
is weakly tracially approximately representable but not tracially approximately
representable. To obtain such examples, it suffices to find an action of a finite
abelian group which has the weak tracial Rokhlin property but not the tracial
Rokhlin property by considering the duality theorems for tracial Rokhlin actions
and weak tracial Rokhlin actions (Theorem 3.11 of [23] and Theorem 2.8). One
such example was constructed in Example 5.10 of [14]. Furthermore, by tensor-
ing this action with the trivial action of G on A and using Theorem we can
produce many more examples of group actions which are weakly tracially ap-
proximately representable but not tracially approximately representable.

Here is an example of a finite non-abelian group action on a unital simple
Z-stable C*-algebra which simultaneously is weakly tracially approximately rep-
resentable and has the weak tracial Rokhlin property.

EXAMPLE 2.9. Let A be the 2°° UHF algebra, let m € Z~(, and let S;;, denote
the group of all permutation of {1,2,...,m}. Leta: S, — Aut(A®™) given by

(oM @Ay R+ R ay) = Ag-1(1) © Ag-1(2) @+ @ Ap-1(y)

foroc € S, and aq,a,...,a, € A. It follows from Lemma 3.13 of [5] that « is
approximately representable and therefore it is weakly tracially approximately
representable. It follows from Theorem 3.10 of [1] that « has the weak tracial
Rokhlin property.

Here is an example of a finite abelian group action on a unital simple Z-
stable C*-algebra which simultaneously is weakly tracially approximately repre-
sentable and has the weak tracial Rokhlin property, but is neither tracially ap-
proximately representable nor has the tracial Rokhlin property.
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EXAMPLE 2.10. Let Z be the Jiang-Su algebra. Leta: Z/27 — Aut(Z ® Z)
be the flip action. Because « has the weak tracial Rokklin property (see exam-
ple Example 5.10 of [14]), C*(Z/27Z, Z ® Z, ) is simple and has a unique trace.
Since the crossed product von Neumann algebra is a factor, it follows that the
dual action @ is strongly outer in the sense of Definition 2.5 of [11]. Then, by
Corollary 8.6 of [11]], @ has the weak tracial Rokhlin property and therefore « is
weakly tracially approximately representable by Theorem [2.8/and it is obviously
not tracially approximately representable.

Here is an example of a finite non-abelian group action on a unital simple
non-Z-stable C*-algebra which is weakly tracially approximately representable,
but does not have the weak tracial Rokhlin property.

EXAMPLE 2.11. Let G be a finite group, let A be the unital simple separable
non-Z-stable AH algebra with stable rank one as in Construction 5.8 of [5], and
let «: G — Aut(A) be the action as in Construction 5.8 of [5]. It follows from
Corollary 5.21 of [5] that « is an approximately representable but pointwise outer
action. So « is also weakly tracially approximately representable. Moreover, nei-
ther « nor « ® id z has the weak tracial Rokhlin property.

Here is an example of a finite abelian group action on a unital simple non-
Z-stable C*-algebra with the weak tracial Rokhlin property, but it is not weakly
tracially approximately representable.

EXAMPLE 2.12. Letwa: Z/27Z — Aut(A) be the action as in Construction 6.1
of [6]. Then, by Lemma 6.4 of [6], « has the Rokhlin property. It follows from
Proposition 4.13 of [5] and Theorem 6.15 of [6] that a is not weakly tracially ap-
proximately representable.
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